


The e f f e c t  of  a t r o n g  interactions i n  d i f f e r e n t  meaic moleculea 
/1/  of t h e  hydrogen i a o t o p e  has been diecuaaed i n  a  number of papera . 

St rong  i n t e r a c t i o n  i a  t r e a t e d  a s  t h e  e f f e c t i v e  p o t e n t i a l s  between 
n u c l e i .  In  t h i e  d e e c r i p t i o n ,  Coulomb l e v e l a  of meaomoleculea a c q u i r e  
eome a h i f t a  and widthe. 

I n  t h i a  paper ,  i t  w i l l  be a h o m  t h a t  t h e  e x p l i c i t  i n c l u s i o n  of 
t h e  exchange mechanism of i n t e r a c t i o n  between meaic molecular  n u c l e i  

l e a d s  no t  only t o  e h i f t e  but  a l a o  t o  t h e  e p l i t t i c g  of t h e  l e v e l e .  
To demonatrate  t h e  e f f e c t ,  we c o n a i d e r  t h e  pc\ mesic mole- 

c u l a r  ion. I n  t h i a  eyetem t h e r e  i s  a  f i n i t e  probabi  I i t y  t h a t  t h e  

neu t ron  bounded i n  t h e  deu te ron  could p e n e t r a t e  t o  a  neighbouring 
pro ton  (aa t o  form a g a i n  a  deu te ron) .  A p i c t u r e  l i k e  t h a t  correaponde 

t o  t h e  motion of a  quantum-mechanical p a r t i c l e  i n  t h e  f i e l d  formed 
by two p o t e n t i a l  w e l l e  eepara ted  by aome b a r r i e r .  The wave f u n c t i o n  
of t h e  ayatem i n  t h i e  c a a e  deacr ibea  t h e  preaence of t h e  p a r t i c l e  
( n e u t r o n )  eimultaneoualy i n  both p o t e n t i a l e .  There a r e  two f u n c t i o n s  
of t h a t  s o r t  cor responding  t o  two a t a t e a  of t h e  ayatem d ia t inguiahed  
i n  p a r i t y .  The d i f f e r e n c e  of t h e  e n e r g i e e  of t h e a e  a t a t e a  g ivea  t h e  
v a l u e  of a p l i t t i n g  of t h e  degenerated l e v e l  i n  t h e  p o t e n t i a l  w e l l  
(i .e.  i n  t h e  deuteron) .  

The pdy- molecule considered i n  t h i e  paper  is  i n  f a c t  a  
f o u r  body eyetem. It i a  a  hard t e a k  t o  s o l v e  t h e  correaponding 4-body 

equat ion8 exac t ly .  There a r e  many weye t o  e i m p l i f y  t h i a  exac t  
equat iona.  

For  example one c a n  i n  a  way e l i m i n a t e  t h e  muonic degree of 
freedom'". Ae a  r e e u l t ,  one o b t a i n 8  three-body equa t ione  w i t h  t h e  
e f f e c t i v e  i n t e r a c t i o n s  which determine t h e  dynamica of heavy p a r t i c l e s  
(nuc leone)  i n  t h e  muonic molecule. 

The paper c o n a i a t e  e a e e n t i a l l y  of two par te .  I n  t h e  f i m t  p a r t  
we b r i e f l y  e x p l a i n  t h e  computa t iona l  method. I n  t h e  second p a r t  we 
r e p o r t  t h e  numerical  r e e u l t a  f o r  e p l i t t i n g  of l e v e l e  and t h e  r e l e v a n t  
diacueaion.  I n  p a r t i c u l a r ,  poee ib le  experiment8 f o r  d e t e c t i o n  of t h e  
e f f e c t  a r e  propoaed. 



I. The method of c a l c u l a t i o n  

The e f f e c t i v e  hami l ton ian  which d e s c r i b e s  t h e  motion 
o f  heavy p a r t i c l e s  i n  t h e  coneidered -molecule could be 
w r i t t e n  i n  t h e  form: 

where R and a r e  t h e  Jacob1 c o o r d i n a t e e  of heavy par- 
t i c l e e  p i c t u r e d  i n  f i g .  l a ;  Tz and r e p r e s e n t  t h e  cor -  
responding k i n e t i c  e n e r g i e s ;  L/, and V4 a r e  p o t e n t i a l s  

a c t i n g  between t h e  n e u t r o n  and pro tons  placed a t  p o i n t s  & and 4 
r e s p e c t i v e l y  ; gag is t h e  s h o r t - r a n ~ e  s tronp:  int .eract ion p o t e n t i -  
a l s  of t h e  p r o t o n  . The f u n c t i o n  w (E') d e s c r i b e s  t h e  

molecu la r  p o t e n t i a l  t h a t  c r e a t e 8  t h e  Coulomb energy ep~tt_rum of t h e  

P ~ P  meeio molecule I(  he term a (QY) 
sppeare  due t o  i n t e r n a l  s t r u c t u r e  O f  deuteron.  It may be pepresen ted  
i n  a n  approximate form: 

-> 
where Q i e  t h e  c o o r d i n a t e  of t h e , &  -meson ( s e e  f i g . l a ) .  
The wave f u n c t i o n  X r  depends on t h i e  v a r i a b l e .  The exp- 
l i c i t  form of t h i s  f u n c t i o n  is n o t  r e q u i r e d  i n  e s t i m a t i n g  t h i s  term 
and its c o n t r i b u t i o n  t o  t h e  energy s p l i t t i n g .  

1P 

Fig. 1. 

It i e  convenien t  t o  oona ider  two s e t s  of J a c o b i  c o o r d i n a t e s  
( s e e  f ige .  t e  and l b )  and one c a n  i n t r o d u c e  two cor responding  5n- 
p e r t u r b n t i v e n  h a m i l t o n i a m  t 

F r m  t h e  s t r u c t u r e  of t h e s e  hami l ton ians  i t  fo l lows  t h a t  
t h e i r  e igenfunc t ione  may be r e p r e s e n t e d  i n  a  f a c t o r i o e d  f o m  

.~ - 
where t h e  f u n c t i o n s  ($1 and G (k') obey t h e  fo l lowing  
equa t ions  

Heaving i n  mind t h e  n a t u r a l  boundary c o n d i t i o n  f o r  t h e  coneide- 

r e d  rnesomolecule,it  i s  obvious t h a t  t h e  solution- of equa t ion  (7) 
muet be taken  a a  t h e  deu te ron  r a v e  f u n c t i o n  Y ( r ) ~  Yd (f) and 

1 = & d  9 where E d  is  t h e  b ind ing  energy 
of t h e  deuteron.  (We n e g l e c t  the>dmixture  of t h e  D-wave i n  t h e  

deu te ron) .  The fun5:ion G (K ) w i l l  be expanded i n  a  

p a r t i a l  waves G ( R )  + 2 G, ( R )  YL ( W )  . 
The components G L ( R )  s a t i s f y  t h e  equat ion 

wi th  T:= 
I where 1q is t h e  reduced mass of t h e  p d 

! syetem. 

The e i g e n v a l u e s  EL, a r e  t h e  Coulomb spectrum of  t h e  
meeomolecula. A s  w i l l  be s e e n  l a t e r  on, when t h e  l e v e l  s p l i t t i n g  
of t h e  mesomolecule is es t imated  i t s  v a l u e  does n o t  depend on EL, . 
The on ly  t h i n g  requi red  i n  t h i s  c a s e  is t h e  v a l u e  of t h e  



I Go (0) 1 P cone tan t .  Por  t h i e  q u a n t i t y  we e h e l l  

t a k e  t h e  known i n  l i t e r a t u r e  valuee c a l c u l a t e d  by d i f f e r e n t  methode. 
The primary "exact" hami l ton ian  ( 1 )  could be w r i t t e n  i n  term8 of non- 

p e r t u r b a t i v e  one8 H , and H6 i n  two p o s s i b l e  waya: 

Due t o  t h e  ehort-range c h a r e c t e r  of  t h e  s t r o n g  p o t e n t i a l e  e n t e r i n g  
i n t o  t h e  hami l ton ien  (1 ) o r  ( l o ) ,  t h e  n o n p e r t u r b e t i v e  wave f u n c t i o n s  
( 5 )  and ( 6 )  c o i n c i d e  wi th  exac t  one everywhere o u t e i d e  t h e  rangee 
of theee  p o t e n t i e l a .  So, i t  is n a t u r a l  t o  look f o r  t h e  s o l u t i o n  of 
t h e  Sohradinger  equat ion:  

H* = ~ y l  
(11 

e e  a  l i n e a r  combinat ion of t b e  e o l u t i o n e  ( 5 )  and (6). Thie epproxi-  
mation oorreeponde t o  t h e  approxinwtion known i n  t h e  molecu la r  
phyeice a e  LCAd4/ .  However, u n l i k e  t h e  LCAO approximation 
t h e  motion of "heavya p a r t i c l e a  I@ taken  i n t o  account  through 
t h a  f u n c t i o n s  GL ( R )  . Vince t h e  dimension of t h e  "atomn 

( d e u t e r o n )  i e  n e g l i g i b l e ,  a e  compared t o  t h e  dimeneion of t h e  meso- 
molecule, one can  expect  t h a t  t h i e  approximation w i l l  be much more 
r e l i e b l e  t h a n  t h e  LCAO a p p l i e d  i n  t h e  t h e o r y  of t h e  molecular  hydro- 
gen i o n  (where t h e  correeponding dimeneione a r e  of t h e  same order ) .  
So, t h e  e o l u t i o n  of eq. (11)  w i t h  e  g iven  L ha8 t h e  form*) 

where 

*)One ha8 t o  n o t e  t h a t  t h e  t o t e l  a n g u l a r  momentum of t h e  3-body eyetem 
wi th  t h e  e f f e c t i v e  i n t e r a c t i o n  i n  g e n e r a l  i e  n o t  e q u a l  t o  t h e  t o t a l  
a n g u l a r  momentum of t h e  primary four-body eyetem. Por  t h e  e l e c t r o n i c  
moleculee t h e  e q u e l i t y  i e  e a t i e f i e d  wi th  h igh  accuracy. However, f o r  
meeic moleculee t h i e  approximation muet be i n v e e t i g a t e d .  

I n s e r t i n g  t h e  t r i a l  f u n c t i o n  ( 1 2 )  i n t o  t h e  ScbrSdinger  e q u e t i o n  (11)  
wi th  Hamil tonian ( 1 )  Cor t h e  c o e f f i c i e n t 8  one o b t e i n  two a o l u t i o m :  

c, = 2 cc.  
( 1 5 )  

So, from ( 1 5 )  and (12)  f o r  t h e  new e igenfunc t iona  one bee: 

- * 9  
(16 

where fl: a r e  t h e  correeponding n o r m a l i s e t i o n  f a c t o r e .  
The o r d i n a r y  c e l c u l a t i o n e  b r i n g  u s  t o  t h e  fo l lowing  exprese ion  

f o r  t h e  energy d i f f e r e n c e  i n  t h e s e  a t e t e a  

where 

11. Wumerioal e e t i m e t i o n  of t h e  energy e p l i t t i n g  end d i e c u e s i o n  

We ee t imeted  t h e  energy e p l i t t i n g  of t h e  ground e t a t e  ( N = o , ~ = o )  
f o r  t h e  p d P  -molecu le r  ion. Simple but  r a t h e r  cumbersome c a l c u l e -  
t i o n  r e a u l t s  i n  t h e  express ion :  

The expreee ion  ( 2 1 )  fo l lowe from formulae (17)-(20)  where t h e  
deu te ron  E v e  f u n c t i o n  hee been taken  of t h e  Yukewa type,where 

-XOL.Y, 2- \41C7) \/Ed -!- e , Hd - 1 , ( M -is t h e  nucleon maee). a- 7 
The s i n g l e t  and t r i p l e t  Nhl  p o t e n t i a l a  a r e  e l e o  



/5/ taken i n  the  Y~kawa form with parametere fixed i n  reference . 
The main contr ibut ion t o  t h e  energy s p l i t t i n g  comes from the  

f i r s t  term i n  the bracet of formula (21). Thie term or iginates  from 
t h e  exchange part af pd-interaction. Its dominance i e  understandable 
eince t h i e  in te rac t ion  hae the l a rges t  range due t o  the emall value 

of the dueteron binding energy. 

so,  

(22 
The  contribution^ of the  l a s t  two t e w e  i n  (21) a re  a t  l eae t  one 

order of magnitude ae emall a s  (221. 
The grqund-state-energy s p l i t t i n g  calculated by formula (22) 

f o r  two values of 1 6 ,  0 1  \' ex i s t ing  i n  l i t e r a t u r e  is  presented 

i n  the table.  In deriving formula (2e),  f o r  the  eake of e impl ie i ty ,  
we ignore the  spin-isospin e t ructure  of the  p d wave function 

i n  an exp l iq i t  form. The inclusion of theee degreee of freedom chan- 

gee the r.h.8. (22) by a f a c t o r  ~f about t . We drop i t  eince only 
the  order or magnitude of the  s p l i t t i n g  is of in te rec t .  What i e  

important neverthelese i s  tha t  the levele  created due t o  the  s p l i t t i n g  

of the  ground s t a t e  ( / V = C r ,  L =  0 ) poaaeee dePini te  t o t a l  
nuclear spins ,  5 z $ and S = 9 . The s t ruc tu re  of s p l i t t i n g  
of t h e  excited meeomolecular s t a t e s  ( 1, > 0 i e  much more comp- 
l ica ted.  

1-abls 

occuring a t  temperatarea k T  .J A E * . Obviouely, a a imilar  
phenomenon exia ta  a lao i n  the  &Tp eyetem. But due t o  the  - corresponding I G d +  ( 0 1 )' 18/ conatant, being emall the  
value of the  a p l i t t i o f f i n  t h i e  caee l a  two o r d e n  of magnitude a8 

amall. The etrong in teraot ion d rae t i ca l ly  changea the  behaviour of the 

4 G,(R) function a t  emall diatancea,  thua the  l a e t  conclusion may be 
changed. 

Ref erencea 

1. Bogdanova L.M. e t  al . :  JETP, 8l ,  829 (1981); 

Bolyaev V.B. e t  al . :  J.Phya. G I  Pucl.Phye., t3, 903 (1982); 

Bolyaev V.B. st al.: Z.Phye., m, 107 (1983). 

2. Vinitoky 9.1. e t  al.: JETP, Iq, 849 (1978); 
Akaiahi Y.: nTheoretioal  and Experimental Invretigatione of 

Badronio Pew-Body Sye te~ l l s~ ,  p. 120, Proc. h m p .  Workshop on 
Pew-Body Phymice, Romm, 1986, ed. by C.Ciofi d r g l i  A t t i  r t  al . ,  
Springer-Verlag, 1986. 

3. Vinitcky S.I. e t  e l .  : Sov. IJucl. Phya. )6, 465 (1982). 

4. fiombae f?, 'Theorie i n  Losungamethoden des Mehrteilchenprobleme 
der Wellen meohanikN, Basel, 1950. 

5. Iiiilten L., Sugavara M., Hendbuch der Phyaik, Band XXXIX herauage- 
geben von Plugge 5.. Springer-Verlag, 1957. 

6. Zeldovitch Ya.B., Geratein S.S. UPIi, 71, 581 (1960). 

7. Ph i l l ipa  A.C.: Reporte on progrese i n  phyeice 40, 905 (1977). 
8. Vinitcky S. I. e t  e l .  : JETP, D, 698 (1980 ). 

It i e  known/7' t h a t  the r ad ia t ive  p d capture a t  
very low energies from the  quar te t  s t a t e  is much slower than from the  4 

doublet one. By varying the temperature of the  hydrogen, one can 
change the population of theee levele ,  and thue obtain t h e  tenperatu- 

r e  dependence of the yield of -quant and 

f r o m  the following react ions  
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