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1. The adiabatic approximation is a well-known rnethod for 
effective study of few-body systems in nuclear and at.omic physics. 
Originated by the pioneer works of Born and Oppenheimer the 
method was developed in various directions followi~g the actual 

necessities of the physicists, but the main i.dea of separation of 
"f'as t " variables from the "slow" one s remains a gut.d í.ng one , 

Recently the appltcation of adiabatic techniques in quantum me­

chanics allowed one to emphasize the geometrical structure appearing 
in the externql field problems /2/. DiTac was jhe first who stre­
ssed the role of the geometrical phase factor li multiplying the 
wave function in presence of nontrivial rnonopole field. More 

recently it turned out /JI that the wave function for some ~opo­
logically nontrivial base manifolds acquires a geometri­
cal phase-factor during an "adiabatic excursion" in the space of 
slow variables. In other terms when some physical process can be 
interpreted as·an evolution over a closed path in the space of slow 
variables,then a nontrlvial holonomy phase factor rnay appear 
besides the dynarnical one. This fact visualizes the complex line-

I'~/)-bundle structure of quantum mechanics (see, e.g. • 
These theoretical concepts were extensively used for explana­

tion of anomalies in gauge theor~es and current algebra 15/, in 
interpretation of Bohm-Ãharonov experiments 16/, in geometrical• I 
analysis of the two-dirnens1onal three-body problem 7< etc. ~loreaver 
an experimental test recently performed with ,polarized light 
spreading in optical fibre perfectly confirmed the theoretical 
predictions for the input-output polarization angle difference/ 8/. 

The purpose of this letter is to generalize the standard adia­
batic Ansatz for the multi-channel wave function cas€ when alI 
variables are treated dynarn1cally. For this reason one introduces 
an ordering of the configuration space degrees of freedom. Then, in 
a complete ana'Lo gy with the ueual, adiabatics, one averages step 
by step eliminating oonsequently new fast variables. We find 2. 

sufficient conditions which assure us that the induced externaI 
field after t sequential averagings equals (up to gauge transfor­
mation) to the surn of externaI ~ields induced at every step. 
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A ho'l omo rph c v e c t orc-bund Le construction 1s proposed forí 

íde scrí.p t on of the underlying geometrical structure. For illustra­
tion oi ideas discllssed a simplified "N-body" potential example 
is studled alI alongo The self-cons1stency condition for the 
applicaMlity aí' multistep procedure implies specific relations 
betweep the energy terras and the matrix elements of the corresponding 
potentials enterinG into the Hamiltonian. 

The more r ea'l í s t í.c physical exampl e s will be published el se­
where. 

2. Let us formulate the problems we are interested in on the 
example of quantum mechanical system evolving in (generally not 
trivial topologically) N-dimensional configuration space. The 
Hamiltonian of the system is written in the follovdng form 

le . k-f k k 

H=- L V2+ L. V + W=:: -LA.+- V = Z H(i)+W (I)d l. I	 ,
d=1 i::: f d""1 o i=1 

where 

1-1 
(le) _ Á1( = 1( (r:., r ,.,. ., ) , .. , rI< )	 = - L..lkt 

k 

o/im f" = n, . L 'n t' =JV' 
L (.) ir::o( 

andW is such part of the potential which cannot be presented in 

the form of ~ • AlI parameters and e~ternal matrix structure 
that are irrelevant for the exposit1on will be suppressed in the 
sequal~ 

In order to solve eigenvalue problem in 

H?f'=Er~ H(E) rqr = O (2) 

one introduces the standard adiabatic representation of two types of 
variables r1, r2 called fast and slow respectively. Moreover one 
assumes tacitly that they do' not interchange, i. e. nane of the 
fast variables could become slow in some region of configuration 
space and vice versa. Here the notions fast and slow have to be 
interpreted in quasiclassical limit only. Namely for ~~ O this 

means the existence o f angle-momenttÍm var í.ab Le s such 
that momentum J varies slowly when the slow v~riables ~ 
change, wh11e the angle variable~' changes fastly under 
variation of the fast 'variables ri /9/. 

For such ordering of the var1ables in configuration space we 

2 

i+Ltroduce special notation rf >-- 1"2 and saY that "one-st ep 
adiabatic ladder" is given. Now recast (1) into the form 

(4) 'J(2) (J)-w+ f-I =	 H + r = - Ll-1 - tiZ + ~ • 

It is convenient to1ntroduce the adiabatic Ansatz:
 

(-4) (4)
 

V(ri r2 ) =	 L c?n (r{; r2 ) in (r2. ) 
YI 

(-4~ 
where {epn ~ is an orthonormal set nf functions satisfyiug the
 

"fast" eigenvalue problem
 

H(~) ep((~	 (5)
= E(~) ( rz) cp ~n 

•C'f> 
.,.,ith eigenvalues é h (r.z) depending on the s Lo\'/ vrrr ab'l es a:; para-í 

meters. (In the spectroscopic literature é n
(i> 

are known as 
energy terms). Notice that the swnmation in (4) mi[;ht [';enerally 
contain integration corresponding to the income Irom the continuous, 
but by appropriate choice -of varLabl.e s , in prac t í.c e onl.y discrete 

part of the spectrum is relevante 
Replac1ng (4) in (2) the eigenvalue problem reduces to the
 

system of coupled partial differential cquations for the slo~
 

amplitude in the following manner~
 

<ep~> (H - E ) 1.{> = O (6) 

Using ~thogonality and assuming completeness fo~ the solutions of 
(5)	 it is easy to rewrite (b) into the form:
 

2 f.) .
 
[ - (\72 + A)nm + W'nm +\.é m- E ~nmJ 1 == Hnm(E)=O f 

(7) 
m 

where the ext errial, fi-eld A by definition e qual s the matrix
 
element
 

(-s)An", '" <,n I V2 Im> '" SeP~I)V2 cP;:? d ri 

In writing (7),(8) an integration by parts and differentiability
 
of solutions {GP~)} with respect to the slo\'/ vaYiables r2
 
are used.
 

Proceeding here formally one Ca.ll introduce a "gauge transforma­
t í.on " acting on the amplitude :fm .according to the rule: 
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(9)1m ~ Um n in 1 

i.e_ 11 is some unitary operator in the space of solutions.of (5). 
By compensating this unitary transformation by appropriate uni~ary 

change of the basis in the Hilbert space 'Jf-1: 4;,--. cf:>m u:n 
rio t hí.ng is changed because (4) is "gauge " invariant by cons t ruc t í.on, 

Besides this,our externaI field A possesses the right transforma­
tion properties under (9): 

AU 
:: A + 

+	 (Ia) 
,U~U 

This interesting observation was the main reason for trying 
to interprete the gaUee field dynamically - as induced by some 
underlyiuG substructure. Unfortunately it is not 
difficult to observe that the corresponding field strength ~A 
vanishes: 

~ = dA + AAA:= cJ«n\)~m>+<nIJk>Á<l<loIm>= (11)
 

=<J'n Ik>A< kIdm>- <dnl k>Ã<k\Jrn)=O ,
 

i.e. it seems that induced field)\ is purely longitudinal. What 
is a matter ? In fact (11) is obtuined by using extensively the 
completeness of the states I ~~~ • Moreover, it was assumed that 
the connection fOl~ has to be nonabelian. Indeed, for abelian 
curvature forro one gets: 

F;: d A= (oiVJ \1\ loIm>~ O 

This simple argument means that in every nondegenerate energy
(4)	 tV

LeveL t: h the gr-aphí,c ( .l\n, r2 ) constitutes a (local) coordina­
tes for complex line-bundle having its first Chern class ~ ~=241Ci' .	 c 
It is well known t ha t Ci is the unique obstacle for global 
existing of potential A and the integral C1 f Z ennumerates 

/4/	 ­the nonequivalent line bundles • 50, in order to generalize 
the construction (11) to nonabelian case one needs to introduce . 
degenerate energy levéls and its wave functions (see,e.g. /10) ). 
Comparing with (4) this implies in fact a multichannel generaliza­
tion o~ the 1nitial, scalar valued quantum mechanical problem. In 
the rest of the paper we shall assume always this caseo (This way 
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in the example of diatomic rnolecule 111/ a monopole externaI field 
apnears) • 

J. We want to extend the construction (4) introducing an 
o-rôered set of k-variables 

(12)r" >- r2. '>- r~ ... T r k 

for our N-dimensional systern •. It is worthwhile to note hcre that 
ordering (12) might correspond to the natural velocity scale 

II governed by the mass parameters in the theory. 
Tne standard Ansatz (4) suggests the following generalization 

") (-Ir . v ,,~(l) v v: v A..r2) vy= L 'f:,?f.,;t2r,-r>f(r2 r3r ) =L 4;, (~;f2~r)J'nk(t3r)'fk('2;r;r)=(lJ) 
n	 nk 

= .. , , 
where a (k-l)-step recurrehce formula for slow amplitnnes 
is assumed 

X (' ) fi -(2~) (lJ') 
m rÍs+-f " O"J'k = m, m (tis/~ +4,·..,rk) cp (rotO ;r.t·~o ..~J~ 

!4'" m:s	 ..... S S ms S ST' ') "S· 

Now substituting (1)') into (1)) consequently l-times ( e~ k-~ ) 
one gets the l~h adiabatic ansatz corresponding to the l~h ste~ of 
the ladder (12) .. Here a compl.e t e set of orthogonal vectors {cp:i co1;Vi 

~~	 ~ (in the Hilbert space s d7 ) is i:q.troduced as eigenstate vectors .	 HlI.) •for the self-adJoint operators 

H(i.) ~(Í)= é (Í) ep(i.)	 (14) 
n h n , f-I S

o

<P: = ê: 'P~ 

Note that the index i corresponds to simple Ha~iltonirols 

(HCL! t.=~, k-~); while S, to the sum of such Ilamí.Ltonians ; 

$ H(J
. 
) rf f' • l' k J' · v -H -- L ~ , ;J!:1. t 4, .. ·,t-r ,t"é[f, -4 l.t:llm.fim n=4,~(14-')

JES -:J , '. 

At each step "In in the ladder (12) a new group of slow variables 
rl-i is treated as fast ones and the scalar product becomes 

(t)	 (i) r l(f) (t) S 5 r 1C ::: tf)S 
,.'<4'p ~ >= JJr4 ...are-4'f ~f ' ·<4>r 'P~ ')= Jdri4···dt{~ <PrT~ . 
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Substituting further ~ from (13) and (lJ') into (2) and. . 
averaging the obta1ned equation on the left or with <ep(~cP(~?ep(e)1 
or with <cP,1 \ , one gets the set of generalized slow e quat í ons t 

L ~lMM/(E) YM/=O, M=im", ...,m-1Ln1l~4,4-=.(,k-~.(15) 
M . 

The averaging procedure just described can be reformu1ated in 
a more compact form in terms of the fol10wing maps, see (7): 

H~ H(i)'i'". , 
(16)

J S : H ~ HS , 

where e and S run over the sets of simple and composit e 
indices respectively. 

Looking on the adiabatic scheme (13),(13') a natural question 
for ae1f-consistency emerges: whether map s 'J(f), ,:/$ satisfy the 
intuitively obvious associative law: 

7(i). 7(1.'+1)= 7 li i+1! (17) 

and what kind of additiona1 conditions imposed on ti 1eads to 
(17)7 

Jn answering this question it is more oonvenient to simp1ify 
the notations. That is why we shall limit ourselves with two-step 
adiabatic ladder. The consideration of the general case fo110ws 
by induction • 

,+..(4) /"h (2) A-. fH~} 
~~ti!~ Let ~ ,~ and ~ are complete orthonorrnal 

sets inseparable Hilbert space~, where operators (14) are self­
. A(4) A(2) Afi 2.1adJoint. lf " denote the induoed externaI fie1ds wlth 

matrix eLemerit s A' =:<ep~ V e:p~'), thennm 2 

(' ) Af'f2}_C+(A(4) A(2.)C . C+~ C
 
t, , 1- + + 2 t (18)
 

• ') Y1m 42. trm 4 ) . e. . 
(11 C'f E~ = C~ [~nn'(t.11 "/m-<n'rr{"\{lhm>+~mnf$n,( ê m ­

2­

-ân~<m'IVelrn>-<n,t[A{ln~m> - 2 <rn'(A.,J)\/., m>}, (19) 

wnere the quanti ties C are defined. by 

tUt1
( v) ( A,.,l"2 J 1/ - (O 1/ - (2.> v (20)C~ r" r J I ~ (rdl; /"3 r) <t'n (r.; r,.r, \") <t'm (~; ~r)Jr;Jre..z: 

The proof 1s straightforward but in order to simplify it V/e 

shall prove the following. 

Lemma 
L~;-"7 -= ('Vt7~, ..'~"k)iS the standard vector fie1d in 1RAf

, 

Then the action of operators j on '1 is f~iven by\J] 
[J(')JC~~ .. 1Ci)vl~L v:~~ S(m-J); e(p)=td,P~Oo, (21)o 

T= 4,rnLn (tn, i )u 
O-c ,I< ,1c+4 (J. k -,

"( 
f70 j <011..7 ~d ; .: j,J 

where 91 is a collection o f at mo s t d indices where
J 

.fi __ , 1 J? g( T+-f ol.d } (22) 
'j>Jr -·1 J) T7,ooJ J 

and \7~J means matrix element of thc eradient between basic 

functions cp~T 

The proof is inductive and the fir~t steps in the iteration 

scheme start with 

i ~ (I) (4~
[J (~, .. ·}i7k )1.... n=.Çt <4ml(V'.f ;.. 'Yk )1\r>=(v"m,v,... (v" Ao.., .,,' 

C 
h (23) 

(I) í..-l4) (() (-l»). 
H') Vk + VI<. Jnm e \.V', V2 + \7 } •. 0) \7~+ Vk )\M,2
 

\f. 
2


',\J [1 ('74, ...,Vk )l 1 I.=.L <zm'4m I(Vj ... JVk)1fT>= 
\.

mM,hh S'fh"' ) 
, 

_ (V!42J '\7;(2) V. ~.f2} \la ~(2~ t7{4z 1 i.f2} '7(2)\ . 
- ~'2 -+ 2 , 3 -+ 3 Y3"~ Vk+ VI<. -+ Y k J.. ' /, mm.nn 

The .j t h steps directly reproduce the wanted formula (2~). 
Now let us go back to the proof of Assertion. Completeness of 

.. ,,1-,.(4) ".+...(2) r'h'f42}
the baslS --r , "'"t"" , ""r guarantees ezistence o f C :for:: almost a l L 

'values of the slow variables. Then, computing as in the lemma the 
action of operator :J(U) on '\1 (see (17) ): 
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i. 

( ' ''"'f! { 
21-rr)=(·V~.f2J \7~~2.1t7 Jf+r7~12.! T7 ,ff+rr{~21) (24) 

.j v 1 , Y2 ) V3eJ~ V3 ' .. ·.)yk~" YR, 

HS 
and tak1ng into account the representation for the : 

(25)H
[if 1

= - Lj-f - ~2 -v-»:
 
one sees that
 

V~.(2}
 
1 = Cv\7t~:lC 

-1 (26) 

V. {la} + (2) + {-l2} 
2 = Co 11 ~ ~ cC + Co \7 oC 

\7" ~12} = ~ v (2) + v i i 2.1 + v
C· ~ ~ \1 · C + Co Voe + Co\7oC 

in wh1-ch we r e oogntze (i). In order to obtain (ii) it is sufficient 
to note thatC's are Clebshes for the decomposition of the basis 

cp {.f21 in t erms of the tenso.r product ep(.f)QD ep(2}, and to 

remember that we suppo s ed ~2= V. + VD W= O. rr the last condi­
-. c: , "/".,l12Y ,.,..,#1l..

tion fails, then additional terms or the forro"'t'. ·l '42-V.-~f W)~. I 
will enter into (19). 

4. NoV/ we like to Lock for an appropriate geometrical 
Lnt é.rpr-et at Lon on t he exampLe of two-step procedure. The 
existing experience with complex line-bundles strongly suggests 
the c9mple~ vec~or bundles as a good candidate for explaining 
the adiabatic procedure. For th1s reason let us consider a holo­
mo rphã c. vector-bundle E-.:!;.. B, oltrn E := K+ V ·C== 2.m ) 
with canonical complex structure J J J 2_ -1} ,acting as _ 

'J: (p., 'P2)~ fPa. Pi ) on the bundle considered as a real manifold/1 2( 

Every complex vector bundle admits hermitiàn metric defined 
via hermitian sc af ar product in every fibre 7(-4('8): 

v +) (27)r2 :<~1 ~2 >(r4, r ) =.f (~-f ~2 r j. fi 
V/here J r is partition of uni ty ad ap t ed to the covering of the 
man~fold, 1.e. 

. r o if P E lAr
3r(p ) = ? a. i { P E u; Qr>O, f. ar~ {, YUr~f) . 

r 
In natural way every hermitean metric h(~)=<~ ~'> can be conti ­
nued to (pseudo)~etric on the space ~ of suff1ciently smooth 
s.ections 4J (. ) : 

<?V;~>= r~Jfl"(~)r ~r'(~\~ 
(28) 

The measure Jj( r and bas1s functions {cP~lr= CP~ are def1ned 
~ I 

only locally and on the ahari crossover they have to sat1sfy the 

!
.~ 

I
usual cons1stency oonditions 

l: tFr (- , <Prol) ;: lf r ' ( , ep~) 
~ 

I ,n . Y -~/, 
where "r are local trivialisations: lf rr : Ur )( IR ~ 'Ir l U r ) 

Note that the measure J~r is not concentrated in the V/hole 
manifold but may have support only on subsets in the base B' obta1ned 
by some homomorphism : B......a,. B cons í.s t ent with the complex 
structure J • 

Cons1der the pseudo-metrics generated by the set of functions 

(i.) ­
h: (''1')=2. 

r 

i"h(i)
where ,.... r" and 
the el11pt1c operators Ljr H~l), L1 H~ (see e. g. /12/ ) .. Thenr 
the canonical oonnection forro e a~ corresponding curvature form 

W ~ are f1xed for holomorph1c bundles by the requirement to be 

I consistent w1th the met r í.cs h: 
I 

J (9$= (hS)-~h~ e (~ (h (iV-~h fi) F=- i e. (JO) 
) 

Where~,ru are 1- oonjugate differentials. 4f1e1\vards, replacing 
JL f~m (29) and us~ng the rep~esentation (h)-= j~9«>epoljA- " 

where QrQr:::'~ 5u~pqr.C.Upone obtains alI results from J. For 
d ~ J d ' \.-4 2 1example,consider the proof of gauge equivalence between t\ 

and A(~) + A(2.) : .. 

J-(i2 ti.) (i) S '>J -S ~, g
1>f' 002l" CPf' 'JIr, h ~ L Cf;. GIl<~rtr 'JrY9) 

r 
rh S 
...r ar e defineçl in (14) as local eie;envalues of 

'9
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AlaL (h {-i21)-~ h~42~ A2=(h(~)n~/~: A,f=(I'/~)T~ h(~). 

,.hl121 ri ... (.() ........ (2)

Expressillf ~ in terms of Ir and -r in the formula 
for A{42 one obtains 

A {-f2 l: L JSr C ('P(~k> <p(z)) V@ C(q:>(4)~ ep(2}) Jr~Jrl= 
,r	 r r 

=	 L ((C~C)(<<p(~t>v ep(4).~f + ~4P<<P(z~v<p(i>»+~ vc, 
"r 

which obviously reproduces (26). 

5. Thepropo sed here geometrical f r'amework for interpretation of 

the adiabatic proceuure 1s incompl-ete. A more rieorous and sofisti ­

cated s t udy D::: the problem is in progre s s', 1'he 'use of the power­

full technique based on K-theory, would ~rovide a new effective 

instrument for constructine phYRically interestine examples 

possessing prescribed geonetrical structu~e. 
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)J.y60BIIK B.M.,MapKOBCKII B.n., BIIHIIUKlltí C.H. E4-87-743 
~HorocTyneH1laToe a,nua6aTu:qeCKoe npeacraaneaae 

)J,nn H3yqeHHH HH~yuu:pOBaHHOrO KanH6pOBOQHOrO nona 
BBO~HTcn MHorocTyneHQaTOe a,nHa6aTHQeCKOe npH6nIDKeHHe B 
KBaHTOBOü 3RAaQe N-TeJl. ~opManH3M KOMnneKCHblX BeKTOpHblX 
paccnoeaaâ naer eCTecTBeHHOe OnHCaHHe 3cPcPeKTHBHoA MHoro-
KaHanhHOA AHHaMHKH. " 

Pa60Ta asmonaeaa B Jlaõoparopaa TeOpeTHQeCKO~ <pH3HKH 
qHHH. 

OpenpHHT 06'he,JlHHeHHOrO HHCTHTyT8 JIJ1epHhlX Hccnel1OBllIudt. .uy6H8 1987 

Dubovik V.M., MarkovskiB.L., Vinitsky S.I. E4-87'-743 
Multistep Adíabatíe Representation 

A step-by-step adiabatic approximation for the N-particle quan­
tum mechanical problem ia, introduced in order to study the indu­
ced gauge field. "I'he complex-vector-bundle formalísm provides 
a natural framework for desçríptíon of the multí-channel effective 
dynamícs. 
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Theoretical Physlcs, JINR. 
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