


A t h e o r e t i c a l  t reatment of the  t r a n e i t i o n  from v ib ra t iona l  

t o  r o t a t i o n a l  spec t r a  i n  t h e  chain of Sm ieotopee provides a good 

t e a t  f o r  t h e  adequacy of varioue nuclear modele. A t  t he  phenomeno- 

log ica l  Jevel ,  a grea t  eucceee hae been achieved i n  the  framework 

of t he  i n t e r a c t i n g  boeon model ( IBM)  [ ref .  '1 1. A t  t he  microecopic 

l eve l ,  however, t he  e i t u a t i ~ n  appears t o  be much more complicated. 

The microecopic approachee deal ing  with t h i e  problem ' 1 3 )  genera l ly  

start from t h e  e h e l l  model $n the  quas ipa r t i c l e  reprepenta t ion ,  

t runca te  the  f e d o n  bae i r  @o 8e t o  include only quadrupole ( 5 - 2 )  

two-quae$particle exc i t a t ione  (both  the  c o l l e c t i v e  and the  non- 

c o l l e c t i v e  one8 ) and map the  truncated fermion problem onto the  

boeon apace ueing the  boeon expaneion technique 4 ) .  The work of 

Kiehimoto and ~ a m u r a ~ )  makee use of the  Holetein-Primakoff boson 

mapping 5, which repreeent r  the  o r ig ina l  fermion hamiltonian a s  an 

i n f i n i t e  e e r i e e  i n  the  boson operatore. Convergence of t h i r  e e r i e r  

i e  s u f f i c i e n t l y  f a e t  when only the  c o l l e c t i v e  quadrupole boeonr 

a re  r e t a ined6)  but it i e  much elover i f  the  non-collective boeone 

a re  taken i n t o  account '1 . Since the  non-collective boeone were 

foundt) t o  p lay  an important r o l e  juet i n  the  t r a n e i t i o n a l  region,  

t he  inc lus ion  of the  higher-order boeon i n t e r a c t i o n s  i n  the  hamil- 

tonian turne  out t o  be inevi table .  I n  order t o  avoid t h i e  d i f f i -  

cu l ty ,  Tsukuma, Thorn and Takada (TTT) have propoeed 3, t o  uee the  

Dyeon mapping 8, which i e  f r e e  from the  problem of convergence. 

Applications of the  Dgson mapping have long been impeded by the  

f a c t  t h a t  the  mapping i e  non-unitary and thue leade  t o  a non-her- 



mitian boeon hamiltonian. Today, however, t h i e  problem i e  complete- 

l y  solvedq), and therefore ,  one can f u l l y  exp lo i t  t he  f in i t eneee  

of the  Dyson boeon expansion. Nevertheleee, i n  s p i t e  of a l l  the 

advantage6 and a great  u t i l i t y  of the Dyson mapping i n  the  descr i -  

p t ion  of nuclear proper t iee  '-"), m [ r e f .  3)J were unable t o  

reproduce the  ehape t r a n s i t i o n  from the  spher ica l  ( v ib ra t iona l )  

nucle i  t o  the  deformed ( r o t a t i o n a l )  onee i n  the  chain of Em ieo- 

topee. 

The purpose of t h e  present paper is t o  show t h a t  the  f a i l u r e  

of the  TTT approach can moat l i k e l y  be a t t r ibu ted  t o  the  neg lec t  

of the  higher-multipole (J > 2) bosone. I? f a c t l  i t  is we11 known4') 

t h a t  a s a t i s f a c t o q  microscopic descr ip t ion of the  low-lying e ta-  

t e e  i n  deformed nucle i  requiree  an e x p l i ~ i t  inclueion of a t  l e a e t  

t he  J = 4 boeone, correeponding t o  the  J = 4 fermion paire.  We ume 

t h e  Dyeon mapping here ae  TTT d id  i n  ref t3) ,  but we apply it d i -  

r e c t l y  t o  the  ehell-model hamiltonian without performing thq qua- 

e i p a r t i c l e  traneformation. Ins tead of r e p t r i c t i n g  i n  advancg the  

fermion epace t o  the  eubepace of quadrupgle ( J = 2)  pa i r s ,  we f i r e t  

map the  e n t i r e  fermion epace onto a boeon one and than apply an 

appropriate va r i a t iona l  pr inciple  t o  the  mapped boeon hamiltonian. 

Thie procedure enable8 ue t o  take i n t o  account the  boeone with 

a l l  admieeible angular momenta. Ae w i l l  be eeen, the re  i m  a con- 

e iderable  increase i n  the  percentage of 5-4 boeons i n  the  var ia-  

t i o n a l  wave function a t  A - 152 ( A i e  the  maee number of a n u c l e w )  

and it i e  juet  t h i e  f a c t  t h a t  leade t o  a good reproduction of t h e  

shape t r a n e i t i o n  from t h e  spher ica l  t o  the  deformed region. 

The paper i e  arranged a s  followe. I n  eect .  2 we give an out- 

l i n e  of the  method. Sect. 3 containe our numerical r e e u l t e  and 

t h e i r  comparieon w i t h  experiment ae well  at3 with t h e  r e e u l t e  of 

o ther  approachee, namely the  phenomenological IBM [ r e f .  '')I and 

the  microecopic WT [ r e f .  'I] . Conclueione from our inveet iga-  

t i one  a re  col lec ted  i n  sec t .  4. 

2. Outline of t h e  method 

2.1. BOSON IMAGE OF THE SPELL-MODEL EWiILTONIAR 

Ye start from t h e  descr ip t ion of a heavy nucleue ae a eyetem 

of rq valence protone and nv valence neutrons d i s t r ibu ted  over 

d i f f e r e n t  ehell-model o rb i t a l e .  We confine our discuseion t o  even- 

even nuc le i  only. The aeeociated shell-model hamiltonian can be 

wri t ten  ae  a e m  of a hamiltonian f o r  protone and neutrone eepara- 

t e l y  p l w  a term descr ib ing an in t e rac t ion  between pbotone and 

neutron.: 

H = Y (n )  t H(r )  + Y(*r) , 
where T (v ) deeignatee proton (neutron ) . The hamiltoni- f o r  

i d e n t i c a l  nucleone i e  taben t o  have the  form 

where p i e  e i t h e r T  o r  V , t he  indicee  pi completel$' 9pecif'Y 

the  ahell-model e ingle-par t ic le  e t a t ee ,  P i  (n!, l!, j!) mf , 
c:; ( Cp; ) a r e  the  crea t ion ( a n n i h i l a t i o n )  opmatore f o r  nucleone 

i n  theee e t a t ee ,  Eri a r e  the  corresponding eingle-part icle Ones- 

giee and Gw p, f, * Fpp, P*PI 
a r e  matrix element8 of an e f fe -  

c t ive  nucleon-nucleon in t e rac t ion .  We aeeume t h a t  the  i n t e r a c t i o n  

G p *  P. Pl 
i e  coherent i n  the  pa r t i c l e -pa r t i c l e  channel and i e  an t i -  

symmetrized, while FP, ?, i e  coherent i n  the  part icle-hole 

channel and i e  not a n t i s p e t r i z e d .  A s p e c i a l  type of t h i e  i n t e r -  

ac t ion i s  the  Po+ Pz + QQ force which hae been used by TTT i n  

ref .3)  and which w i l l  be employed i n  the  preeent ca lcula t ion a e  well. 

The l a e t  term V ( W )  i n  ( 2.1 ) represents  the  proton-neutron i n t e r -  

ac t ion and i e  given by 

t -I 
Vbv) = + && vr,*,*,v, cr, Cr* cv. cvL . ( 2 . 3 )  

V+ Va 



A l l  t he  i n t e r a c t i o n s  involved i n  (2.1) a r e  suppoeed t o  have t h e  

usual  hermi t ian  and time r e v e r s a l  proper t ies .  

For t h e  purpose of analyzing t h e  o r i g i n a l  fermion problem i n  

t h e  boeon space,  one introducee the  i d e a l  boeon c rea t ion  and anni- 
t 

h i l a t i o n  ope ra to r s  bpp,, bplfrwhich s a t i s f y  t h e  fol lowing a n t i -  

symmetry and commutation r e l a t i o n s  

b;,,, = - b;,pl , 

where { - V if p = and p' -7 i f  p = V . We do not  consider 
+ 

t h e  bt, - boeons here s ince  t he re  is no ind i ca t ion  f o r  t h e i r  i m -  

portance i n  heavy nuc le i ,  where protone and neutrons occupy very 

d i f f e r e n t  e ing le -pa r t i c l e  o r b i t a l s  =I5) The whole i d e a l  boson space 

i s  epanned by t h e  many-boson s t a t e s  of t h e  form 

I '  

where 1 01% is t h e  boson vacuum, brlPa 1 o ) ~  = 0 .  Those s t a t e s  which 

properly t ake  i n t o  account t h e  Paul i  p r i n c i p l e  and thus  a r e  i n  

one-to-one correspondence with t he  fermion e t a t e s ,  def ine  t h e  eo- 

c a l l e d  physical  boeon subspace ' ' J ' ~ ~  . It i e  t h i s  subspace i n  which 

t h e  a c t u a l  ca l cu l a t i ons  have t o  be c a r r i e d  out  i n  order  t o  avoid 

spurioue so lu t ions  " 1  "1 . 
A s  is well knovn 4 1 * ) ,  it is poeeible t o  conet ruc t  a  f i n i t e  

boson r e a l i z a t i o n  of t he  a lgebra  generated by t h e  bifermion opera- 
+ + + 

t o  , C ,  CrlCrL . Cp, C f L  i n  terms of t h e  boson opera tors  $,, bp*. 
This  i e  t h e  famoue non-unitary mapping introduced by b s o n  *) 

c i . ~ ; ~  4 3iqpz = b;-pS-E fi P* b:.p,b;,fi btapt , ( AS&) 

I n  r ecen t  yeare ,  t h e  theory ,  baeed on eqs. (2.5 ) has  proved t o  

y i e l d  a powerful method f o r  i nves t iga t ing  nuclear  c o l l e c t i v e  

motionq-") .  With t he  he lp  of (2.2), (2.3)  and ( 2 . 5 )  we can 

e a s i l y  f i nd  an exact  non-hermitian boson image of t h e  shell-model 

hamiltonian ( 2.1 and t r e a t  it within an appropr ia te  he rmi t i za t ion  

procedure . Alterna t ive ly ,  we can rear range  t h e  i d e n t i c a l  nucleon 

hamiltonian (2.2)  i n t o  t h e  form 

where 

WprJptp. ' G~fi,, + 2Fpprlpc , 
+ 

and use only t h e  mapping ( 2 . 5 ~ )  f o r  t he  C C -type operatore.  

Both veqsions of t h e  b o s o n i ~ a t i o n  procedure a r e  completely equi- 

va l en t  19)  but t h e  l a t t e r  providee d i r e c t l y  a hermitian boeon ha- 

mi l tonian ,  s o  t h a t  t h e  add i t i ona l  hermi t i sa t ion  procedure can be 

avoided. Using (2.6) , (2 .3)  and (.2.5c) , t he  hermi t ian  Dyeon 

boeon image of t h e  o r i g i n a l  shell-model hamiltonian (2.1) can be 

w r i t t e n  ( i n  t he  normal ordered form with respect  t o  t h e  boson 

vacuum lo)@ ) a s  

Ha = HB(7) + Hl(v) + V U ( + ~ )  , ) 
where 

H = H P "' H: cr) + Hid(?) , 



It should be emphasized t h a t  a hermitian Dyson hamiltonian 

with a t  most two-body boson terms (which is i n  f a c t  a l s o  the  Hol- 

s t e i n  - Primakoff image ) has been obtained due t o  t h e  f a c t  t h a t  

the  mapping was applied d i r e c t l y  t o  the  o r i g i n a l  shell-model ha- 

miltonian and not  t o  i t 8  quaaipar t ic le  representa t ion .  A s  is well  

known '1 , t he  l a t t e r  produces a number-non-conserving fermion 

hamiltonian, which always leads  e i t h e r  t o  the  non-hermitian Dyson 

image with up t o  three-body boson terms o r  t o  the  hermitian Bol- 

s t e i n  - Primakoff image represented by an i n f i n i t e  s e r i e s  i n  t h e  

boaon operators.  It i a  a l s o  worth remarking t h a t  t he  preaent form 

of t h e  boson hamiltonian commutes with t h e  projec t ioq  opera tor  

onto the physica l  boaon subspace , which is  not t he  caae when 

wprking i n  t h e  quaa ipa r t i c l e  representa t ion  , 

2.2. PHYSICAL BOSOIJ STATES 

A s  a l ready mentioned, apy ca lcula t ion  i n  the  boeon apace i a  

re levant  t o  t h e  underlying fermion problem only when it i e  c a r r i e d  

out  i n  t h e  phyaical  boson aubspace i n  which every boson e t a t e  has  

i t s  fermion counterpart .  I t  waa o r ig ina l ly  shown by Janssen e t  al!') 

and l a t e r  elaborated by ~ i " )  and Park20)that  a normalized phyeica l  

19 - boson s t a t e  1 Nr j pSls )g  had t o  s a t i s f y  t h e  condit ion P 

where 

A 

and f~ i s  e i t h e r  o r  . The operator SB(p) is nothing but 

the  Dyson boaon image of the  fermion opera tor  

i ( r )  = G r ( G y - 4 )  ; ;I - L C ~ C P ~  , (2 .13)  
rl 

wr i t t en  i n  the normal-ordered form 

., 
A s  before,  s,((D) i a  a l ao  the Holstein-Primakoff image of S(P)  . 

a 

Realizing t h a t  nr  - mp and t h e  operator S , ( p )  antieymmetrixea 

t h e  indice. belonging t o  d i f f e r e n t  boeona i n  a many-boson e t a t e ,  

t h e  condi t ion  (2.11) can eas i ly  be understood ae the  requirement 

t h a t  t h e  s t a t e  1 Np j phis), i e  completely antisymmetrized i n  a l l  t h e  

boson ind ices ,  and consequently, it a a t i e f i e s  the Pau l i  p r inc ip l e  

f o r  fermiona. I n  the  following we w i l l  r e s t r i c t  our discuseion t o  

the  a t a t e e  \ Mf j ph35)B only. 

2.3. THE )IEAA-FIELD APPROXIMATIOP 

The d iagonal ixa t ion  of t h e  boaon bamiltonian (2.8) i n  t h e  phy- 

e i c a l  boson b a s i s  i a  completely equivalent  t o  the  f u l l  shell-model 

ca l cu la t ion  and hence impracticable i p  general  cases.  An app l i ca t ion  

t o .  r e a l  nuc le i  thua r equ i r e s  an adequate approximation which con- 

e i a t a  i n  t r u n c a t i l y  t h e  baaia t o  a alpall s e t  of co l l ec t ive  degrees 

of freedom. How t o  perform t h i s  t runcs t ion  is the  c r u c i a l  problem 

which l i e 8  a t  t he  very hear t  of t h e  microscopic theory of nuclear  

c o l l e c t i v e  motion. Varioue approaches have been suggested t o  d e a l  

with t h i s  problem "-"). Their common fea tu re  i s  t h a t  they a r e  baaed 

( i n  one o r  another way) On t h e  mean-field approximation (WA) '1. 
The bas i c  idea  behind the  HFA is t o  apply an appropriate v a r i a t i o n a l  

p r inc ip l e  t o  the  hamiltonian i n  order  t o  ge t  the  ground e t a t e  of t h e  

ayetem considered ( t h e  Hartree approximation - H A )  and then t o  ge- 

ne ra t e  t h e  loweat exci ted  e t a t ea  i n  the  framework of t he  Tam-Dmcoff 

approximation (TDA) o r  t h e  random phase approximation ( RPA) 

The v a r i a t i o n a l  procedure can be appl ied  e i t h e r  t o  the  fermion ha- 

n i l t ~ n i a n " ' ~ ' )  o r  t o  t h e  boson one U'l"Z') . Both the   phenomenological"^ 
and t h e  microscopically d e r i ~ e d " ' ~ ' )  boeon hamiltoniana have been 

wed. Working with the  l a t t e r ,  however, an e x p l i c i t  r e s t r i c t i o n  of 

t he  v a r i a t i o n a l  space t o  the  physica l  boson aubspace aeema t o  be 


















