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Recentl y a l ot of at tempts have been made 1n or der to investlgate 

quant um sys t ems under t he i nf l uence of ex ter na l Lime -dependent 

fields / 1-7/. The quesLi on beh i nd t hat i s how dynamica l c haos 

might occur not only l n the r ather well under s t ood c l ass ical 

case but al so i n a quant um mec hanica l s ystem. Dynamica l chaos 

is a random ( unpr ed ict ab l e) moti on of a comp l ele ly de t er min istic 

mechan i cal system whose equaLi ons of moLi on do not contam any 

r andom parameters or any noise / 8 /. One pr obl em I n th1 S fie l d IS 

t he rel evance of c l ass i ca l chaos in t he cor r es pondr nq quantum case 

stud ied in highly exc i t ed systems as a ki ck ed r ola l or / 9 / or , 

more physical ly , a hydr ogen at om in elec tr o- magnet i c f i e l ds /l, c / . 

It was found / 10 , 11/ thal the c lass ical di f f use be ha vi our asso­

c ia ted wi t h chaot i c ti me evo l ut i on i s greal l y suppr ess ed in lhe 

quantum sys t em. The wave packet r ema i ns Ioca 11zed a l l t he Lime /l. 

9 / . Anot her fi eld i s t he s t udy o f s i mp le , pur s quantum mechan i cal 

models as a sp i n- l / c sys tem / 5 ,5 / in ord(!r t o l ouk f or mechan i sms 

whi ch coul d be ca pable to weaken t he menti oned quantum suppreSS lOn 

of dynaml cal chaos / 4 ,6/ . Recen t l y f l r s l allenL l on has been pa id 

t o the exact i nco r por a t ron of Lhe cont i nuum / 12/ wi lh in a schemat i c 

quan t um s ys tem ki cked wt Lh per i od i c pul scs . The .11m of our paper I S 

t\f.o prcsunt.a t ro u of i! Si mi l ar s i mp l v qu.u. t um lIIod.... l , a s vparabl 
one - Lorn pot.cnt i a l , k i cknd by all ;)1II I t l ;11 y lTIudl ll Ll LIJrJ l~ x t (Jl'lI td 

l'orcc . Such a pot.eut. i a l - WI)ll f.I IIlWII il l I' ,~ w - b')dy phy:.>1 c: 

Ik'sc r IIII n\l on l y one par L111 1 waVII I ::: (II' CUIII s,. II"!. VWI Y I ,.;11 1$L1 C 
but I t Sl lTIp l l l' l&$ to il ! ;lI UIJ l,Ixtunt pl .l r;L l c;d c.u cu l .u. t ons . I t 

c ont.a m s l.lll.' lII t lil' tlc t l ()1I or " part i c lc Willi Ull t.' ' ,IJL Il l' qu.ur l.um 

11llmlllJI r. 111 a sphln i ca l s YIIIII\l<lLl lc I' l u i d buL I II C l urJ ~" , on l y (Inq bo und 

~~ L ; l t(J and a con t, 11I1 II1111 o f :.Ol t.l. IJI' 11l ~1 :;. L " L p~ " I I. hd:O IJco Pli .ipp l i (l( l, 

I'l l(' I/x ;lInpl l' , ;1:': . 1 :; lI ll :,y:; tlllll I II nll l/ il (; 1.1 1111' 1 1/; ,11... '] d YII...,lI I C 

h l ~ ,'lV Y I on [J lI y ~, I C ~, 11:V :II ,d II I r l :; ~. "' "II1IJ ·,y'.LI 'III: . / 14/, 

1)1' such ~w [J ; u dbl ", pULQIILt ,i1 l, I L I s: IHI',' , 1' '' 1.' 1./1 ,l l' proXl mdL 
l;nlllp I I G:l Lt1d l oca l lJoLIJIlLt IJl lo t SWI I'ul 1% 11111'1 1.' ,,~I' , / 1 ~ 

1'.11 , l m IJI. I~ I ~, " I' LIi IJ ::...par'nIJ 111 pot.unl. Lal CIII , IHJ CIlIl' ,I' 1I III ~ I IC h : 1 w,,"y 

t lt/d, ,Il lY ~ J l v lm bound ~ , LiI L \I lJlllll \/y, -' 1'11,,11 1 Il l' I.ltu W, I VIJ I'IIIIGl.lulI , 
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t h i s model and in this sens e t he model might be considered as a 
new tool f or the investigation of the ionization behav i our of a 

quant um part i c l e 1n external t i me - dependent f i elds / 1 ,2, 7/. 

We cons i der the problem of a quant um part i cle with mass m in 

a separ abl e potential rncl udinq only one t erm 1t3> with k icked 

strengt h (per iod T) descri bed by t he Hamiltoni an 

00 
H=HO + g FCU I: 6C VT- v ) 1t3><t3I. (1) 

v=- oo 

where g 1S a const ant st rength paramet er and FCU an arbitrary 
chosen modulation f unction. For F( U =cons t eq . ( l) reduces t o a 
per iodicall y k1cke d quantum system and f or a time-per 1od1c 

f unction F wi Lh per i od T il cover s the case of a 
quas i per r od. i caLl y dr i ven sys t em, too . The unperturbed Hamillon i an 
f or the par ticle wIth momentum p reads ( h=l throughout the paper) 

HO= p2/ 2m + Va 1t3><t31	 ( 2 ) 

The unper t ur bed sys t em ( 2 ) possesses onl y one bound state I ~B> wilh 
ener gy Ea and a conti nuum of scaller i ng s t at es IWJc+ ) for i ncommi n(J 
pl ane waves Ik> Csee for f,>xample / 13/ ) . These e l gens t at es can be 
expressed I n t er ms of t.he fr ee Green operator GO( z ) =( z - p2/ 2m) - 1 by 

l iJl El> = n Go( ES) 1(3)	 ( 3) 

1 '~Ic' > = IJc ) I ArJc ) GOI ( Jc 2/ 2m) 1(3) ( 4 ) 

wilh 
I I = <(3 1 GOC( En) I{3>- 1/2 ( 5) 

and 
A(Ie ) = Vo « il k ) / ( 1 - Vo <(3 1 Go'(lc l;;/ 2m) \(3), (6) 

where t he usua l nutati on GO ' Cz) =Go( z ti d has bean used. Th soL o f 

eqs . ( 3) and ( 4) 1 S ort hogonal 1I1Id compJoLGI so LhaL w lll .., La 

expand t.he Wil v e fund IOn a n tI !' Lhli v - th k i ck i n t.h rturbQd 

bas r s : 

IVtCv» = aBv 
I~B > +	 J die aV(Ie) 1 ~1e +> . ( 7 ) 

On the other hand the wave functi on Just bef or e t he v - t h k i ck is 
gi ven by /6/ 

-lHoT - l gT rccv-nr: 1t3><t3 I 
IVt( v» = e e	 I !/I( v-l» . (8 ) 

Empl oy ing t he expans ion ( 7) and us i ng the oper ator 1dendi t y 

iexl (3) <"1 iex 
e = 1 + 1t3><t31 ( e - l ) , ( 9) 

one finall y gets the quantum map between the states befor e t he v-th 
and ( v - l) - t h kick 

iEBT v _ a v-I ( 1	 + pV-l 1 ( t3I~B>12)e aa - a 

+ pv-1 ( Wal(3> rv - 1 et a) 

iJc 2/2m T 
~	 aVO:) = aV- 1(1c) ~ aaP ' l pv -l «(3 l iJ1 [J > < ~k I(J> 

t pv-1 ( iJIkl {3> 1v - C11) 1 

with 
- 1gT F'( Cv- l) 'l')

pv - l . - 1 (1 2 ) 

and 
l v - I . J dJc nll - l ( k) (Pll k ' .. ( 13) 

Thu pr ac t I ca l ca l cul at I on of tho unknown coef' f t c t cnl, 
unknown f undloll aVCk) sLar Ls wl Lh t h 

matr i x li lQmU ll L s < (3 I ~ n) and « J I<1o k). Si ll 

cony 
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One should note that due t o the action of GO in eqs . C3J and C4J the 
asymptotic behavlour in space representation of the eigenfunctions 
of HO corresponds t o the cor rect behaviour for finite depth 
pot ent l al s / 15/. 

What is left to do m practice at a comput er is mainly the 
calculation of t he. in fact one-dimensional. integral s Iv - 1 i n 
eq. C13J . As an advant age . their i ntegral kernels are pr oport. Ional 
to complex conjugated osci ll ato r functi ons <13 lk> Csee eqs . ( 4 ) and 
(6 )) whi ch ar e f or large values of the magnitude of k rapidl y

2 2 
decreaslng funct lons C ~ e-Ck /2b J J. Consequently. the 
numer ical integration after the anal ytical evaluation of the matrix 
element s of <b+ makes no ser i ous trouble . So we conclude that the 
problem of the kicked quantum system (1) and (2) with full 
lncluslon of the continuum has been so lved for slmple form fa ctors 
t o a large extent anal yt i call y for an arbitrary modulati on function 
F Cfor example perlodical. quaslperiod i cal or st ochast ic 
modulati ons ) , 

Fi r st numer ical investigations have been per formed for the 
particularly s imple case n=O and 1=0. As t he initial state we 
choose a s t ati onar y bound s t ate of 110. i. e. aB O=l and aO Ck J='O. 
The parameLers have been adj us Led to Lypi cal values of the nucl ear 
phys ics descr ibing a weakl y bound val ence nucl eon: EB=-8. 3 MeV and 
b=3 fm. The modul al1 on f unction F aL time t =liT has been chosen as 

f( IJTJ = COSC2Tl liX) ,	 C14 ) 

where x=T/r IS t ho r aLio of Lho two por i ods or Lh 
quas ipe ri odl caJl y dri von sysLom. Tho s pecial caSQ xa l r ufors t o t he 
pure per Iodrc exc i t.at ion of tho sys t.on. In ordar t o character iz 
th o per i od T of tha ki cks . a par amet.s r 6 has boon introduced by 
6=211 '(1 / 1%I Wh ICh 15 just th a ratio of th Q Gxtg rnal ki cki ng 
f r equoncy and the bi nding 'mar gy. The phys ical quant.It ies af'Lsr til 
v-Lh ki ck li ke Lho Lot.a I I oru zat ion pr obabil i t y WI' lhll pr obabili ty 
for l. h~ occupall on of l h" bound s t aLG WU' th ll di fforont ial Cilmission 
spectrum dWI /dt: for parti cl e omiss ion wi th GflI'i rgy c-f /2m. and Lh 
Lot.a l l:'norqy E 411'0 dufi nod. foll owi ng t ho usual procedures . 

WI = J dk k2 lavCk)12	 C15) 

° 
(6)WB = laBv I2 

dWI /d~ = C2mJ 3/2 ~1 /2 laVCC2m~)1 /2 ) ) 12 (17) 

(Xl 
E = WB ES + J d~ ~ dWI /d~ ( 18) 

°
 
For irratlonal x values Cincommensurate case) compare d to rati onal 
x val ues Ccommensurat e caseJ It has been found in a 
quas ipe ri odlcall y dr iven two-state model /5 .6/ that t he rap id 
decay of t he auto correlati on funct ion defi ned i n r ef. / 16/ coul d 
be a s t rong s ignal for the onset of quant um chaos . In the s piri t of 
these investigations l t i s conveni ent t o int roduce a SImilar 
correlator as in r ef. /6/ inclUdi ng t he conti nuum 

N	 00 2 
CCV) =	 lim l /N r [ C aB~J* aBv+~ t J dk k C a~Ck) l * aV+~C k Jl I · 

N-+(Xl ~=O 0 
C19) 

With th e above definitions of t he phys ical quanli lios wo have 
exami nee Lhe sys t em for al l para meter combi nations with 
x=1. V 3. 1/ n and 6=0.01 (vory subt hreshold ionizalionl .3.n.3. 5 and 
for a smal l - compar ed to t ho binding anorgy - in t ens i t y parametor 
of t ho ext or nal f i old gal MoV and 1'0 1' an ext r omol y l arqs fi el d 
paramot or g=4.00 MoV. Tho calculall ons wero dono wl th a mlilsh in 

1	 1
k - spaco of 0.01 1'10- and a maximal k - value of 2.0 fm- . Thes 

val uas ensuro Lho conservation of the nor m WI I W - 1 wi t hi n an D 
rror smal l or t han 10-0 for all cons i der ed limQ. Tho maxima l ki ck 

numblilr 1n tho ca lc ul ations was Na l 0000 . Al l ca lc ulal10ns hnvo bQun 
purforJUad at. th o CDC- f3500 complltlil l' at Uubna , 

oncer n1nIJ t hl totul ioruzat t on 

pr obabi l ILy Wfil I'ound i n 
As a general f 

nco with r uf' , / th at. th o pr-oduct 
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p=gT 1S the main control parameter for two qU1te d1fferent regimes 
i n l he dynam1cal behaviour of Lhe sysLem. For small values of p (in 
the order of 1) it does not mat.Ler whether x is a r alional or 
i r r a t i ona l number . The toLal emission probability exhibits a rather 
regular. oscillat1ng shape 1n time as 1t can be seen. for example, 
in t he upper part of Fig . 1. f or the special case 6=3. The main 
di fference between the results for x=1/.3 and x=l /1t are only 
quanli talive d i f'f'er ences in magnllude and shape of the smooth 
fu nct i ons in lime. The magn1tude of the osc1llations of WI depends 
on lhe parameler combination and reaches values belween 0 .05 and 
0 . 98 for the parameter va lues under consideralion . This s i tuat ron 
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These Lwo d i f f er enL r eg i mes can be observed even mor e c l ear ly 
l n Lhe di fferenLial emiSSlon pr obabi l i Li es . For low p values i n al l 
performed calcul aLions and for high p val ues wi Lh commensuraLe 
f requency r aLios Lhe differ enLial emiss ion specLrum is governed by 
one or a few exLreme l y narrow peaks wi Lh fi xed posiL lons i n L i me . 
BuL i n Lhe " i r r egul ar" regi me wiLh hi gh p values and incommensuraLe 
frequency r aLl os Lhe specLrum exhi bi Ls a broad band behav i our wi Lh 
a 10L of peaks and wi Lh compl i cated st r uct ure . As an example, in 
Fig . 2. Lwo specLr a af ter 500 peri ods of. Lhe k lck l ng poLent lal are 
demonsLr aLed for Lhe same parameter val ues used for Lhe l ower par L 
of Flg . 1. Whlle f or x=l/3 Cdashed curve) only Lwo peaks exisL at 
0.0 2 MeV and 8.5 MeV Cplease note Lhe l nseL 1n Fi g. 2. for Lhe very 
l ow ener gy r eqr on'i . Lhe specLr um for x=l/n Cf ull line) i s 
dis l ocal i zed and cover s Lhe ener gy r egi on fr om 0 Lo 20 MeV. An 
adequaLe f eaLur e coul d be sLaLed for Lhe auLocor r elaLi on funct i ons 
CC ll) . I n Fi g . 3. one can see LhaL i n difference La Lhe bound sp in 

1/2 sy sLem / 5 . 6/ all cor rel aLi ons ar e damped wi Lh Lime. But agai n 
Lher e ar e b l g quali LaLi ve and quanLi LaL1ve di fferences in Lhe 
t i me-behav ro ur . Whil e f or l l1w p val ues CLwo upper parLs of Fi g. 3.) 
Lhe mor e or l ess quas iper icd t c auLocor r el aLion functions are damped 
onl y weak l y . I n Lhe " irregular " r egi me Lhe cor r el aLor decays 
smooLhl y and very ra p i dl y. Thi s i nt eresting pr operty shoul d be 

exami ned mor e car e f'u l l y i n ru rt.hor I nvesL1gaL1ons . 

I s Lhe sl aled t.r ans l t ron i n Lhe dynami cs of t he cons i dered 

model sysLem conLr o l l ed by Lhu d i mens i onl ess par amuLor p f r om a 
" r egul ar " r eq i mo charac t.or i zod by an osc i ll aL1ng emi ssion 
probab i l ity . a spec t r um wI Lh a I' QW shar p r esonancus and a wQakly 
decaying a ut.occrrv tat ton f uncLl on La an " i l' r Glgu l ar " r oq nn 

har act.er i zod by a I'ul l y roru zed sysLum.a br oad band omrss t on 
s pect r um and :iLl 0119 1Y duc.ly ing aut ccor r -e I at I on f unc Li on a s i gnal of 
dynami cal quan t um ch..IO ~; ? At. (,ir sL s Ig ht. OlIQ mighL t.h i nk : yQS, i t. 
coul d bu. BuL a V') I y i mpot LanL phys I ca l quant l t.y , t.ha LoLal Ciln l)r~J Y 

of Lhy par t I c l o , haS not. shovn In our ca l cu l at I ons an t ncr ease I n 
Ll mlil 0'1 :0 1L nas ueen .!lssllmau La UIJ a:::;onLl all y f or II chac t l c r eg! ru 

I's . / 1 , 3,0/ . Thu Im Glr gy i n Lho " l r r ggul ar" casu up La vory 
i rulJ I ~ l l ml Led li nd dOIJ:l noL UKCOlJU a cer ta i n vuI uc . :->uch ;1 
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properly has been observed in a ll calculalions and is connecled 
wi lh lhe f acl lhal lhe dlfferenlial emission speclrum, showing a 
br oad band behaviour in a cer l a i n energy lnlerval in lhe conli nuum, 
also does nol differ s i gni f i canl l y from zero above a maximum 
emi ss i cn energy. Bul in compar i s on wilh ref. / 7/ an asymplolic 
value of lhe ener gy coul d nol be eslablished . In all ca l cul ali ons 
lhe energy rema ins lime -dependenl up lo 10000 ki cks. 

Finally, we conc l ude l hal lhe ki cked separable polenlial wi lh 
a three - di mens i ona l f or m faclor i ncl udi ng one bound slale and a 
conl 1nuum of scaller1 ng s Lal es has been lrealed al mosl 
ana l ylica ll y. Thi s model allows a large var ieL y of invesligalions 
concer ni ng quanlum chaos , d i slocal izalion of a quantum parlicle in 
per i od ic , quasiper iodi c or olherwise lime-dependenl exler nal 
fi elds, and Lhe l i me -b eha vi our of l he energy gain i n such fie l ds . 
Fi rs l r es ul Ls ind i ca Le 1n ag r eemen L wilh ref . / 5 , 6/ lhal f or large 
va l ues of a phase ( exLer na l field slrenglh parameler mullipl ied 
by Lhe k i ck l nq per iod) iL cou l d ex i sL an " irregular" r eq ime 
fo r ll'le dynamics (incommensurale ralio of two exlernal 
f r equenci es) . Such a reqr me is cha r acl er ized by rapidly decay.inq 
aut.ocorr-e l at Ion Funct i ons , t.he ons eL of near ly compl el e ion i zalion 
al r eady af'Lsr a f ew per rods and a br oad band irregul ar s pec l r um ill 
Lhe basis of lhe unperl ur bed scal Ler i ng runcl ion~ . 

Sever a l oxt.ens Ions of Lhe pr esenLed investigations can be 
made . The i ncor por ali on of r s a l rst tc cos i ne -f'un ct Icns r aLher l han 
rj"'lLa 'pul s es f or Lho per i od i ca l l y dr l ven s ys l em has boen a l r ead y 
per for med / 17/ . On t ho OUWI hand, Lhe exLens ion of l ho pol enl1 al 
Lo a finil e r ank. pot.ent i a l WI Lh Lwu or moro bound s Lal os and lh 
conLinuum JS s Lr ;l luhLfor w;u"d and In pr cqr oss . Fur t her , Lh 
quas l ener qy s pec t ru n of t.ho modu l can bo st.udt od , a t Ioas t fo 
pur Iod t c and quas i per Iodt c drlv in g poLenll :d s wl Lh commonsur at 

fr uquQncy r a Lios . 

Thw aut hor Yl'l.ILvfu l1y . lc k now l uduu~; very :;Ll mil 1all 11lJ and 
hlil l pf ul d r scuss rons wi Lh Prot' , R, RUI!' .uid Proof . VI , John [ r um Lh 
T(,/chnt:lchu Uni Vtl/ ~ I LaL, Dr lJ~ dcJII . 
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