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Introduction

The effect of satrong interactions in different mesic molecules
of the hydrogen isotops has been discussed in a number of papers/1/.
Strong interaction is treated as the effective potentials between
nuclei, In thie description, Coulomb levels of mesomolecules acquire
some shifts and widths.

In this paper, it will be shown that the explicit inclusion of
the exchange mechanism of interaction between mesic molecular nuclei
leads not only to shifts but also to the splitting of the levels.

To demonstrate the effect, we consider the Pcﬂ mesic mole-
cular ion, In this system there is a finite probability that the
neutron bounded in the deuteron could penetrate to a neighbouring
proton (as to form again a deuteron). A picture like that corresponds
to the motion of a quantum-mechanical particle in the field formed
by two potential wells separated by some barrier. The wave function
of the system in this case describes the presence of the particle
(neutron) simultaneously in both potentials. There are two functions
of that sort corresponding to two states of the system distinguished
in parity. The difference of the energies of these states gives the
value of splitting of the degenerated level in the potential well
(i.e. in the deuteron).

The d molecule considered in this paper is in fact a
four body system., It is a hard task to solve the corresponding 4-body
equations exactly. There are many ways to simplify this exact
equations,

For example one can in a way eliminate the muonic degree of
freedom 2 . A8 a result, one obtains three-body equations with the
effective interactions which determine the dynamics of heavy particles
(nucleons) in the muonic molecule.

The paper consists essentially of two parts. In the first part
we briefly explain the computational method. In the second part we
report the numerical results for splitting of levels and the relevant
discussion, In particular, possible experiments for detection of the
effect are proposed.




I. The method of calculation

The effective hamiltonian which describes the motion
of heavy particles in the considered Pd/‘“ -molecule could be
written in the form:

H=Tg + T# + Vo UR-Z)) + V, () +

Vs (IR+°’1) + W(R) + A(RY)

N (1)
where R and o are the Jacobi coordinates of heavy par-
ticles pictured in fig. 1a; T‘* and | represent the cor-
responding kinetic energies; ch and V‘ are potentials
acting between the neutron and protons placed at points @ and
respectively; ies the short-range strong interaction potenti-
als of the proton . The function W (R) describes the
molecular potential that creates the Coulomb energy Spectrum of the

Po\/u, mesic molecula 3/. The term A (R"Y)
appears due to internal structure of deuteron. It may be pepresented
in an approximate form:
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where §> is the coordinate of the -meson (see fig.1a).

The wave function ’X depends on this variable. The exp-
licit form of this function is not required in estimating this term
and its contribution to the energy splitting.
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Fig.1.

It is convenient to consider two sets of Jacobi coordinates
(see figs. ta and 1b) and one can introduce two corresponding "un-
perturbative" hamiltonians:

He= T+ Tet WERIHVE o

Ho= Tz« T+ WRD+ V@) @

From the structure of these hamiltonians it follows that
their eigenfunctions wmay be represented in a factorised form

VR = P (R) G(RL), 5)

WV, R7) = PF) G (R, o

il R
where the functions \? (I\;J and G(R } obey the following
equations

[Te+ L@E]YE) = & P@F) D

[Tz + WERIGR) = EG®R), ®)

Heaving in mind the natural boundary condition for the conside-
red mesomolecule,it is obvious that the solutlon of equation (7)
must be taken a8 the deuteron wave function Ef(‘\"’)»- (fd( and

E=E&a , where &4 is the binding energy
of the deuteron. (We neglect the admixture of the D-wave in the

deuteron). The function G (R will be expanded in a
partial waves G(R) ~ Z G, (R) X_,M(R .
The components Gh (R) satisfy the equation

[T+ WRY] GL(R) = E, Gy, (R)

i Lo 4 ¢ 1_,(L,+1)J, (9)
: with TR = T M" R2 C‘R(R ) —r'R
L where W\ is the reduced mass of the P d
{ system.

The eigenvalues E, are the Coulomb spectrum of the
mesomolecula, As will be seen later on, when the level splitting

of the mesomolecule is estimated its value does not depend on EL‘ .
The only thing required in this case is the value of the



L
l C}o (0) \ conatant. Por this quantity we shall
take the known in literature values calculated by different methods.
The primary "exact" hamiltonian (1) could be written in terma of non-

perturbative ones H o and He in two possible ways:

H: Ha_+v‘+va6+ﬂ.: HL“’ \/a,+ V“6+A,(10)

Due to the short-range character of the strong potentials entering (\
into the hamiltonian (1) or (10), the nonperturbative wave functions

(5) and (6) coincide with exact one everywhere outside the ranges

of these potentials. So, it is natural to look for the solution of -
the Schrédinger equation:

H\P N E\V (1)

as a linear combination of the solutions (5) and (6). This approxi-
mation corresponds to the approximstion known in the molecular
physics as LCL0/4/. However, unlike the LCAO approximation
the motion of "heavy® particles is taken into account through

the functions C}L (R) . Since the dimension of the "atom"™
(deuteron) is negligible, as compared to the dimension of the meso~
molecule, one can expect that this approximation will be much more
reliable than the LCAO applied in the theory of the molecular hydro-
gen ion (where the correaponding dimensions are of the same order).
So, the solution of eq. (11) with a given L has the form"

\Vh: CLW:+ Qﬁﬁv (12)
where
\P: = \?d (IYL)GNL (RL)YQm(sz) , (13)
5 X :
\YL = Y4 (v) Gm, (R)YLM(R) . (14) g
*)

One has to note that the total angular momentum of the 3}-body systeum
with the effective interaction in general is not equal to the total
angular momentum of the primary four-body system. For the electronic
molecules the equslity is satisfied with high accuracy. However, for
meaic molecules this approximation must be investigated.

Inserting the trial function (12) into the SchrSdinger equation (11)
with Hamiltonian (1) for the coefficients one obtain two solutions:

- 4 .
C =32 G (15)
So, from (15) and (12) for the new eigenfunctions one has:
L L 4 4
\+,I = ./\/I (\}/& =+ \f)‘ )
’ (16)
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where f\fi are the corresponding normalisation factors.
The ordinary calculations bring us to the following expression
for the energy difference in these states
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II. Numeriocsl estimation of the energy splitting and discussion

We estimated the energy splitting of the ground state (N= 0,[,:0)
for the Ptﬂ -molecular ion, Simple but rather cumbersome calcula-
tion results in the expression:

- S
AE"= 8T Go (o)1) L4 4+ ppgg Varis. *’”‘3"1660)12%5“}‘
{ x} /“".S; m ¢ (21)

The expression (21) follows from formulae (17 )=(20) where the
deuteron wave function has been taken of the Yukawa type,where
i) <\ JHRX L, HAY 2 X
i) = V—- ¥ e y Ha=ma &l » (M4 ~is the nucleon maes),
The singlet and triplet NN potentials are also



/5/

taken in the Yukawa form with parameters fixed in reference .

The wain contribution to the energy splitting comes from the
first term in the bracet of formula (21). This term originates from
the exchange part of pd-interaction., Its dominance is understandable
since this interaction has the largest range due to the small value
of the dueteron binding energy.

So,

Z& E:oo’\' 3T &L (j , a

~ ?-‘ F "o(a)) 4

dq
(22)

The contributions of the last two terms in (21) are at least one
order of magnitude as small as (22).

The ground-state-energy splitting calculated by formula (22)
for two values of | G, (0)|” existing in literature is presented
in the table. In deriving formula (22), for the sake of simplicity,
we ignore the spin-isospin structure of the wave function
in an expligit form, The inclusion of these degrees of freedom chan-
ges the r.h.s. (22) by a factor of about 4 . We drop it since only
the order of magnitude of the splitting is of interect. What is
important nevertheless is that the levels created due to the splitting
of the ground state ( N =0, L=zo ) poasess definite total
nuclear spins, S= % and $= 31: . The structure of splitting
of the excited mesomolecular states ( L >0 ) is much more comp-
licated.

Table
[6 ] [ 3]
?,
[Go(OW 110" #mP1 1.4 0.93 |
AE® [10%ev] | 200 | 133
It is known/7/ that the radiative P a capture at

very low energies from the quartet state is much slower than from the
doublet one. By varying the temperature of the hydrogen, one can
change the population of these levels, and thus obtain the temperatu-
re dependence of the yield of X’-quant and /M -mesons
from the following reactions

gy 7 Y
PF ~ He + M

occuring at temperatmres kTN A Eoo . Obviously, a similar
phenomenon existse also in the dﬂ?w system., But due to the
corresponding lc;df- (0))2’ /8/ constant, being small the
value of the splitti in this case is two orders of magnitude as
small, The strong interaction drastically changes the behaviour of the

6,(R) function at small distances, thus the last conclusion may be
changed.
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