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1.INTRODVCTION 

The introduction of the F-spin in the framework of IBM-2 /1/ makes it 
possible to consider, in a unified way, the properties of sequences of atomic 
nuelei. Thus in /2, 31 series of even-even nuelei are united in F-spin multiplets. 
The empírical investigation carried out in these papers shows that the low
lying energy leveIs of the ground and Y-bands of the nuelei belonging to a 
given F-spin multiplet depend slightly, almost constantly, on the third pro
jection of the F-spin. 

In this paper, as an extension of this approach, we propose to consider 
in a unified way alI even-even nuelei with valence nueleons belonging to a 
given major nuclear shell. This gives a possibility to deal with the entire 
spectrum of each shell, which allows to reveal both the existing regularities 
and the typical features of the different shells. The extension proposed leads 
to a classification of the even-even nuelei in symplectic multiplets. 

It should be noted, that the elassification scheme given below uses, as a 
starting point, some of the concepts of IBM-2, but, at the same time, differs 
essentially from it. The speetrum is discussed in an empirical way. The prob
lem of the adequate theoretical description of the energy leveIs will be dis
cussed separately in a forthcoming paper . 

2. ALGEBRAIC CONSTRVCTION OF Sp(24, R) 

, In IBM-2 two types of boson creation": and va+ and annihilation "& 
and va operators (a = 0,1,...,5) are introduced. The bilinear products "~"b 
and v: vb generate the "proton" and ''neutron'' V(6) groups, i.e. V" (6) 
and u, (6). The operators ":,),Ib and v:"b extend the V" (6)$ V v '(6) 
algebra to V(12). With the help of boson operators one can define only the 
most symmetric representations of V" (6), Vv (6) and V(12) labelled by N" , 
Nv and N res{>ectively. From the generators of V(12) one can construct the 
sums ":"b + va+vb, which generate the "mixed" group V"V (6), and also 
the operators 
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which generate .the F-spin group - SU F (2). This corresponds to the decom
position U(12) .) U 1711 (6) Etl SU r (2). 

The extension of U(12) to Sp(24,R) can be done in a natural way (the 
common case of Sp (4k,R) is discussed in /4/ ). The boson representation of 
Sp.(24,R) /6/ is obtained by the addition of the raising 17~ 17~, 1I:1I~, 17~1I~ 
and decreasing 17 17b , lia. lI b , 17 lI b operators to the generators of U(12).a a 
Ali the most symmetric representations of U(12), labelled by N, act in spaces, 
wnose direct sum coincides with the space J{ of the boson representation of 
dp(24,R). The latter is reducible and decomposes in two irreducible ones. 
The fírst one acts in the space J{+ ' where the spectrum of N is even, while 
the second one acts in the space J{_ where N is odd ( J{ = J{+ e J{_ ). 

The groups SU F (2) and Urrv(6) are mutual1y complementary /6/ which 
leads to th~ following relation for their second order Casimir operators 

6Cá ) = 2F + 4N + (1/2)N 2. Hence, when N is fixed the eigenvalues 
F(F +1) of F 2 give the irreducible unitary representations (IURs) of both 
SU F(2) and U 1711(6). Further, it is obvious, that when N and F are fixed there 
arise 2F+ 1 equivalent representations of U1711(6) labelled by F == -F, ... ,F.o 
Thus one obtains the following reduction scheme: 

F 2N F 
S,p(24, R) -. U(12) ---t SU G'l U ~ U (6.) • (2.1)

1711(6) 17V F(2) 

On the other hand in the space J( there acts a reducible unitary repre
sentation, namely the ladder representation of the algebra U(6,6) /7.8/ . 

The corresponding Weyl generators of U(6,6) are: 17: 17\) , 17:V~ ,-lia 17b,-lIa v; 
This representation splits in irreducible ones (ladders), labelled by the first 
order Casimir operator of U(6,6): C i6

,6 ) = 2Fo - 6. In the space of each 
ladder (F - fixed.) there acts an ínfiníte set of IURs of the algebra U 17 (6) e o . 
lB U 11 (6) (steps) labelied by N. The reduction U 17 (6) ED U 11 (6) ) U1711(6) 

can be obtained by means of F2(C ~6) ). Final1y, instead of (2.1) one has 

~ N ;2 
Sp(24,R) - __ U.(6,6) --+ U ED U ---t U (2.2)

rr(6) lI(6) rr ll(6). 

From a mathematical point of view both schemes (2.1) and (2.2) are equally 
appropriate for the description of ali IURs of U rrv(6) acting in J{ • 

*Reduction scheme (2.1) is written in terms of algebra. We recall that the IURs of the 
group U(n) and the corresponding irreducible representations of the algebra U(n) act in 
the sqme spaces. 

2 

is shown schematically in Fig. 1, where the columns represent the ladders de
fined by F o and the rows -:- the IURs of U(12) defined by N. Each cell 
corresponds to a given IUR of U" (6) ~ U v (6). 

p r~J{' 11 s 3 .i- _i _1 -!!.- _._ ,..•- :L -1 X 1: 2, 1- ..t.. .2

1O 

32.. 

sLI ·r J 
· ::.::..------ - - - - - -- · · 

8) CJi_a) c:J-L + 

Fig. 1. The splitting of H+ (N - even) and H_IN -- odd) corresponding to the reductions 
Sp(24,R) -+ U(6,6) - U (6) 61 Ifv (6) and Sp (24,R) -t U(12)-t U (6) 6l U (6).rr rr v 

3. PHYSICAL INTERPRETATION OF N AND Fo 

In IBM-2 the proton and neutron boson numbers Nrr and N lI are found 
by counting the valence proton and neutron pairs (or hole pairs) of a given 
even-even nucleus from the -nearest closed shell. The quantities N and F are o
 
defined by
 

1N = N + N, F = - (N - N ).
rr 11 o 2 tr 11 

IJ:1 various papers dealing with IBM-2 the following four possibilities to count 
N n and N 11 are used: 

i) From proton and neutron particles. In this case one has 

g Nrna g N = _!.. (N - N ma ) N = .1 (N _ ) (3.1)
tt 2 p p , 11 2 n n ' 

u 
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where N~ and Nn are the total proton and neutron numbers in the nuc1eus 
and N~ g and N ~ag are the corresponding magic numbers. Therefore 

1 mag 1 mag 
N = -2'A - A ) , F = 2" (M 1.' - M T ), (3.2) 

where A= Np + N n is the mass number and M T= ~ (N p - N n ) is the third 
projection of the isospin. 

ii) From proton and neutron holes. Then 

1 mag 1 mag 
N = 2" (A - A), F =2"(M T -M T ) , (3.3)o 

and the difference between this case and the previous one is not essentia1. 
iii) From proton partic1es and neutron holes. Then 

rnag 1 rnag 
N = M - M F = - (A - A )T T' o 4 • 

iv) From proton holes and neutron partic1es. Then 

M T
rnag 

M T 

1 mag 
N = - F =-(A -A).

o 4 

Here we do not stick to the interpretation of N11 and Nv as numbers 
of real nuc1eon pair excitations in nuc1ei. The physical sense of N and F o is 
revealed by their expressions in terms of A and M T' From thispoint of view 
it is obvious that the physical meaning of N and F o in cases i) and ii) compa
red with cases iii) and iv) is exchanged. But in order to describe the even-even 
nuclei irl a unified way a uniqueness in the understanding of N and Fo is ne
cessary. Moreover, we want to introduce a classification scheme, according 
to which the even-even nuclei from a given major shell are united in common 
multiplets. For this reason it is not acceptable to assume that in the first 
half of the shell N and F o are given by (3.2) and in the second half - by 
(3.3). That is why we have to choose one from the four possibilities descri
bed above to count N and Fo' At that, all even-even nuclei from a given 
major shell are enumerated one-to-one by the values of the pair N and F . o 

4. CLASSIFICATION SCHEME 

A major nuclear' shell is defined by a pair of double magic numbers 
(N~ ,N~ ) and (N~',N~'), where Np<N'p' and N'n <N~'. The even
even nuclei, whose valence nuc1eons belong to this shell can be united in 
two symplectic multiplets in the following way. 

4 

4 
t 

... 

The double magic number (N ~ ,N ~) corresponds to' the vacuum state 
(N = O) in J(. Using formulae (3.1) and (3.2) one finds N11 and Nv and N 
and F o. Then each nucleus under consideration corresponds to a definite 
celI in the space J{+ or 1l, which represents a given IUR of U (6) Q}

l1 
Uv(6)

(see figo 1). The symplectic multiplets obtained in this way wiIl be noted 
by (Np, N~I Np' , N;')+ if N is even and by (N~, N'nl N'p', N~')_if N is 
odd, In J{ + and J( - these multiplets form cl~sed figures restricted by the 
conditions O::; N s j- (N" - N') and O:sN::; í{N'n' - N~ ) so that O~ N '~ 
:st(A" -, A'}. In other Jords tlie space of the even-even nuc1ei from a given 
major shell is mapped onto two finite subspaces of J{+ and J{_ respectively. 
The spectrum of F o within these figures is also restricted: t (N ~ - N 'n' ) ::; 
~ Fo ~ t (N p' - N~). This quantity runs all its admissíble values Fo .S 
~ - (N/2) ,... , (N/2), if and only if N v s i-(N ~' - N~) and N 11::; -t(N 'p' -N~). 
The sides of the figures correspond to proton or neutron closed shells. Each 
row consists of nuclei belonging to a given isobar, and each column - of 
nuclei belonging to a given isofer. 

5. LOW-LYING ENERGY SPECTRUM 

The numbers N11 and N v determine the nuc1ei belonging to a given 
Sp (24,R) multiplet. Hence, the Hamiltonian, which should describe the 
energy spectrum of the multiplet as a whole, will depend on N11 and N v , 
or, which is the same - on N and F o. That is why it is of interest to investi
gate empirically the N and Fo dependence of the excited energy levels of the 
nuclei of a given multiplet. As an illustration Figs. 2 and 3" show the N depen
dence at F o fixed of the 2+-levels of the ground bands of the nuc1ei belonging 
to the multiplets (50, 821 82, 126) and (50, 821 82, 126) (see Tables 1 
and 2). The experimental data are froiri/ 9 / . 

The picture of the spectrum presented so far shows the expedience of 
the unification of the even-even nuclei in Sp(24,R)- multiplets. The curves 
obtained (Figs. 2, 3) demonstrate a differentiation of the separate U(6,6)
submultiplets and show an existence of a stable periodical structure in the 
shell, expressed in the similar behaviour of the different U(6,6)-curves. Note 
that the neighbouring nuclei in the U(6,6) multiplets differ in an a-partic1e, 
which is consistent with the hypotesis of a -clusteringin nuclei /10~ A slight 
(almost constant) dependence on N is observed in the middle of the curves 
corresponding to the rotational nuc1ei. It should be noted that in /3/ the 
rotational nuclei 156 Dy - 184Hg (F 0= 2) and 158Dy - 182pt (F 0= t-) 
were united in two F-spin multiplets , where r and F o are defined as in 
case ili). The leveis E 2+ :; 70 KeV for 16 Gd and 73 KeV s E2 + · '~ 
::; 82 KeV for 172Er and 168Dy are predicted by interpolation. 

5 



=
"


 

21
. 

\V
..0

41
) 

(""
') 

_ 
. .

...:
t 

(4
.0

85
) 

'~
 

~
[ U

2 

~
 

::g
:

LU
 1 

~ 

; 

rr'
 "~
 

32
 

34
 

'3
6

10
 

12
 

14
 

16
 

18
 

20
 

22
 

24
 

I J
 

11
 

LL
O 

lL
.o 

. 

2 
4 

6 

1"
-- to 

N
o 

.. 
F

ig
. 2

. M
ul

ti
pl

et
 (

50
,8

21
82

,1
26

)+
. 

D
ep

en
de

nc
e 

o
ft

h
e 
r 

-le
ve

ls
 o

n 
N

 a
t 

fi
xe

d 
~

 (
se

e 
T

ab
le

 1
).

 

"
"
-.

..
.:

"
#

,]
:,

--
-.

-.
 

...
.. 

'!"
' .

.. 
~
~
~
-
~
.
-

~
 
~

 
-

'i.
. 

-


-
..

-
--

~-
. 
~

 
. W

 ç
,-

-?


2 

'" - >
C1

J 
:5.

: LU
 ~
~o

 
, 

\ 
\ 

('-
J 

C"
\J

-....
.. 

N
 

..-

-
" 

1 
~

 
\

\ 
\ 

\ 
('Y

) 
L.J

..O
 

II
 

u.
o 

';0
-:.

 7
/ 2

 

1 
3 

5 
7 

9 
11

 
13

 
1S

 
17

 
19

 
21

 
23

 
25

 
27

 
29

 
31

 
33

 
35

 
37

 
N

; 

Fi
g.

 3
. M

ul
ti

pl
et

 (
50

, 8
21

 8
2,

 1
2

6
L

. 
D

ep
en

de
nc

e 
o

ft
h

e 
2+

-1
ev

el
s 

on
 N

 a
t f

ix
ed

 ~
 

(s
ee

 T
ab

le
2)

. 
(
' 

....
:J 

• 



.N
 

O 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

22 

• 24 

26 

28 

30' 

32 

34 

36 

38 

Table 1 

Multiplet (50,82182,126),... 

Fo 



5 4 :; 2 1 O -1 -2 -3 
-

13 2Sn 

13 6 13 6
Xe	 T e 

140 14014°Ba .Ce Xe 

144Sm 144Nd 144Ce 144 144Xe Ba
 

148Dy 
148 148Sm 148N 'd 148 148


Gd Ce Ba 

152 152Er 152 152Gd 152 152Nd 1-52
Yb Dy Sm Ce 

156Hf 156Yb 156Er 156Dy 15-6 15 6
Gd Sm 

160 160 160 16°Er 160ny 160GW Hf Yb d 
164 164 164Hf 164Yb 

164Er 164
0 5 W Dy 

1681'10 168 168 168 168yb 168Er 168
Dy 

" 

0 6 W Hf
 

1721'10
 172	 172 172 172 172
0 6 W Hf Yb Er 

176 176 176'1 176 176Yb 1't 0 8 Hf 

180 1-80 18018~ p t 18°09 W Hf 'i 
184	 184 184 184Hf 184p b	 184Hg p t 0 5 W 

188p b 1881-1g 188 188 188
1't 0 5 W 

192p b 192t\g 19 2p t 19 2
0 5 

19 6p b 196Hg p t 0 5 19 6	 19 6

200p b	 200"g 200p t 

204p b	 204~S 

2081'b 

As
'\ 

for the rest of the shells, when N > 20 and N > 20, the spec-
p - n -

N 
''#' 

( 1

II 1 

3\ 
I 

5' 

7 

9 

11 

13 

15 

17 

19 

21 

23 

25 

27 

29 

31 

33 

35 

(r,I 37 

,
r' 

Table 2. 

Multiplet (50, 82\ 82, 126L. 

-, F: -_.. --.....::-._------------ .

11 
~-

~ 
2: 

7 
;7 

- " .. 

5 
2 

:; 
2 

1
2 

1 3 5 
- 2' - 2 • - 2 -
---- -- -------  -------. -._. 

7 
2' 

134Te 134 Sn 

138
Ba 138x.e 138 Te 

" 

142
Nd 

142
Ce 

142
Ba 

14 2
Xe 

146Gd 146 s m 146Nd 146Ce 
146

Ba 

15°Er 15-°Dy 
150Gd 150 

s m 150-Nd 
150 

Ce 

154H! 154Yb 
15'4

Er 154
Dy 

154 Gd 1S4Sm 154Nd 

158w 158Hf 158Yb 158 Er 158
Dy 

156Gd 158
Sm 

162W 
162

Hf 
162

Yb 
162

Er 
1fi2

Dy 
162

Gd 

166
0 5 

166w 166
Hf 

166
Yb 

166
Er 

166
Dy 

170F t 17°0 6 
170 y 170H! 110Yb 

170 Er 

174pt 1740 5 174W 114Hf 174Yb 

17SHg 178p t 178
0 B ns", 178

Hf 
178

Yb 
182 . 182 162 182 182Hg	 p t 0 5 W Hf 

.	 18~b 186 1ti6 186 186~1Hg p t 0 B 

190 190w190p b .1!X>Hg p t 19°0 5 

1CJ4p b 194Hg 194p t 194
0 B 

198 198198p b Hg p t 

202202p b Hg 
206 '206p b Hg'

j 

explicit	 form of the dependence of the Hamiltonian on N and Fo' All these , 
problema will be discussed in a -forthcoming paper.
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npHHHMlleTCn nonrracxa aa npenpmrrsi, cooõuieaaa Oõsenaaeanoro HHCTH
ryra naepasrx HCCnC.ZlOBaHHH H "Kparxae co06I..QeHHJi OHHH" 

YCTaHODlleHa cnenyioutaa CTOHMOCTb nonnacxa lia 12 MecRueB na H3.n!lHHJI 
OHRH, DKJlIOllaR nepecsmxy, no OT.neJlbHbIM TeM!lTHlIecKHM xareropaar-r 

llimeKc TeMaTHK!l	 Ileaa non
nHCICH aa ron 

I}
 i. 3KcnepHMeHTaJ'lbHaJI <pH3HKa BbICOKHX 3HeprHH 10 p. 80 xorr,
 
:s: ):s: 
:s: :s: 2. Teoperasecxaa <pH3HKaBblCOKHX 3HeprHH 17 p. 80 xon. 
::c ::c 
(1) ro 3. 3KcnepHMeHTaJ'lbHaJI HeHTpOHHaJI <pH3HKa 4 p. 80 xon. 

~~ 
>. O 4. Teoperasecxas <pH3HKaHH3KHX 3HeprmI 8 p. 80 xon.\ r:; t{ 
O (1) 5. MaTeMaTHKa	 4 p. 80 xon.t:: r:;I U 6. Hnepaaa cneKTpOCKonHR H pa.nHOXHMHR	 4 p. 80 xon.!Xl U 

:s: 7. C1>H3HKa TIDt<eJ1blX HOHOB	 2 p. 85 xon.><:c x 
::c jj 8. Kpaoreaaxa 2 p. 85 xon, 
::c ::t 
ro ~ 9. YCKOpHTeJlH 7 p. 80 xon.
 
III (1)
 

O t{ 10. ABToMaTH3auHH 06pa60TKH 3KCnepHMeHTaJ'lbHbIX
 
U IX .naHHbLX 7 p. 80 xon .
 
Q) 

c, ro lI. BhIlIHCnHTeJlhHaJIMaTeMaTHK!l H TeXHHKa	 6 p. 80 xon.
(l) E-< 
E-< >. 12. XHMHR	 1 p. 70 xon,::c E-o 
:s: :s: 13. TeXHHKa <pH3Hl1ecKoro aiccnepasreara	 8 p. 80 xon,ro ~ 
('I) u 

:c 14. I1CCJ1e.noBaHHR rsepnsrx ren H )I(H)lKOCTeH 

:s: R.nePH·bIMH MeTO,IJ,aMH	 1 p. 70 xon. 
::1 
:s: O 15. 3KcnepHMeHTaJ'lbHaR <pH3HKa anepasrx peaxuaã
r:; c.. npa HH3l<:HX 3HeprHJiX	 1 p. 50 xon. 

O 
:s: :r: 16. ,ll03HMeTpHR H tt>H3HKa 3alUHTbI	 1 p. 90 xon.:c 

(1)':S: 17. Teopaa KOH.ZleHCHpOBaHHOrO COCTORHHJt 6 p. 80 ~on.:s: :c 
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('I) (1) 

~ ::c \O 
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J ~ 
"KpaTKHe co06meHHR OI1HI1"	 5 p. 00 xon.o. '::s: 

,O :s:: 
::r Ilozmacxa MOiKeT õsrn, orpopsaneaa c JI1060ro Mec~ rona.s ro,J OpraHH3auHRM H JIHUaM, aamrrepecoaaansoa B norryxeaaa H3.n1UlHÜ OHHI1,:s: ~ 

::c ::s: cnenyer nepenecra (H1lH orrrpaaars no nosre) Heo6xo.llHMYIO cyMMY na pacser
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~ 
THB B HeH HOMepa H Ha3BaHHRTeMaTli'leCKHX,KaTerOpHH, na xoropsre Oq,opMJIReT' 
CRnonnacxa. 

06'be.ZlHHeHHbtH HHCTHTYT anepasrx HCCJ1e.nOBaHHH õyner paccsinar» caoa ny6
J1HK3UHH TOm,KO TeM OpraHH31U1HRM H JIHuaM, xoropsre O<P0PMHJIH nonnacxy. 
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reoprHeBa A. H .n;p. 
CHMriJieKTH'IecKaR KIIaCCHlPHKa.UIDI 'leTHO·lleTHhix 
H.n;ep H HX cneKTpOB 

E4-87-927 

DpeAJIO)KeHO o6o6meaHe no.n;xo.n;a, cornacao KOTopoMy cneK
Tpbi 11eTH0-11eTHbiX .R,D;ep o6'be.n;HHJUOTC.R B F-cnHHOBbiX MYJibTHriJie
Tax. Bee 'leTHO-lleTHbie .R,D;pa c saneaTHhiMH ayKIIoHaMH, npHHa.n;ne
)KamHMH O.n;HOH o60JI011Ke, paccMaTpHBaiOTC.R KaK e.n;HHbiH CHMU· 
JieKTH'IecKHH MyJI:&THriJieT. DpeAJIO)KeHHWI Mo.n;en:& HCUOJib3yeT ae
KOTopbie OCHOBODOJiaraiOmHe KOHQeJinHH MO.D;eJIH ffiM-2, HOB TO 
)ICe speM.R cymecmeHHo oTJIH'IaeTC.R OT aee. Ha 3TOM :nane o6cy)K
AaiOTC.R TOJibKO lileHoMeHOJIOrH'IeCKHe qepTbl cneKTpOB 'leTHbiX 
.R,D;ep. 

Pa6oTa Bhmonaeaa B Jla6opaTopHH TeoperH'IeCKOH lPH3HKH 
OH.RH. 

Coo6weHHe 061te.llHHeHHoro HHC'I'HT}'Til JI,JlepHialx HCC11e.llo88HIIi. Jly6Ha 1987 

Georgieva A. et al. 
Symplectic Classification of the Even-Even Nuclei 
and Nuclear Spectra 

E4-87-927 

In this paper an extension of the approach, classifying the even
even nuclei spectra in F -spin multiplets is proposed. One considers 
in a unified way all even-even nuclei with valence nucleons belonging 
to a given major shell. This extension leads to a classification of the 
even-even nuclei in symplectic multiplets. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 
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