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1. l nt roduclion 

Inves l igalion of t.he nuclear coll eclive melion. Wh iC h IS a ve 

'S a ppr oae had in t.. wo v er- y
I- Y Impor la.nt. fi a ld of research of t.oday . 

differGoL direc t.lons. 

The fir s t. approach s p ri ngs from t.he l ime dapb'ndent. Ha rlr ee 

- Foc k t.heory. Thus~ t.he c ran Klng mod e l is s ucc9$s f u lly applied La 


st..udy t..ha yras t.. st.alas of nuclei . The rand o m- phas,,", approximaLi o n 


built.. on Lhe r o t..at..ing mean field allows one L o d escribe Lhe proper

ties of numerous stales of a relatively Simp l e st..ru~Lure . 

During the last. decade or t. wo an lmpor tant.. pr o gres s was a c hi a

ved using as a slandpoint. Lha concept. of n u c l e a r fluid, whose d y 

namics could be described in terms of Lhe dl s LribuLion funcLl on ~ 

or the quantities related to i l ~-~ Due ~o ~ hese investigations the 

nuclear- hydrodynamic model has found a s ound theoret l c al basi s and 

lS g reatly enriched in its c on~a~ . 

On t.he o~her ~and~ ' t.he very irnport.an~ mat.hema~ica.l d evelopment. 

look place in lhe field o f lhe unified mo del by Bohr and Molt-el 

s o n . l1-le original idea of t.he adiabat.ic.l~y of the mO~l on of nuc le

a r inert.la tensor with r aspec~ t.o moti o n of n u c leons in th9 int. 

r insl c frame lad t. o ~ha const.r uc~ion of a n e l eg6 n~ t.heory based on 

t.he int.roduct.ion of a complet.e set. o f nuC l oa r coordina~es inclu

ding the six component.s o f t.he nuclear iner t ia ~ensor ~ - t_a The intrin 

then descr 1 bed LISi " 9 the conce p t. of t.he ex. N - l)sic motion is 

gr o up of r o t.atlons . 

Bot. h approaches have thei r merits and lhei r drawbac ks . 

of using the phys ical i ntuition 
The fi rst. way offers a poss ibilit.y 

and is, 1n fact.. quit.e effective in di gesli ng t h9 ...,ga lt..h of rec ent.. 

e :<per i ment.al dat.a. It.s syst.emat i c app llcat.i o n led t..o ~he creation 
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of a coherenl picl l.1r6' of nuclear- slruclure wher- e t.he mean fi a ld 

plays lhe cenlral r o le . 

The second approach is v~ry lransparenl ln ils malhematical 

cont.ext. which is very lrnporlanl ln formulaling l 'he quanlum lheory 

of" nuclei fr·ee from t.he ad - hoc suggeslions lypical of lhe firsl 

appr-oach. 

Much work is done lo clear up lhe algebraic slruclure of lhe 

l heory describing lhe evolulion of lhe inert.ia lensor: lhe dyna

mical group relaled to lhe colleclive molion is found lo be lhe 

SpC5.R) group Csomelimes called also Sp(3.R)) and analysed in much 

dalall in lls relalion lo lhe nuclear slruclure~1612 

By now i L became clear lhal more or less direcl applicalion of 

bolh approaches d €'.mands a greal compuler po......er lo obtain physical 

resulls. The lheory formulated in lerms of lhe Wignar dislrubulion 

funclion meels difficullies when lhe reslriclions arising from lhe 

antisymmelry of lhe wave - funclions become imporlanl. 

The 	second way demands furlher develope~enls especially in st.udy

ing lhe colleclive molion wchich is nol relaled l o lhe evolution 

of lhe inerlia lensor. 

Much progress is a c hieved in relating lhe approach based on 

lhe 	dynamical symmelry SpC6.R) group of lransformat.ions and lhe 

nuclear shell model (see review 13). The parallels belween lhis 

lheory and lhe nuclear hydrodynamics are also eslablished~z 

The aim of lhe cyc le of papers slarling from lh,S one is lo go 

further in sludy ing lhe relalions belween lhese lheories . In lhis 

paper we arrive al equali o ns of molion for lhe OCN-l) invarianl 

syslem and eslablish t.he relalion belween t.he t.heory based on lhe 

inlroduclion of lhe full set. of coordinales. This is done by rr~-

king lhe quasl c lassi cal approximalion in lhe equalion of molion 

for lhe componenl s of lhe inerlia tensor while lrealing quanlum 

mechanically the moti o n in the space of inlrinsic coordinales. For 

2 

lhe cx..N - l ) i nvariant. system a clos.ed sel or €fqual lons 1S o blained 

descr lbi n g the lime evolut.ion of lhE? i nert ia t ensor influenced b y 

lhe forces of p o lG-ntial nature and b y t.hE:- k i nelic energy stresses 

(Ferml - surfac e deformalions). 

The classical stalionary solut.ions of the se equalions of mo

lion are fou nd . They represenl a rat.her simple generalizat.10n of 

lhe so-called S - Riemann ellipsoids gi v ing t.he solulion of lhe De

dekind pr o blem of a gravit.aling liquid dr opl e t." The generalized 

S - Riemann ellipsoids found in lhi s pape r give t.he stationary solu 

lion for lhe equalions of lhe mollon of a droplel of Fermi-liqui d 

'....here lhe pressure lensor is anysolr-opic . 

In lhe future publicalions we are g o ing to discuss a number of 

prolems lncluding 

(1) lhe relalion belween the solution lo lhe equalions of mo

lion formulat.ed here given by t.he generalized S-Rierr~nn ellipsoids 

and lhe solut.ionsof lhe cranking model for lhe deformed harmoni c 

oscillalor polent.ial; 

(2) 	 lhe small vibralional perlurbat.i o ns of t.he st.alionary 

configuralions and 

(3) 	applicalions of lhe lheory. 

II. 	The Hamillonian and lhe equalions of lhe molion wilhin lhe 

OCN-1 )· invarianl model 

The leading role of t.he quadrupole (ellipsoidal) deformat. i on 

ln delermining the nuclear shape is we ll eslablished. Ona expecls 

that. the main a XQS of in.arl i a l&osor in hQ'avy nuclQi do not. change 

much due lo t.he quanlum oscillalion~ . i . e. t.hal d y namics of t.he 

six component.s of lhis lensor ma.y be sludi ed using l.he concept of 
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the classical mechani c s . On ~ he other hand. Lhe inLrinsic ~oLion 

CQuid n.ot.. be st..udied wit.. h o ut.. taking int..o account.. Lhe PauJi prin

ci pI a. For t.his reason. we s tart. with the quant..urn many-body Hamil 

ton.ian and bring it.. to t..he form in which t..he components of t.hQ nu

clear inert..ia tensor play t..he role of collect..ive coordinates. This 

is achieved using the followIng paramet..rlzat..ion of the element.s of 

a 6N -dimensional phase space including Lhe coordinat..es x and t..he 
k 

momenta P ot N nucl&ons (k=1 .2,. • N) 6-8.11 

k 


"0Ik x E 1)(8)xa AX .7{Ct? ,t?z,· ·· ,t?SI"_'?Xk ' ( 2.1) 
a 

x 

{ -.- P l 1)(e) AT'( +Jt +POlk I" a + xa x xk XkPx 

x 

CL A + A:; )
Xy y x Xy 

+ 	 C2.2)l AZ AZ .7{Yk } _ 
V(;Jt.X) x Y 

The BN+27 variables (operat..ors on t..he quant..urn mechanical level) 

satisfy the 2 7 condilions 

3 

:D :D 6 	 C 2. 3a)E xa ya XY 
Ct=t 

I" 	 N 

.7{ = o. Tt 0 	 C2.3b,c)E 	 Exk 	 xk 
k 	= t k = 1 

N N 

E .7{ .7{ 6 E .7{ IT 0 	 C2.3d,e)
xk .... k XY xk vk 

k:::t 	 k ~ 1 

Equat..ions (2. 1 ) - (2.3) allow for t..ha inverse transformation 

N N 

p (2.4a,b)X 
a N E x

<u< 	 a E Pak 
k=t 	 k = t 

A :D 	 cycl A.B.C, (2. 4c )E QOt(l :DA(l ,.,,,
(l " 
.7{ 	 cycl A,B,C, C2. 4d) 

A" ~ E IIAa "ak 

A a 


P = 	 cyc l A,B,C, C2 .5.. )... E :DAC1 .7{"k P Ok 

0, k 


.... 

L ;: L & A .7{ 1)EAB C CXY x xk YO POlk 
X . v, Ct .. k 

E 	 cyc l A,8,C ( 2 .5b)& 
CXY X" k P Yk 

x . v ,k 

:; '" J E & A .7{ :D
AB e exy x yk "a POlk

x,V ,Ct 

A 

E C",y x:--" X Yk P"k cyel A. 8, C, C2. 5e)c 
X , Y , Ir::: Y 

IT AAX E 1)Aa fmn eyel A, 8, C. (2.5d) 
0, n 

Am 	 Pan 

where 

x x - X C2.6)0" an .a 

I" 

QOt(l E ak X(lk (2.7)x 
k = t 

are the coordinates of t..he N-th particle in lhe cerJt er o f rnass 

system and t..he quadrupole tensor, respect..ively. and 

3 

6 .7{ .7{f kl E 	 (2 . 8)kl N A.k Al. =1 

appea.r to be the projecling malr1ces ( N<:4). One can easily c hec k 

lhe expressions (2.5a - d) noli cing lhal 

L.7{ f o. for X=A.8,C; k=l • . , N.Xn nk 

The malrlx :D"o depends on lhe three Euler angles 8.,e ,e. and de
z 

scribes the SCX3) transformation from the laboralory to the intrin

sic frame of references, t..he lat..t..er belng defined so t.hat.. Lhe qu

adrupole tensor is diagonal irl it: Q =diagCA» ..~) Here we as -

sums thal ">A >A , then lhe malrix 1)(e) is delermined up to the 
... B e 

transformat..ions of Lhe group D2 of rot..ations through the a ngle T'( 

around t..he principal axes of the quadrupol& tensor . 

Throughoul lhe paper we denot.e by a,(l.y lhe ind1ces of SO(3) ten 
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Soars 1T1 th.s- labor a t or y f r ame. and we use the c haracters A.B~C for 

t.heir indi c e s in the 1 n trlns ic frame. When convenienl, 'We use lhe 

pseudoveclors inslea.d CJf t he anlisymTOOlric lensors (F :; ~e F )
A 	 2 ABC BC 

and 	~he sum convent10n for the repeated indi c es. 

The quant.ilies ~ .~. ~ c haraclerize the size and the quadru 
• 	 B C 

pole Cellipsoidal) d efor mat.ion of t.he syst.em. The quant.it.y L is 

just the an.gular momentum. 'While J has a name of the vorterx spIn 

vector. The conditlons (2 . 3a - d) are valid bolh 1n classical and 

quanlu.m mechani c s. The quantum generalization of (2:.3 .e) lakes the 

form 

N 

1 o , for X,Y=A.B.C,1: I J(Xk "Yk + "y~ J(",. 
k = 1 

..... rtere lhe momenta nc tp .. • 1{)2 • . '~3N~6)Yk and JA~Ja,J c are lhe dif

ferent.ial operat.ors wit.h respect. t.o t.he fact.or spac e M= OCN-4) , 

, OCN-l) whi ch can be param..t.rised by t.he set. of angles 'P.,'P ' .•. , 
2 

p represent.ing t.he int.rinsic degrees of freedom. On t.he ot.her 
~N-9 

side, one can t.hink of t.he quant.it.ies ~k=<J(Ak.J(Bk.J(Ck ) ' and ;k= 

:;Cn ,n pn ) . J as of lhe functions on s o me 3N-9 independenl co
A!c 	 Bk ck 

ordinat.es and 3N-9 mo ment.a defined in such a way t.hat. t.he rela

t.ions C2.3b-e) be sat.isfied ident.ically. 

In t.he following we use extensively t.he brac ket. not.at.ion (a, 

b) . The laller could be understood eilher in the c lassical sence 

as the Poisson brac ket., or quantum mechani c ally a s lhe commulator 

t.imes t.he fact. or Clli) ~' The name "Poi sson bracket." is used in t.he 

paper independent.ly of t.he meaning provided t.h e cl arificat.ion is 

not. needed. The c al c ul at.ions yield 

{n 	 ~Tl ) -f } + CJ( -J( IT) C2.9a)
Ak 	 at I< l A8 Al " sk B k Al 

{" 	 ,J( } 6 f C2.9b)
Ak 	 al Aa Ie t 

<J 	 ,IT } {J .J( } - EO J( C2. 9c,d)- EO " A 	 8 k AIliC ck A Bk ABC ck 

6 

and:12 

J } -I> J 	 C2.10a){J .. ' 	 B AB C C 

{L 	 .L } -l> L <L .1) } - , 1) C2.10b,c).. 	 B AB C c A B O< AB C COt 

C2.10d)<A 	 ,PB } 6.. A8 

(2. 11)<X 	 ,P(l) 60.(10. 

In 	arriving at. C2.9a-d) we use expressions C2.26) and t.he well 

kno wn Poisson bracket. relalion for the jmo generalor s of the soCN) 

algebra . All t.he ot.her omi t.t. ed bracket.s <. .} are equal t.o zero . 

In 	the ne~ coordinales lhe Hamiltonian has the form 

T VLb T Lnlr
H ~.~ + + Trot + + U . C2. 12)

2Nm 

where 

2 
IT 

Tvi.b 	 Ti.nL r uk 

2m 	
1: p2 I: I: C2 .1 3a.b) 
8 B A2 B I< 

u 

ro l + A2)Cl,2 + }2 ) + 

2m B AS A.S 


T I: { CA~
CA 2 1.. 2 ) 2A > B .. 8 

+ 4 1.. A L } }, C2.14)
A B 	 AD AD 

u 	 UO Ck , ~ .A ) + U 
lens ~ C2 .15a) 

.. 	 B C 

00ul e na 1: U<2 P ) 	 C2.15b) 
p=2 

u <m> fCA 	 , A ,A )' p .. puP c ' R C2. 1 5c)1: ABC (PAPaP C 1 
LP 	 =m 

X 

N 

R C R )pA C2.15d)I:[p 	 P P 1 n .. k 
.. D 	 C k=t A ,e,C 

The 	potent ial U conlains lhe coll ecl ive parl UO which is a sc a 

lar with respect. t.o the OCN-l) group and t. he t. e n s or p art. U
I

•
mG

. In 

principle, all t.erms in eq.C2.15a ,b) ma y be calculat.ed once t.he 
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par"ticle- parlicl e in t. e rac tiorJ i s kno¥fft . Both par·t.s of t.he pot...en 

ll.al c an be g enGral i zed f o r s j:o l. n - i sospi n for ces . l~-"6 In ref.15 

some- dela il Etd c a l c ulat.i o TI o f UO generalized lfl this way for cen

t.ral nucleon - nucleon forces is. made . The role of the tensor t..wo

body interac t.i o ns in forrrung t...he collect.ive potential UO. ~ ~ ) is 
A a C 

. . 16glven In. 

Descr i t..l.ng lhe motl on iTl the c allect..ive space in a classical 

......ay ......e int roducE:> t...he pseudovector of the frequency of rotat..ion ~ 

and another pseudo veclor ~ ......hich we call the vort.ex velocilylZ; 

iJH / iJL ( ~ Z +~ Z) 

C A D 
 2~ ~ ] [ (2.16) 

_ A, Z ) Z 

C A 8 A D A D 

[ ::] = [ iJH / iJJ ]= m( A. Z [ 2~ ~ (~Z:~:) ~: ] 
We int.raduce also lhe symmetrIC tensar 

N 

Y 1 
+ 11 n )I: (nAknek (2.17)A 8 2 8 t -Ak 

~hi c h is called lhe Fermi - e nergy t~nsor. and als o another l6nsor 

6 
? 6 :e .. 8 

(2.18)AD AD A m ~2 
A 

Using lhe Poisson brackel relalions one finds lhe fallowing 

system of equali o ns : 

A, P o , (2.19a)Am .. 

p.. - 2~ I: [ (" .. - '-0 )- '(L.. +1 AO )2 + (~A'~a )-'(L" B -1"B ) z)o 
B ( ~A) 

:e dUl eonsiJUO
~Y (2.19b)~ AA iJ~ iJ~.. A A 

J I: &ABc(AaJc' :eoY ) o , (2.19c)A a c 
B ,C 

L 
A I: e A DC 0B Lc o , ( 2,19d) 

B ,C 

8 

(2 . 1ge , f) 
= [~t [ ~: ] - [_~? A~J? ] [ ~: ] - Du'~~£/d~k ] , 

:J) + = 0 (2.19g)I: "A D C ° :J)COtAOt D 
D,C 

X = - "-p, p = 0 (2.1 9h, 1) 
()( N m Ot ()( 

The r . h . s. of eqs.(2.1ge,f) contains Lhe tensorial part of the 

int..erac lion. It is calculated using eqs.C2.15b-d) and the farmula 

D:R. N iJ:R.
'p' I: f - -'_P_' (2 . 20) 
~ km iJ:R. 

A k m=" A m 

Calculating the time derivative of the expressions an lhe l . h . s . 

of eqs. C2 . 3a-e) it is easy to check thal lhese are conslanls of 

the moli a n . 01 c ourse . this signifies o nly the consist e ncy of t.he 

equat..ions of moti o n C2.19a-i ) Wl.. th lhe c hosen paramelrlzali a n a f 

the nuclear coordinates and momenta . 

EquaLions (2 . 19a-i) may be under sLood both o n the level of Lhe 

quantum mec hani cs and in lhe spi r i l o f c l assi cal mechan i cs. In par

ticul ar, eqs . C2.19a-i) can be regarded as operalor relalions in 

~he Heisenberg represenlatian. Formally al leasl. ane may take an

other poinl of vie~ on the same equall.ons understanding them as 

dl.ffer ential equations determining lhe coor dinales o f lhe N- body 

system ln t.he phase space. Then. these e quations define t...he trajec 

tory spec ified by some initial c ondilions which must be consis

te·nt with (2.3a-e) . The center of mass moti o n (eqs.c2.19h,i)) and 

lhe lime dependenc e of the Euler angles describing ~he orienlalion 

of the main axes of lhe nuclear inerlia lens or in the space Ceqs . 

(2.19g)) are separated from the rest of lhe equations. Thus, one 

is left wlth lhe closed set of 6N-9 equatians . Of course, the en

ergy and l at al angular momenlum = L: +L: +L~ are alsO' lhe inleg-LZ 

t} 



• • 

rals of' molion and lh& syslam of' equalions may be reduced lo lwo 

more unils. 

The draslic reduclion of lhe syslem lakes place when lhe 

OC N-l) lensorial parl of lhe inleracli on vanishes CUlen9=O). The 

following parL of the paper is devoted to this particular case : 

to the O(N - l) invaria"t model of' the nucleus. Using equaLions 

(2.l9f) ona aasily finds Lhat Lhe Lime dari~Live of Y (see 
AB 

eq_C2 .17)) salisfies lhe equalions 

Y I: [ (hAy - J Ay.:t'Y )YYB + (hBy - JB,•.:t'y)YAyl o . (2.lge')
AB 

y 

The laLLer equaLions and eqs . (2_ l9a-d) f'orm a closed seL of dif'fe

renLial equaLions. The facL LhaL Lhe subsysLem of' equaLions f'or 

eighleen colleclive variables <q1;~q2~'" ,Ql0} == {Ax.PX .Lx,J","Y }
KY 

(X,Y=A,B,C) is closed has a very simple algebraic explanaLion. IL 

is so because Lhe coordinaLes (q), Lhe three Euler angles G"G ,G.
2 

and also Lhe HamilLonian H belong Lo Lhe enveloping field of obser

vables in Lhe noncompacL sp(6.R) algebra~7 It means LhaL Lhe abo

ve-menlioned dynamIcal variables are funclions depending only on 

the spC6,R) generaLors. These variables saLisf'y Lhe Poisson brac

kat relaLions of Lhe form 

(qk,ql) + C;t qm + d~~ qm qn (2.21)e kt 

where ekt~ 
m 

and d
mn 

are conslanl. In parli ~ ul ar. one hasc kt Id 

(L ,Y ) O. ,Y } (p ,Y ) O· , (2.22)
A Be A BC A Be 

(J ,Y ) -( c Y + c Y ) (2.23)
A BC ABK XC ACK BX 

(Y ,Y ) -J Y - J Y - J Y - J Y (2.24)
AB CD AC BD AB BC IIC AD BD AC 

i 

RelaLions (2 . lOa-d) LogeLher wiLh (2.23-2.24) inLroduce Lhe very 

LransparenL sLrucLure in Lhe space of Lhe collecLi ve variables (q) 

(q)= (A A,As, Ae;PA,PB,Pe}X( L}X(]. V). 

](I 

This means lhal quanlizalion of' lhe colleclive molion in lhese co

ordinales is also nonlrivial. The problem is greally simplified in 

lhe lwo-dimensional case. In Appendix A .we show lhal four elemenls 

YAA'YBB'YAB,JA.8 caD be expanded in ler'ms of lhe four elemenls of 

Lhe u(2) algebra . 

Il is obvious lhal lhe algebrai c slruclure (2.21) leads l o 

addilional inlegrals of lhe mali on . In facl we f'ind CUlens=O); 

(2.25)
(ju,H) O. 

(2 . 26)j ~ r (.?tT J1 _ Tl T:R. + .?tT J :R. ) 
kl kl 

The above inLegrals of Lhe moLion are not linearly independenL 

and we introduce , si x new funclions: 

C Lrace (j)2P , p=1,2,3 (2. 27a , b, c) 
2P 

C• ' Lrace (2Y + K) (2. 28a) 

C ' Lrace «(2Y + K)' - 2y2} , (2. 28b) 
4 

C ' Lrace «(Y+K)" + 3YK 2 - 3YJYJ + 3y2K + Y" } , (2. 28c) 
<> 

where we use the notation 

K I: J J 
A8 AX 8'"

"'=1 

n Z ntrace F1F2, F F' F FI: . . .. . . 
(. , . ,JC} 1 2 n , 

The integralS C2,C~,C6 are independent Casimir invariants of 

Lhe so(N-l) algebra of operaLors defined in Lhe space of varia

riables .,1.f'2' .... f'3N_9 (see eq.(2.1)) represenling the intrinsic 

degrees of freedom . The ingredients of C ·.C ',C ' depend on the 
2 4 <> 

I I 
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generators of the s.pC6~ R) algebra associated with t.he nuclear col - Il is ralher obvious that lhe spin-isospin s pace musl be inc l uded 

lective dynamics. Using eq.(2.1 7) and the constraints (2 .3d,e) one to apply the above results f'or the nuclear system, and the selec

lmmedlat.e-l.y finds that tion of' the slates allowed by the Pauli principle must by done. 

We say lhal lhe spC6.R) represenlatioR <f 1+N;1 . fz+N~~'~3+N:~ 
C C C2.29)

2p 2p 
is allowed when the sel of the anlisymmelric wafe ~uncl1ons wilh 

the CXN-l) orbi tal structure (f' ,f' 2f' 300.. 0)"' -' is not empty . Due
Hence. C are al so l.he integral s of lhe rnot.ion (lhe Casirur in 2p 

lo lhe grDup reduclions OCN_1)~Sorb where So rb is the symmetric
varianls o~ lhe spC6.R) algebra). Il is obvious lhal expr essions N N 

group Ct.he group of the permulalions of lhe space parlicle vec 
C2.28a-c) may be formulated on the quantum level too. Then, eqs. 

tors) lhe las t problem may be solved in the pure group-theoretical
<2.29) are lhe operator relalions belween lhe Casimir invariants 

way~O We say also lhal lhe OCN-1) invariant clas.si cal model is
of the algebra spC6,R) and soCN-1) ~hich are operating o n the qu 

prequanlized W'hen lhe inilial condili ons are chosen in such a \Ja y 
anlum N-body space yN . From lhe olher~8 sludies o~ lhe group chain 

that the part of the phase space belonging to the f'orbidden valuesdecomposilion 

o~ lhe invarianls C is lruncaled.rN~ SpC 6N-6, R)~ SpC 6, R) xcx: N-l) Zp 

it 1S known ~hat lhe reduclion of lhe yN which conlains onl y lwo 

representali ons of the spC6N-6.R) Ct.he cenlrum mass of lhe molion 

III. Semiclassical descriplion of the nuclear collective dynami cs
being elim1naled from) 1S mullipli cily free and may by writt.en in 

lhe ~orm 

The closed system of 18 equalions conlaining lhe dynamical va 
N r ,. I: I: .I: rCfff)'" C2 . 30a)

• 2 • riabIes (q), i.e. p , L , ] , Y CX.Y=A,B.C) describes theAX'r ~r ~r 2:0 x x x xy
• 2 • 

nuc lear collective dynamics. One may think that 1n heavy nuclei as 
with 

in all large sys"lems in lhe slales which are not too far from the 

rCfff)N <f'f'f,)S P(6,R)0Cf f f O<n - 7)/Z)SO(N-1). C2.30b) yrast line lhe lime evolution of lhese quanlilies consisls in 
, 2 • 1 2 a 1 z a 

small oscillalions around some mean va l l.les well def1ned in lhe in"'-,f ' = f + 

lrinsic frame o~ references. lntuiliv@ly one may lhink also lhal 

the dynam1cs of collective va.riables rnay be sludied in lhe semi-
The eigenvalues of the Casimir Invarianls of the soeN-i) alge

classical approximation. In olher W'ords. one ma y consider lhese
bras are .....ell kno .....-n~9 Approximatio;) ""'hich can be appl1ed QVen for 

equations as differ ent1al equalions defining the lrajeclory in theralher lighl nuclei is given by the formulas 

collecll ve part of' the phase space. 

C 2 I: C C f + N ~ 5) h) 2 p 2C f2P + f Z P + f2 P ) C2. 31) ) Il is appropri ate to nolice lhat eqs .C2.21 a-d) , C2.229· ) may2p .. B C 
L = ~ 

I be deduced from the Li ouvi lle equali on f or lhe di st r i bution r un 

T he domain of validity of' eqs.c2.31) is ~xamined in Ap pendix B. 
clion fCt,p.t) giving lhe probabllily l o f ir.d a nucl e on at a poinl 

J2 I :i 
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f having lhe linear momenLum ~ al a given lime l~ In t.he procedu

re described in ref.(5) lhe main role is played by lhe assumplions 

on lhe nuclear shape and velocily field of a colleclive flo ..... : t.he 

shape is assumed lo remain ellipsoidal all lhe lime. and lhe velo

cily field 

d r ->
8 fdp3fC1,~, l) p 

is paramelrized as follows 

a da 
C8 ) A 

/\ + " XX 
body '" I: "A8C a 8 C a ~ A

D,C 8 A 

The consl slency of lhe assumption on lhe ellipsoidal shape of nu

clear surface and on lhE.' so-defi ned velocily field .....as proven by 

Ri ema.nn~:l 

The following mapping of lhe variables makes lhe equalions 

oblained in lhis way idenli c al wilh eqs .C2. 19a-d) ,C2 . 1ge') 

A: N (x: > ~ a: .....ilh a being lhe semiaxes of lhe ellipso-
A 

id describing lhe surface ~ 

0", is lhe angular frequency of rolalion of lhe nuclear inerlia 

lensor projecled on ils maln axes, 

a a
D C 

/\ Crol 8 ) , CA~B~C), 
A 2 2 body A 

a +a 
" 8 

Y a n a 
AD '" AD D 

.....here lhe inler gra led pressure lensor n is defined as follow 

n ;;.rfdr3dpa Cp,,-muA)CPD-muD) fC1,~,l)
AD 

Among lhe solulions of lhe differenlial equalions C2.19a-d), 

(2.1ge') of special imparlance are lhe slalionary ones describing 

lhe slale of equilibrium of a~omic nuclei . The search for lhe sla

llonary solulions is facililaled by lhe analogy of lhese equalions 

14 

..... iLh lhe equaLions describing Lhe moLion of classical liquid dro

pleL ..... iLh ellipsoidal shape~4 This mollon is described by a s pe 

cial case of eqs.C2.19a-e') wilh YA8= A~ADn ¢ AB Cn=COnSl). For lhe 

Fermi liquid from t.he wa-11 known families o f sLaLionary soluLlons 

(S- and P-Riemann ellipsoids) lhere remain only lhose for which ~ 

U J and bolh are direcled along one of lhe principal axis of lhe 

inerlia lensor. We call Lhese slales as lhe generalized S-Riemann 

ellipsoids. Hence. denoLing Lhe values of Lhe coll eclive quanLi

lies al Lhe slaLionar y poinLs by (~1"" ~~18)S{~A ~~B~ ' ) we ar

rive al lhe following equaLions : 

L L j = j = 0 C3-.1 a-d) 

Y Y Y 0 

A .. A B 

AD 8 C CA C3.2a-d) 

PA =P8 =Pc = 0 C3.3a-c) 

j 
C ~A" I ;Z : - ~aa I ;Z:A III X C 3- . 4)C 

"" 
- ~~ 

811 

2 ( ;Z ) -. ;,U( O}w C X=a, B, C) C3.5a,b,c) 
rn x ~ [AJ=[;Z" 

~ ;Z 
+ ~2 + ,,2' 2__D tJw... 

2 

2 "" . 4 C C C 
KC C3. 6a) 

m A ;Z
" " 

~ ;Z
2 88 

W + ~2 + }/ 2~~ }.. C3. 6b)B 2 ;Z 4 C C C Cm ;Z
8 8 

~ 
2 CC 

W 
C 2 (3.6c) 

m r
C 

Equalions C3.5) and C3. 6a, b,c) express lhe balance of all lhe 

forces acling on lhe nuclear maLLer in Lhe sla~e of equilibrium 

corresponding lo Lhe exlended S-Riemann ellipsOid . The r.h.s. o~ 

·eq.C3.5) is delermined by lhe pOlenlial and depends on lhe nuclear 

15 



shape Ci.e. on ;" A'>:.' >"'C), wh1le t.he l.h.s . depends also on other 

c haract.eristics of t he n.otion of nucleons! the cent.rifuga l and Co

riolis forc~s and ttle stresses produced by lhe int.rinsic motion. 

The laLLer relaLe Lhe vorLex spin 3 Lo Lhe LoLal angular momenc 

Lum Lc in accordance wiLh eq.(3.4) (see also eq.(2.16) in which 

~c' Xc are given as funcLions 3c .Le)· The elemenLs ~xx appear in 

equalions C3.4) - C3.a.b , c) as paramelers represent.ing ~he equat.ion 

of Lha sLaLe of Lhe nuclear maLLer. If Lhey are known Lhe above 

algebraic system is closed for given values of jc' The select.ion 

of real solut.ions of this syst.em leads to lhe st.ationary rolalio 

nal bands of t.he syslem and ~1l1 be dis c ussed in t.he ne~ paper . 

In Lhe presenL approach Lhe equaLion of sLaLe of Lhe nuclear 

matter is det.ermined unambiguously by t.he quant.um numbers f.,f.,f_ 

charact.erising the dependence of the wave-function on lhe int.rin

sic coordinates. The cent.ral role 1n fixing the elements of t.he 

pressure tensor 1S played by the symmetry conditions C2.31) rela

ting t.he values of the Cas im1r invariant.s of the soC N-1 ) and 

sp(6.R) algebras . When Lhe equilibrium condiLions (3.1a-d) and 

(3.2a-c) are saLlsfied. Lhe lnLegrals of moLi on ~ ;P can easily be 

calculat.ed and present.ed in the form 

(3.7)21: f: P 
C~P 

x 

~here 

1 / ' 
f ' ~~ +~ +j')! ~ [ d .... - ~ a a ) '-23 ~d .... + ~ BB ) + j ~] (3. Sa, b) 

A t . ) 2 AA 1111 C 

f' ~ (3. Bc) 
c cc 

On Lhe sLrenghL of eq.(2 . 31) one concludes LhaL 

~ ~f'+ f'-3') ! 
AA \ IiB) Z AB C 

16 

:! - (( f ... +f a ) '- 3~][ ( f ... -fB )' _ 3~ l] 1/, . (3.9a.b)" 

f2~ cc e (3.9c) 

These relations close t.he se~ of equalions delerm1ning t.he nu 

clear shape in ~he rolat.ional bands. For given fA.fB,f lhere ex-
c 


isl lhree c lasses of equilibrium solul10ns w1Lh lhe vort.ex sp1n 


values 3 lying in the inLerval 
e 

O~ 32 ~ (f - f ) 2 
C ... a 

where fA and fa represent. one of lhe ltlree p~irs of ~he quant.um 

numbers h ( f + ~). h( f + N-"), h( f + ~) . The shape and t.he ant 2 2 Z 3 2 

gular mo menLum of Lhe sLaLe are deLermi ned by eqs.(3. 4 )-(3.6c) , 

and t.he to~al energy can easily be found from the equat.ions pre

sent.ad 1n Section II . 
 It. is useful to rewrite this syst.em of equ

aLions (3.4), (3.5a-c) in a somewhaL differenL way. EquaLi o n (3.4) 

may be wriLLen in Lhe form 

L -3 1 
[ 1 - 2z 

, 
(1 

e - d/t.~)] (3. 10)
c C1 -z Z ) 1 / Z 1 _Z2 

where 

_ ;"2A'.. a
Z = ., (3.11)A' + >.. a 

~ ~ + ~ d ~.... aa .... ~ 
aa (3. 12a, b) 

while eqs.(3 . 4a-c) read 

(nv\. .. ;\ a) - 1 C1 - z') - ~ / , " A zn (A 
d O I1: n .. d>- >- ::..-)U . . (3.13a) 

1"\:::0 • d>- (>-1=(>-1 

t 
AA 

+t 
SD 

-2t 
cc ( >- .. d +A ::..- _ 2>- ::..-. ) Uo I . . (3.13b)

dA B dA c dAc (A l=(AJ.. a 
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t +t +t dOl C3.13c) 
AA DB CC - E ~x d~ U [~l=[~l 

2 " " 

In eqs C3.13a) the coeflic ienLs A are delermined as follows 

,0,.'1 • A ~~' -'1 A 2,0,.'1-68 -2A,+48A 
2 2 1 

A• ,o 1 

A ,0,.'1+28, A A, - 28 '1/,0,.'1 • 8, [1+('1/,0,.'1)'1 X j~, 8 ,4 " 

The quanLiLies t in eqs.C3.13b). C3.13c) are Lhe componenLs of Lhe 

k1neLic energy Le nsor corresponding La lhe sLalionary solulion 

t + t (~ ~ ) -1X{(1_Z')- .... '[~'1-z,o,.y )+ ~j'l 
AA liB A a 2" C 

j 2 2 - " .... ,. •• •• •••• }+ cC1-Z) z Cl-zr/,o,.r)(z - r/,o,.r) • C3. 13) 

y 
cct C 3 . 14) 

cc 2m ;:' 2 
C 

The lefL -hand sl de of e q.C3.13c) is jusL Lhe LoLal kineLic energy 

of Lhe nucleus . 

A~xA 

LeL us in t.roduce Lhe four dimensional algebra u(2) (O' ,0' ,a ,
o , 2 

0 3 }' Hence we dssume t ha t Lhe slruc lural constants for this alge

bra are given by lhe equat i ons 

f 
k 

2.:: for i . ) • i« =1 . 2.3 . 
'J 'Jk 


J 
 f J f 0f 0 for <.,,=1.2 .3. 
0, ,0 'I 

The rGa lizaLi orl of Lhe qua nLiL ies J Y CX ,Ye{A.8}) reads 
XY xy 

Z 2
Y Y + Y , ( O'~ + ",, -Q, +0':) • CA. 1 a)

AA BB 

18 

6Y YAA - Y 0' ,X(cr~_0':)1 "' 2. CA. 1 b)
aa 

'f AS 0aX (O~ _0':)1 / 2 , CA.lc) 

J 0' CA. 1 d ) 
A& 2 

In facL. using Lhe relaLion 

{ F .G} Ca'F ) C aJG) f k 0' 
'J k 

we recover lhe relations 

d~&. Y} O. d .l!.Y} -4Y (JAS.n l!.Y. CA.2a - c)
""B AB 

<Y,l!.y} 8Y ( Y.Y ) 2J ,o,.Y. <Y .l!.n 2J Y. CA.2d-f)
AS AS AS AO A& 

idenLical wiLh Lhose in eqs.C2.23-2.24). 


The relaLlons (A. la-d) open Lhe way of sLudying Lhe quanLum (}(N-l) 


invarianl modal . In lhe two-dimensional case it is achieved by 

mapping {q} on Lo Lhe seL of Lhe self adjoinL operaLors of Lhe 

algebra u(2). The remark should be added concerning Lhe generali 

zaLion of the Lheory Lo Lhe Lhree-dimensional case. In
22 

Lhe for 

mulas are developed giving Lhe malrix elemenLs for Lhe operalors 

J. Y defined as Lhe operaLors in Lhe many body s ubspaces YCf,f z 

f )N C2.30a.b) . IL is found Lhat Lhe dimension of Lhe maLrix re • 
presenlalion of Lhe ), Y obLained in this wa y coincides wilh LhaL 

of the irreducible representalion of lhe u(3) algebra. Howev er, no 

explicit relations are known for lhese operalors in lerms of lhe 

generaLors of Lhe u(3) algebra. 

Appendix B 

Some comments are necessary to establish the domain in whi ch 

expressions (2.31) for the eigenvalues of the- Casimir inv arianls 

C and the semiclassical relations C3.9a -c). We are going lo show 
zp 
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LhaL Lhe approximaLion (2.31) works much beLLer Lhan one can Lhink 

judging from lhe exact. for mulas fOT lhese invarianLs and lhat. eqs . 

(3.9a - c) can be applied even fo r Lhe sysLem wiLh relaLively few 

nuc leons. In o rder Lo disc. uss this problem we apply lhe quant.urn 

expressions for the Hamiltonian2.l 

vtb iJZ N - 4 iJ \ . iJ (B- 1)+H ,,'
2 m ~ {iJA ' X. iJx. 

2 l x. ' _ x. ' iJx. 
}. 

a c iltA l " . " " " " 
The unilary lrans f o rmation 

F'; i- ' F f CB.2) 

f (X."X..A )- (N- 4 '/z [ (X. : _ x. ; )(x.: _ X.~)(A: _ X.~) l - 1 / Z • CB .3) 
C 

Vtb
affects only the term H whi ch transforms inlo 


CHVl. b ). ,,' iJ' uq ..... o. n Uquo. n C B . 4)
+ + ,12m ~ iJA ' 

" 

"Z ( N- 5) • - 1
uquo. n (B.5) 

1 2m 4 ~ ~.. 
" 

2+ x. ' x.' + x. 
quan 8 Ch'U, I {< " }2m (X. ' X. ' ) Z X.')'(X. ' 

8" " • 

,,' I A' 

" 
+ (B.6)2 m It. { (A ' X. ' ) AZ)(X. • rc" " • " 

quan 
NZThe lerm U propo rl i o nal l o is much more imporlanl Lhan• 

uquo.n quonNeglecling Uquo.
n and adding u lo lhe inlrinsic kinelic2 . • • 

energy one obla~ns 

Y ,
(T ,n'r)'=k I "" (B.7) 

x. Z 

A A 
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with Y' being given by 

Y • Y + ~[ ( N-~5)'-1l,,'6 (B.8) 
AB .B 4 AS 

The Y' Lensor has slighLly differenL meaning as compared wiLh 

Lhe dafiniLion given in Lhe principal parL of Lhis paper . Now 

(2.28a) La ke s Lhe for m 

E ( Y ' +J
z 

) .;c, + ;«N -5) Z - 1),,' E ( f + N-" )2,.2 + 
xx x 

x 

~ fZ+fZ+['Z+ ( -~ + 2(f , ·- f 3 ) )'" ( B. 9) 
" B c 

For the same reaSOn lhe eigenvalues of lhe quanll~ies C•. C should
6 

be renormalized Loo. We noLice LhaL Lhe LransformaLion (B.9) only 

approximately conserves the commutation relations. and we obtain 

some noninvarianl t e r ms in C' ,C'. More Important. for llS is the 
4 ' " 

facl lhal lhe classical a nalogue s of lhe operalors C.' Cd are nol 

uni q uely defined. Some oLher order of Lhe j-operaLors in eqs. (2.27 

b . c) leads lo lhe quanlum-mechanically knew invarianl operalor s . 

whose eingenvalues depend on lhe ordering of lhe j-operalors. One 

ma y use lhis ambiguily and choose undefined lerms in such a way 

LhaL Lha relaLions (2.31 ) become valid a l so for C '. C '. 
4 " 
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