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I. INTRODUCTION 

Numerical solution of the general Sçhroedinger equation 

HII/; > = EII/;>,	 ( I . I ) 

is a more ar less standard procedure. Indeed, the various va­
riational techniques lead often to very good estimates of the 
binding energies, while the wavefunctionsl 0 > áre usually 
generated by means of the so-call~d inversion iterations l V • 

In the perturbation theory, a close cqnnection with the 
latter technique may also be noticed. Indeed, both the inver­
se iterations and perturbation algorithms of the various 
kinds IV stem from a common idea - repeated multiplication 
of some trial wavefunction I O> by an approximate resolvent 

R (E 
o 

.. T )-1 (I .2) 

Here, Eo is an approximate energy and T denotes the exact ar 
approximate Hamiltonian in the former ar latter context, res­
pectively. 

In the present pa~er, w~ shall deal with the perturbation 
theory, noticing that its current forms use only a very rest ­
ricted class of the approximate Hamiltonians T. To the best 
of our knowledge, only our recent papers'I:V may be quoted as 
an attempt to build up the perturbation series from the re­
solvents (1.2) with the non-diagonal (namely, band-matrix) 
structure of the auxiliary operator T. 

In the present text, we intend to complement Ref. /31 by an 
alternative methodical proposal, based not on a band-matrix 
generalisation of T, but rather on a similar band- ar, in g~­
neral, invertible-matrix assumption imposed on the propagator 
(1.2) itself. 

Our present main idea is quite straightforward. We 
ihat the approximate resolvent (1.2) is given to us in 
arbitrary form with an available inversion. I/R. Then, 
constructed operator T, 

= E _ R-IT o , 

Ob'hi...íoL~ únüíh.iÜ !riiic:~;~:r' 

Ç1a'.~St.~1 ur.C,"eLtOBam~G 
íI 

6ltt5tJ1~lOTEKA I 
~,-~.:.......­

assume 
an 

the re­

(I .3) 
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and the related decomposition of the Hamiltonian H = T + V 
become a good starting point for the perturbative considera­
tions. 

In more detail, we shall assume that the difference V=H-T~U 

becomes an almost negligible operator, at worst after its 
modification via some mean field U, 

v - V = ,\H 1 = snall (,\ « 1), H = H + ,\H i­ (l .4)
o 

The auxiliary field U will be chosen here in the separable 
f~rm of rank p, 

P (ml [ml
 
V = PUP, P 2, lO > < O I, ( I .5)
 

m= 1
 

for the sake of definitness. 

2. THE ZERO-ORDER EQUATION 

In general, we may assume that the input propagator (1.2) 
and energy estimate E represent a good approximation for more o 
than one state. Thus, we shall consider some s states in (1.1), 

H I t/J[i} > = E[ il ' I t/J ril >, i = 1,2, ... ,'s (2. I) 

and put s=p for the sake of simplici~y. 

The. assumption of smallness of the "selfconsistently modi­
f i ed " perturbation V - U implies irrnnediately the 'natural per­
turbation ansatz 

Ul I Jil > = \ t/J;~ I] > + 0(,\ N+ 1 i. E = E[i] 0(,\N+1) (2.2)INl + , 

with the power-series approximants 

N[i1 N UI Ul ri] k
 
> ,\k
It/JINI > = 2, I t/Jk E k ,\ • (2.3)EINl = 

k=o 
Eo +k: 1 

In combination with (1.4), this should lead to the complete 
perturbation prescription in principIe. 

In the I imi t ,\ -+ O , we ob t a i.n the so-called "unperturbed 
equat\on" 

Ul ri].
H l t/J > = E \ t/J >, 1 = 1, 2, ... , p (2.4)o o o o 

which may be given also the form of a definition 

2 

~ 

i t/J~d > = RPVP i t/Jo[il > (2.5) 

due to our knowledge of the resolvent (1.2) and H = T+U. 
Now, we are permitted to assume that the pxp -

o 
dimensional 

normalisation matrix 
[i,j], U] rjl 

Wk = <O I t/J k >, i,j = 1,2, ... ,p (2.6) 

with k = O is regular, det W # O (otherwise, we should choo­o
 
se a better set 10», and require that the P-projection of
 
eq. (2.5) does not lead to contradictions, i.e., 

P [d ~ kl rk] rj1
 
> .< O
í: <O I~IO I V,I O > = ô.. i.j = 1.2..... P (2.7)

k= í 1,J 

Thi& is an important equation. and clef{nes in fact an optimal 
auxiliary operator U as an inverse'of the matrix PRP• 

. The first patt of bur considerations may be summ~rised. 
We have found that an arbitrary choice of the resolvent R and 
energy Eo becomes compatible with the zero-order equation 
(2.4) (converts it into an identity), provided only that we 
define the auxiliary field U by eq. (2.7). In this way, our 
assumption of smallness aequires a "selfconsistent" character: 
our input matrix E should generate a small perturbation H-T-U 
via eq s . (1.3) and (2.7). 

3. TRE FIRST üRDER CORRECTIüNS 

Up to the first order in the small variable À , the inser­
tion of the ansatz (7..2) in our Schroedinger eq. (2.1) gives 
the identically satisfied zero-order equation accompanied by 
the p requirements 

f(T~PUP-Eo)1 i~] > + (V-PUP_E
t 
i 1 )It/J:i l >=0. i=1,2, .... p. (3.1) 

Their re-multiplication by R gives the definition similar to 
(2.5), 

fi] ['1 r'l r·]
1t/J 1 > = R P V P It/J 1 1 > + R( V - P V P - E 11 ) I t/J 01 '>. (3 • 2) 

Nevertheless, in contrast to the zero-order case, the P-pro­
jection of (3.2) becomes a nontrivial requirement 

3 



[Li] f j, iJ [jl ril fi] r. L i 1
 
W w 1-(0 IR(V-E 1 )It/J o > - W o
1 1 (3.3) 

j,i=l,2, ... ,p 

where the first-order normalisation matrices drop out but the 
rest acquires a st'ructure of a homogeneous linear set of equa­
tions 

p [m,n1, [m,n1 [ n1 
L (M - E S )x == O, m = l,2, ... ,p (3.4)

n lõ= 1 

[i] [n] ::= W[n,i 1
where e == E 1 ' x o 

and 

[m.n') [m] , (n 1 em], [nl 
M == <p I V \ p > - <O lU \ O > 

(3.5) 
,[k'l [k] ' [ m.n1 ~ [ui1I [n]' I, lm1 ~ [üd 

S ,-, <P , P >, I P > = R s: I O ), ,< O : U I O' ">. 
~== 1 

Thus, we may conclude that the first-order perturbation form 
(3'rr~ of our Schroedinger equation leaves the correétions 
[lf;1 1 '>free again. At t~e' same time, it fixes the "old" waye­
func t í.cn corrections I tjJ[11 > and also the new energies E[; 1 " 
i = 1,,2,... , p. The cot?responding generalised eigenvalue prob­
lem (3.4) must be solved numerically, in a way which parallels 
precisely the degenerate perturbation theory of the Rayleigh­
Schroedinger (RS) type 121 • 

4. THE HIGH-ORDER CORRECTIONS 

4.1. The Simplified Notation 

In the above text, a use of the square-bracketed super­
script indices of the px~ - dimensional matrices is not al­
ways necessary. In what follows, we shall indicate a matrix 
character of such quantities by the bra and ket symbols and 
drop the superscripts. Thus, the definitions (1~5) or (2.6) 
acquire the simple matrix forro 

P == 1.0> <01 < O I Wk > = .< Wk >, (4.1) 

etc. Also.the p-plets of energies will bê arranged in the 
I . 

pxp-dimensional and diagonal matrices < E k > from now on . 
The new notation enables us to re-write our Schroedinger 

eq. (2.1) in the simple matrix forro 

H I t/J > = I t/J > < E,> . (4.2) 

Also an insertion of the power-series ansatz (2.2) - (2.3) be­
Comes simplified. Besides the k = O and k = 1 equations «2.4) 
and (3.1), respectively), the general perturbation requirement 

( i 1' ri 1' ril 
i -; > = R PUP I rjJk > + R! r k - 1 :>, (4.3) 

will become expressible in the matrix form 

t/J -, , P '> <' Wk '> + R! r - 1 " k k 

k (4.4) 
i r _ '> -= (V-,PUP)10 _. '> ·- L 'Jl k _ > <Em >,k 1 k 1 m

1ll=1 

containing eqs. (3.2) or even (2.5) as its simpIiest special 
cases. 

4.2. The Henormalisation Ambip,uity of the Recurrences 

~ve may t r ra t eq. (4.4) as a definition of its Lef t-rhand si­
de as well as a recurrent spec í f i c a t i o» of <"'E > and <W • >. Ink k 1
Lhe latter interpretation, it is sufficient to consider only 
t he P-projection of eq. (4. Lf ) , 

k 

<W >:. <"'O[RVlrjJ :> - L <OIR\ rjJ > <E >. (4.5)k -1 k·1 m=1 I k v m m 

For a clear understanding of the s~ructure of eq. (4.5), 
let us fix now the perturbation order k> I and denote Rlr k _ > = 

2 
=jb>. This cnables us to introduce the matrix <Z> defined by 
the formula 

k - 1 

<p I p > <Wo >'<Z> == <pl VIb> - <pIb > <E 1> - L <pI t/J k_m> <E m> (4.6) 
m"-= 2 

and independent of both the unknown quantities < Wk- 1 > and 
<E k >. With its use, our eq. (4.5) (multiplied by <U> from 
the left, combined with its k = 1 predecessor (3.3) ~nd divi­
ded by the common and regular matrix coefficient <p I p > <Wo » 
acquires a highly syrnmetric form of a pxp - dimensional equa­
tion 

<Z>'= <E k >+<A><E 
1>-

<E (4.7)1><A> 

5 4 



for the unknown	 matrix elements of <E k > and <Wk - 1>= <Wo><:.A> , (a) The band-matrix strllctu~e of R simplifies the pertllrba­
element-by-element tive prescriptions, preserving the nllmber of the RS interme­An explicit,	 tr[an~~~iPtion of eQOC4],7), 

Z[t [l ' z (L21 ... ,, z[ t.p 1 ,] 'E k . ,O, ... , o 
[p,p 1 .. , [p] 1:trp, 11 

[ z	 z o , o. , .. , O, E k( I)	 
.j

(4.8) 
( 1,21 r 1.:3I 1, p ,
 

O, e A e A , '" , e 1 A

21 31	 p 

• [p. 11	 rp, n- 11 
e A .•..	, lp A , o(	 e p .1p 

. r i I [ j I	 . 
wi t h e ij == E 1 - E 1 demonstrates clearly that the ene r g r e s
 
coincide with the diagonal elements of <2> , while the diago­

nal matrix elements of the normalisations <A> remain entirely
 
~ree. In a way known from the degenerate RS perturbation theo­

ry , t hc s e p free parameters A[i,i1 reflect an ambiguity of
 
the perturbation recurrences and ôay be fixed by a suitable
 
normalisation requiremcnt.
 

5. AN ILLUSTRATTON 

The main condition of applicability of our preceding cons­

truction lies in a simultaneous availability of the propaga­

tor (matrix R) and its inversion (matrix T). With the simp­

lest nontrivial choice af p == I, such a situation may be il ­

lus~ated on the simple one- ar three-dimensional anharmanic
 
oscillator example
 

(5. 1) H = p2 + g r 2 t g r 4,
 
1 2
 

where, in the li8ht of its recent fixed-point (FP) analysis 4'
 

we may start from certain FP auxiliary sequence
 

(FP)	 (5,2)f = f (M), k =: M. M + 1. " .
k k 

af the 2x2 - dimensional matrices, and define both T == T(M) 
. /5'and R = R(M) non-numerl.cally , , 

In general, there are two essentially different types of
 
such a construction - we may require a band-matrix structure
 
of T(M) or R(M). The former case has been considered elsewhe­

re /3/ • The iatter r cqu i r emen t i s more su i t ab l e in the pre­

sent context: 

diate-state surnrnations. 
(b'): The general matrix s.t ruc t ur.e of T fits .bette r it s r e-: 

constrllcted character in the present methodical framework . 
We shall r e fe r here to /3- 5 /, for the technical i t e s , andí 

will pay açtention to the numerical reslllts on1y. Thus, we 
shall use the sequence (5.2),·with M = 5 ( a relatively low 
FP precision), M = 10 (a reliable FP approximation) and M =00 
(exact limit, no FP apprQximation). The resulting propagator 

Table 1. 

The ground-state deviationr. D = (E - Eexact)xl03 as a 
function of the perturbation order N and trimming pa­
rameter t~ with E = 6.0o 

NMRS 1 2	 J 
t	 _ 

----------------------------------------------------------_.
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-------

--

\'\ 
)! 
i' 
i Table	 5·

TabLe 2. 

An irreLevance of removal of the FP and trimming An extension of TabLe 1 to the higher N, with Eo= 7.0 
approximations from the fourth row of Table 4 

'l; 
Nt 5 4 3	 ;1 

()() H' 
0,0	 H)

-I t 
1 170.41 165.83 166.74 11
 
2 -38.51 -38.56 -40.29 /.'
 
3	 6.30 5.89 6.76 
4	 0.65 0.51 0.42
 

-0.53 -0.63 -0.35
• 5	 1··J 
6	 0.20 0.21 0.27 
7	 0.20 -0.01 0.53 

{!J8	 -0.01 -0.01 0.32 
9	 0.02 0.01 2.01 

1 
lO	 0.0005 0.0005 2.61. 

'TaL) l.e	 .v . lt 

An extieneion of Tab l.e 2 to t.he eecond exci ted et.at:e ,
 
with t = 10 and Eo= 23.0
 

J.. ; 

-

.-,
N 1 2 3 4 5 6 7 8 9 lO 
/ 

-
D -1~4. -62. -26. -9.4 2.7 7.2 21. 28. 77. 104. ~3 

.... \ 
-:' 

Table	 4. 

An E - dependence of the first excited-state energieso
E = E(N) for t = 10 and M = ]0 ~ 

R will be perrnitted to contain 2t+1 nonzero diagonals (with 
T = H for t -. in principle). We. shall a Lso fix g 1= g2= 1 in

E(O) E (9) E (10)	 
00).	 (5.1) and restrict our attention to the first three s-wave 

bound states with energies Eexact = 4.648 8127, 13. 156 800 
12.6 13.153 336	 13.155116 1 and 23.297 442 /6/ •
12.8 13. 156 817	 ]3.156 807 Our sarnple of	 results is summarised in the Tables. The 
13.0 ]3.156 808	 13.156 799 I 

~ introductory one (Table 1) displays the neglig.ibility of er­
13.2 13.156 807	 13.156 800 

I' 

rors in the f i r s t four perturbation approxirnations- (N·~ 4) for 
13.4 .. 13.156 816	 13.156 808 the decreas ing trirnrning pararneter t z 6 and fixed Eo = 6. O. 
13.6 13.156 780	 13.156 806 The errors rernain srnall even for t ~ 3 while the t < 3 cases 
13.8 13.156 689	 13.157 471 becorne quickly divergente 

""	 9 
:1 
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l' 
n 

j',: 
,ITable 6. at	 t = lO and N = 7 (Table 3), giving still the fairly good 

The ground-state deviatinn D'=(E - Eexact)xl05 as a 
function of the FP precision M and parameters N~ t
 
and E
o :l~ 

I' rj " .~.;: ~~}
 
(;) 6.00
 l.. 

/'i ~ ()	 !~.0(\ 
·..1 1.0 oo 

................ 0.0 ' 0.0 __ ._ "_'_ •••••• _ •••• _. .
 

t ~) 

_..~............-..
 

'0':" r:- I.·5 (t9f.l
 ~79 42:17 4429 .f+470
 
t	 '..: J,·t 

:2 '")"]'0
•.: ....J, ..:l.l ..··1.1 ··.. 2·68 "'556 ..··555 

.):1.0.3	 '{y :2l -' 2 ,~)ft se 84 

'.- ~o 8:1 :I. 1. 
/ 

180 "-l '-1 

I. (., .r"3 ·t :' ':.. 't~~ ~3 !t (? l~. /.f;.?34 _/.~'t 2'/ 1'+429 

o',") {:} .... ~ (; I,", '-"; ') li -'ól,3 ....I:, 1:.3 

r' ,.., ',')' 

. '" ) 1.:- 9r-):~~) /lo 
!	 (V) 

I o,
·t 1 76 1 ,.J ~.' .:;; r.'
I
 

..... . 1 (-.,c' I.I. 1. .~ 1 ') ~~ :.~~.~ ~ "? 1 ;.1. ',I,' 
"J :: ~3 lr .:'1 •. ~J ::'''·~48 ~ 

2 ... ! l~~S .- 1.3:·'{) :1. () ::.'() ···\9 i ? -3'.718 

3	 nt ~5'? U-;t{~lfS 1 ~j ~:; 8 l':'90':.i 'l'l /4 i' 

·4 ·-~:;50f:. -~."j729 187 .... 1:·):.:jB2 ·..·12(7'09 II
, 

Table 2 contains similar results for E = 7.0 and up to 
N = 10. We may notice that the t = 3 item starts also to 
diverge at N:::: 7. 

In the forthcoming three Tables, an excited-state analo­
gue of the same type of behaviour is documented. An asyrnpto­
tic deterioration of convergence is shown to take place there 

io 

results for N Q M = t = la and variable E (Table 4). An in­o 
troduction of the FP approximation may even improve the over­
alI convergence pattern and quality of the approximants (Tab­
le 5). 

A use of a less precise propagator R is illustrated by 
the choice of M= 5 here. Similarly, our final Table 7 uses 
a modified form of the input (6.2) (we omit the details here) 
and demonstrates a validity of the same conclusions. 

We may summarise that our choice of the free parameters 
(within reasonable bounds) does not lead to a significant 
deterioration of precision. Thus, our ~-input ~erturbation 

prescription should be tested on the more realistic problems 
in the future. A work in this direction is in progress 171 

Tabl.e ? 

A eamp l.e of the influenc>e of a modified FP formula 

FP modification A B 

N M 5 10 5 10 

I 
2 
3 
,+ 

4353 
-228 

308 
229 

4423 
-556 

57 
0.5 

4228 
-268 

264 
181 

4431 
-556 

58 
-0.7 
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Rnpa. Anynrra, 1985. 

Tpynu V Mcinyuaponuoii mKon~ no llCliTPOHHOH 
~H3HKC. AnymTa, 1986. 

Tpynu IX Bceco~311oro couemaunH no ycKopn~ 
TCJlRM 33PifllCHHhlX qaCTHl\. llyfiua, 1984, . 

4 p.80 K. 

3 p.75 K • 

4 p.50 K. 

/2 TOMa/ 13 p.50 K. 

111,2-86-668 TpYJlN \'I I I t-lel'Ulynaponuoro CeMBnapa 
no npofineMaM ~H3HKH B~COKHX 3Heprnif . 
.lly6na,l986. /2 TOMa/ 

.ll9-87-105 Tpyn~ X Bceco~:Juoro couemaunH no ycKopu­
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.ll7-87-68 Tpynu Me&nyuaponuoH DIKOnN-CeMBnapa 
no ~H3HKC TH~enux HOHOB.llyfiHa, 1986 
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~HoHn M. E4-87-667 
TeopHH B03M~eHHH, rropo~eHHaH npH6nH3HTenbHb~ 
nporraraTopoM 

KOHCTPYK~HH CBH3aHHb~ COCTOHHHH B BHge pH~a TeOpHH B03-
M~eHHH OOOO~aeTCH Ha cnyqeif, KOrAa H3BeCTeH rrpHOnH*eHHbrn 
HO, Booo~e, He ~HaroHanbHbiH rrporraraTop R. He rronb3YHCb 
CTaHAaPTHOH Pill /P3neH - illpe~HHrepa/ AHaroHanH3a~HeH R, 
PHA TeOpHH B03M~eHHH ITOCTpOeH rrpH ITOMO~ BCITOMOraTenbHOH 
pxp MaTpH~I B3aHMOAeHcTBHH U THrra XapTpH - ~oKa. ITonyqeH­
Hbie tt>opMynbi o6o6~aiOT Bbipo~eHHYIO TeopHIO B03M~eHHH PIII. 
qHcneHHO, ti>OpManH3M C p=} rrpoHniTWCTpHpOBaH Ha npHMepe aH­
rapMOHHqeCKOrO OC~HITnHTOpa. XopomaH CXOAHMOCTb rronyqHnaCb 
AnH pa3JIHqHbJX BbJ6opo:a R • 

Pa6oTa BbmonHeHa :a llaoopaTOPHH TeopeTHqecxoH: 4>H3HKH 
murn . 

Coo6IUeHHe 06'be,u;HHeHHoro HHCTHTYTa H,llepHbiX Hccne,u;osaHHJl. ,lzy6Ha 1987 

Znojil M. E4-87-667 
Perturbation Expansions Generated by an 
Approximate Propagator 

Starting from a knowledge of an approximate propagator 
R at some trial energy guess Eo,a new perturbative pres­
cription for a p-plet of bound states and of their ener­
gies is proposed. It generalizes the Rayleigh-Schroedinge~ 
(RS) degenerate perturbation theory to the nondiagonal 
operators R (eliminates a RS need of their diagonalisa­
tion) and defines an approximate Hamiltonian T by mere in 
version. The deviation V of T from the exact Hamiltonian 
H is assumed small only after a subtraction of a further 
auxiliary Hartree-Fock-like separable "selfconsistent" 
potential U of rank p. The convergence is illustrated nu­
merically on the anharmonic oscillator example. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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