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I. Introduction

In ref. /1/ it has been shown experimentally that some nuclei
with 2 % 100 and N % 156 fission in two different ways. Both fission
modes were shown to have symmetric mass distributions of the
fission fragments, one distribution being narrow and the other broad.
The fission mode having a narrow mass distribution is characterized
by an abnormally large value of the total kinetic energy (TKE), while
the broad distribution corresponds to the usual TKE values which nay
be expected from the systematics 2 . Two fission modes in one
nucleus have also been observed in light pre-actinides/3’4/.

The theoretical consideration of thé potential energy surface
led to the conclusion that there are two saddle points on this surface
for nuclei in the lead regio?, which correspond to nearly symmetric
and highly asymmetric fission /5 . Analogous calculations were carried
out in the present paper for the heavier nucleil in order to show ,
that both of the experimentally observed modes may be described in a
unified manner by using the Strutinsky shell correction method.

The main results were obtained for 264Fm which has so far not
been observed experimentally and the fission of which can reasonably
be assumed to be subject to the strongest influence of the fragment
shells. Preliminary results limited to the reflection symmetric
shapes were published in ref. 6 . Most of the data obtained here
were reported at the International Schoal -Seminar of Heavy Ion
Physics at Dubna in September 1986 7,

Similar results restricted to reflection-symmetric shapes were
reported at the same conference (see ref. 8 ). Several modes of
fission in 258

Fm have also been considered recently in a simple
7
parametcrization of the nuclear shape 9 .

2. Method of calculating the deformation energy

The nuclear deformation energy, E , was calculated by the
Strutinsky method /10,11/

E; - EEL[) - S;l;', (1)

9 is }he energy in the liquid drop model with parameters
12,13

iee.

where E;;

from ref. (the surface, Coulomb and symmetry constants
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are Olg =17.9439, (3=0.7053 and e =1.78, respectively) and & F
is the shell correction calculated with a Woodg—Saxon type potential
/14-16/ sthe parameters being taken from ref. s,

The accuracy of the single-~particle speotrum oaloulation and the
plateau condition formulated by Strutinsky for 5E were ohecked

near the scission poilnt and the results are disoussed in Appendices
A and B,

3. Shape parameterization

For the description of the expected variety of shapes one needs
a rather unrestrictive parameterization. For this purpose the ocoordi-
nate system based on Cassinian ovals is used, in which a point
on the plane is defined by the coordinates ( ﬂ,,oc). If the distance
between the focl of Cassinian ovals equals zero, then ( R.,2¢) is
transformed into the spherical radius and the cosine of the polar
angle. The expression for (R, 3€) in terms of the oylindrioal
coordingtes was given in ref. > (see also /18 ) . The intersection
of the surface of an axially symmetrio nuoleus with the plane passing
through the symmetry axis is desoribed by the equation

R =R(x), -4cxsd, (2

In the particular case of the nuolear surfaoe being approximated

by a Cassinian oval, eq. (2) takes on the aimple form

[ = const. 3)

A more general class of nuclear surfaces may be desoribed by the
series )

R - %3(4+Z_°<m‘°m(°°)), W

where R.Ois the radius of the sphere of the same volume, ¢ is
to be eliminated by volume conservation, Pm (x,) are the Legendre
polynomials and d_mare the parameters which specify the shape
of the nucleus. The elongation of the nucleus is charaoterised by the
squared half-distance § Dbetween the fool of the Cassinian ovals
(in units of B,o).

‘Near the scission point of a refleotion-symmetrio figure it is
ccavenlent to use as an independent variable, instead of E_ s the
parameter ol defined as follows

2.
‘2.‘2_'_ +Z-n_"2§

22 .22 +2g¢ ©)

ol

where Z_ (ZR®) is the minimum (maximum) value of the cylindrical
ooordinate 2  and @ =72 |, Ypeew being the radius of the
oross section of the nuclear surface by the plane Z =0, in the

case of a connected body. For a two-fragment shape 1s defined as
minus the square of half the distance between the fragments. The
relation between A and § can be derived from (5) using the
conpection of the (ﬂ,x) —~coordinates with the cylindrical coordi-

£ =St (1T ) (4T ) ]
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which will be used here also for reflection-asymmetric shapes.

The advantage of the parameter ol results from the fact that
for a shape with vanishing neck ( Tneck =0 ) ol equals 1 for any
value of aL_m . For the spherical shape one obtains L =Q because

T neck = Ea =l't’_L‘ .

The minimization of the energy E with respect to a large number
of parameters o(.m_ takes many hours of computer time and, therefore,
the consideration has been limited to the most important region
lying in the vicinity of the scission point, which, after the
Introduction of the parameter o s can be characterized convenient-
ly by the ¢l values close to 1.

4, Existence and relative position of the fission valléys

Strictly speaking,the concept of a valley in a potentlal energy
surface is dependent on the coordinate system, in contrast to an
extremum. So we should specify what we mean by the ®"fission valley".
We define it as a local minimum in the multidimensional space of the
shape parameters d—mat a fixed value of the parameter O . More-
over, the valley defined in this way is physically meaningful only
if it is surrounded by a sufficiently high barrler that separates it
from other reglons.



A sear§}614for local minima with the constraint ol = 0.98
reveals in Fm the existence of at least three valleys leading to
scission . The search was carried out as follows.

First, the deformation energy E and the liquid-drop energy E;Lo
were calculated as functions of the hexadecapole deformation
and the result is shown in fig.l. It 1s seen that E has two minima,
one being deep and the other being shallow. The depth and position of
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Fig.l

The deformation emergy (in MeV) in the liquid-drop model, Lédots),
and with shell correction, E dashed and solid ourves),as &
function of hexadecapole deformation oly at fixod alongation
oL = 0,98, The so0lid curve with open circles ocorreaponds to minimiza-—
tion with respect to @, , ol and ol . .
% 8 10
the deep minimum remalns almost unchanged aftcr taking into acoount
the higher deformations OLm s while minimization with respoot to o(‘
oLy and o 4o leads to a shift in the position and to a strong

deepening of the shallow minimum (open points oonncoted by a solid
curve in fig.l). After taking into account higher deformations up

to o, this minimum deepens further (of. f£ig.3).

*Second, the calculations were repeated with refleotion

asymmetric shapes . The deep minimum remains almost unaffeoted.

The corresponding shape marked as I 1s shown in fig.2. It 15 seen

Fig.2
The nuclear shape of 264Fm near the scission point, cL =0,98, in
Ehe three_valleys. Minimizat on of E with resp%ct to 4 —-etio
I and II) and oly - ol (III) was carried out (with oL,_ ;

A half-volume sphere is shown by dots for comparison,

that each of the two fragments has a shape close to sphericity .

In addition, a deep minimum has been found corresponding to a
very asymmetric shape with one nearly spherical and one strongly
deformed fragment, the corresponding shape being marked by II in
fig.2.

The shallow minimum acquires a slightly asymmetric shape which
18 labeled as III in fig.2 and consists of two elongated fragments,
one of them beilng very close in shape to the elongated fragment of
shape II. Iy all the multiparameter calculations the oLQ_ parameter
remains fixed and equal to gero, because its small varlations are
strongly correlated with those of oL .

The relative height in energy of the three valleys and the
upper estimates of the barriers between them are demonstrated in
fig.3. There are shown the results of the calculation of the energy
E along the intervals of straight lines that connect the three
points in the multidimensional space of the shape parameters {<an}
corresponding to the three wvalleys. In view of the absence of




Fig.3.

A cut of the deformation energy
surface E for the nucleus 2¢%m
along the sides of a triangle in
the 19-dimensional spaoce of the
shape parameters (_oLm,m=4,-~-,2o}
(oly=0), the tri le
veréﬁoes lying in valleys I, II
and III are defined in the text;
see also fig.2 (oL = 0.985. For
simpliolty, in valleys I and II the
higher deformations are equal to
ZEerao, a(mﬂo, m =1l, .., 20,

a metric in the static approach in the space {Lo(n,} the distances
between the points lying in the vertices of the triangle in fig,3
are given in arbitrary units. The energy E oaloulated along the
sides of the triaﬁglelin each of the threo ocases has a maximum that
gives an upper limit for the estimate of the anddle point between
the corresponding valleys, Assuming that tho truc saddloe-point
energies’ although smaller, are of the same order in magnitude as
the maxima in fig.3 we may conclude that all three valleys are well
separated in energy from each other.

It is also seen from fig. 3 that valley I of compact oonfigura-
tions of almost spherical fragments ocoupies an intermediate position
in energy and that the experimentally yet unobserved valley III is
located higher in energy (-28 MeV) that both valleys II (-~34 MeV)
and I (-30 MeV).

. The fragment of the plot in fig.3 1is shown in more detail
in fig.4 where the energies E for some other nuocloil along the same

Fig.4.

The deformation encrgles E of the
nucled indioatod in the rigure
along tho intorval of the
straight lino connecting two
points in the 9-dimonslonal \
space {oly, m=1,...,10%

(X p=0)
of the shapo paramoters, one of
whioh lles in valle at

@ = 0 on the plot) and the

other in valley I (at T =1.0),

where T 18 a paramaetev that

specifies the position of a

Eﬁint in the interval,‘tEEo,‘L]'
e parameter ©o~30,98 (sge

also the oaption to fig.3).
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space interval conneoting minima I and II in the multidimengional
space are also given. For the other nuclei the end points are not the
loci of extrema of the potential energy surface but they are close

to them if the corresponding extrema, as is the case indeed, are
close to each other in the multidimensional space considered. The
energies E calculated in this way are somewhat better approximations
for the true extreme energles in fermium isotopes and not so good for
californium,as it can be inferred from fig.4. However, this picture
glves a rough 1dea of the relative position of the valleys in the
other nuclei, )

It 15 seen that in the californium isotopes there exists no
valley, corresponding to a compact configuration of two almost
.spherical fragments; a minimum at the left-hand side is transformed
into the maximum that lies 10-15 MeV higher in energy than the
right-hand minimum does. Thus, in spite of all the approximations
used one can conclude that the theory 1is capable of explaining the
experimentally established absence of symmetric fissjon correspond-
ing to fragments of unusually high TKE in 252’256Cf 19 . An
analogous conclusion can be drawn for 256Fm as well. On the other
hand, the existence of two Valleys separated by a barrier is seen
in 260-2645, Ty isotope 258Fy occuples an intermediate position
and in view of all uncertainties it is impossible to draw a definite
conclusion about it from fig.4. From the experiment this nucleus is
known to fission symmetrically 1 . So it appears possible to explain
the existence of the two modes of fission 1 in the heavy fermium
isotopes by using a multiparametric description of the nuclear shape.

Let us note for comparison that in the two-centre oscillator
model with limited parameterization of the nuclear shape on the
potential energy surface only one valley was shown and emphasized
corresponding either to symmetric or asymmetric fission 20/ « In
ref{21/no valley has been found where one or both fragments are highly
deformed. However the possibilities of the model are not exhausted
(private communication by M.G.Mustafa).

It is interesting to note that before an isolated valley in
lighter fermium isotopes appears at the corresponding position there
exlsts a depression on the potential energy surface that may mani-
fest itself in the experiment as a broadening of the distributions,
i.e. the occurrence of symmetric fisslon with large TKE as low-pro-
bability events on the tail of the distribution. These events have

been observed in 22'Fm experimentally /22/



The probability of fission through one or another valley
is a'more delicate problem. In view of the fact that the two modes
of fission. have been observed experimentally with comparable probabi
lity in lighter fermium isotopes, in which valley I is expected to
lie higher than in 2°*Fn (see £1g.4), one has to oonclude that the
probability of populating the valleys should be determined not at
the scission point but at higher energles, somewhere near the fission
barrier. One also has to make the reservation that the relative
position in energy of the valleys is not well defined., In f1gs.3 and
4 the vaileys are cormpared at the same value of 0L-=-0.98. Had we
chosen another condition of comparison, the relative position of
the valleys might have changed. But 1f the choloe of the oconstraint
is made from physical considerations like that assooiated with the
thickness of the neck (see fig.5 and the corresponding diaoussion),
this change hovefully should be small.

In ref./B/ only reflection symmetxic shapes in the two-—parame-

ter-shape Parameterization were considered and two symmetrio valleys
on the deformation energy surface have been found in nuoclol nesar
264Fm, which apparently correspond to our valleys I and III, The
moments of the shape (r ’ S ) introduced in rof. 8 are, in
264pn, equal to (2.12, 0,76) and (2.86,1.20) for valleys I and III,
respectively. The second point is located ?pproximutoly in the Mola"
valley if ‘we use the terminology of ref.’® and tho first lies

near the "new" one, the centre-of-mass distance 7T boing slightly
larger (cf. fig.5b in ref./e/ ). Wnile comparing cne should keep

in mind that the shape in valley I roughly corresponds to spheres
separated by a distance of = 0.27[10 between the tips rather
than to two touching spheres.

/9/ both reflection-symmetric and asymmetric shapes

were considered in a simple parameterization of the nuolear shape
with three parameters and the three valleys have also beon found. The
maximum semi-axes of nuclear shapes in valleys I , II gna III for

o = 0,98 equal 14.3, 17.5 and 19.8 fm which roughly ocorrespond

to 14,4, 18,6 and 24 for the "super-short", "standard" and
"super-long" channels respectively}in the terminology of ref./9/,

but the details of the shapes are r?ther different (ses also the
discudsion on this point in ref. /8 ).

In ref.

-

5. The properties of the fragment distributions in different
valleys

If we divide the prescission nucleus conventionally into two
fragments by a plane with a minimum area of the cross section , then
in the ocase of the strongly shape-asymmetric mode II the fragments
have the close numbers of nucleons, 130 and 134, These would be the
most probable masses of the fragments if we assume that sclssion is
most likely to take place in the narrowest part of the neck region.

Mode III is expected to have 138 and 120 nucleons in the
fragments of 258Fm und er”the same scission assumption. This is the
only mode in which the number of nucleons in the heavy fragment is
close to the value observed for the lighter nuclei. As a result,
in all three modes the filssion fragment mass distributions are
prgetically symmetric. Coub

The Coulomb interaction energy of the fragments, E cht
which was calculated as the total Coulomb energy of the whole nuclear
body with subtraction of the Coulomb self-energy of each fragment
separately is represented in fig.5 as a function of the parameter ?,

240 — v Fig.5

The fragment Coulomb
in}er&ction energy,
E ;:; s as &

b function of the
parameter ¢

defined in sect.3

for the three

valleys I, II and

- III, The values of
the parameter oA

are indicated by
numbers near the
points. The experi-~
mental data for TKE
in the two modes of
fission of *38Fm are
1 also given (exp) /1/.

—e— ®Fpy
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which has been introduced in Sect.3. IN fact, the quantity =—§

is plotted along the abscisa so that increasing -? in fig.5 corres-
ponds to the evolution towards scission and postscission.

The cholce of §>as a coordinate is motivated by the assumption that




scission of a nucleus in different valleys occurs at close values of
the neck thickness. The value of the neck thickness that corresponds
to the critical shape for which, according to the liquid-drop model,
scission of the connected shape into two fragments takes place
is marked by an arrow on the abscissa axis. The results of the
calculations for 256Fm and 258Fm are also shown in the same figure
together with experimental data for the observed total kinetic
energy (TKE) (205 and 232 MeV) for the two modes of nuclear fissioh
in 258m 1 « The difference between the values of Ef,o’:e calcula~
ted for valleys I and II is seen to be close to tho TKE difference
observed between the two fission modes and to be weakly dependent on
the assumption of the scission point, i.e. almost constant in o
These are the two differences that are to be oompared 1f one
assumes the prescission kinetic energies to be the same in the two
valleys. Moreover, if we assume that scission ooours at the oritical
value of the neck thickness then the values of E S,Lf and TKE
are close to each other in each valley. Unler suoh an assumption
very little is left for the prescission kinetic energy, wh%oh is
supposed to be equal to the difference between TKE and EL,‘,’ZC.
The energy E:::eof valley III is shown by squares in fig.5. A
comparatively small TKE (176 MeV) 1s seen to oorreaspond to this
slightly asymmetric mode. This mode has not been cbsorved so
Experimentally one can disc-minate between fission through the
three different wlleys

-

far.

by measuring the number of prompt noutrons
presumihng that a low excitation energy and, oorrospondingly, a small
number of neutrons 1s associated with the spheriocal fragment but

a high®energy and a larger number of neutrons with the clongated one.
This kind of measurement was carried out for the lighter nuclei of
this region /24,25/ .

6. Stability against variations in the number of nuoloons in .
the fragments

In an attempt to understand the reason for the difforence
between the widths of the two mass dlstrlbutions a calculatlon
has been performed of the nuclear stablllty with rospeot to
asymmetric shape variations in each of the threc wvalleya. To this
erd, a constrained Hamiltonian was introduced instond of tho vy
formerly considered single-particle Hamiltonian H

H{:H'M?, 2 n

py

10

where )\ 1s a Lagrange multiplier and ’77_=(AH'A._)/(AH*‘AL),
An (A,_‘) being the number of nucleons in the heavy (light)
fragment, which is determined by the earlier described division of
the pm'scission shape into fragments. For the Hamiltonian H/

the same problem was solved as before for H and an example of the
dependence on 1) of E is shown in fig.6. The difference AE =E-E,,m.h
for 264py is seen to be close to =a parabola with orE /?’71 equal
to 2500.3000 MeV, the exact value being dependent on the points
chosen to fit the parabola. Here E mrp 1s a minimum value of E as
a function of « The ELD is also shown. The liquid-drop
stiffness’azELp /? ’722' corresponding to the minimum of the E
value 1s seen not to contribute much to the total stiffness and the
dependence of ELp on M in the vicinity of the minimum of E is far
from being Qquadratic, as predicted. by the liguid—drop model for -the
region near the ELDmin:lmum with respect to 7 .

16 —J
Fig.6.

Wl The increment of the deformation

12} energy A 2F-E miy ( the left-hand
scale) and the liquid-drop

component of the enerﬁy, Lp

(the right-hand scalel); as functions

of the mass asymmetry ‘parameter

m-= (An-A) /(AT AL).
The minimum E m;, 1s located in
valley II. The parameter oL =0,98,

3

a8,

E o /MeY

AE/Mev

Q4]

oop -19

2
For the quantity 2 E/a’qz‘
in valley I, the obtained value
lies within the same limits, while
for valley 11T O%E /3m*2100 Mev.
n which corresponds to the degree

0 002 0L §

The mass parameter B
of freedom n > calculated in the cranking model, equals I
767 (1065) 12/MeV for valley I(II) . With this mass parameter the
zero—point oscillations of T} near the equilibrium result in the

fragment mass distribution with variance 6‘,,a as

6, £ (Mrh) [/ 2B, - *E/27"))

Y

1/2/
* (8

By using the above-mentioned data we get theoretical estimates

of FWHM for both valley I and 11 in the range (5-f) u,,that is

11




in good agreement with the experimental value (7.5 u ) for 258Fm

and 26 d for the fission mode with the abnormally large TKE value
and considerably smaller than the value corresponding to the other
mode with the usual TKE value /1/. A small thermal excltation with
temperature T=1 MeV that is close to the energy of the zero-point
oscillations %,hwﬂ = ‘EV(B“E/a'QQ)/B,,’ = 0,9 - 1.0 MeV
results in the agreement between the theoretical and the experi-~
mental values of Q.

Thus, the quagzum—mechanical uncertainty in the degree of
freedom 71 is sufficiently large to understand the width of the
mass distribution of the "fragment-shell-directed™ mode of fission
1/ . This new aspect, in addition to those already discussed
in ref. /l/, of this unique mode of fission deserves special experi-
mental and theoretical studies to be carried out. However, the
difference between the mass distribution widths fails to be explained
in the framework of the statlc approach used here. The theoretical
difficulty in explaining the widths of the usual fragment mass
distributions is also known to exist for other regions of nuclei.

7. Conclusions

The calculations of the deformation energy carried out using
the Strutinsky method with the Woods~Saxon type potential ard the
multiparametric description of the nuclear shape indicate that in
the vicinity of the scisslon point there exist three distinct
valleys leading to almost symmetric fission. The valleys are well
separated from each other by barriers and the Coulomd interaction
energles of the fragments in two valleys near the assumed scissioen
point are close to the measured TKE values for the two fission
modes. The relative'population of the valleys 1s determined at
energles higher than those near the scission point. The width of
the mass distribution of the "fragment-—shell—directed" mode is
mainly determined by the gquantum-mechanical uncertainty of the coor=-
dinate in the corresponding degree of freedom and the distribution
widthvgf the usual mode remains unexplained 1in the static approach
used here.

< The most essentlial shortcoming of the theory seems to be the
assumed constancy of the proton-~to-neutron density ratio over the
whole nuclear volume.

The author is grateful to V.G,Soloviev for continuous interest
in the work and to Yu.Ts.Oganessian for stimulating discussions.
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APPENDIX A

In the method used for calculating the single-particle spectrum
/14-16/ the wave functions are expressed in terms of the elgen-
functions of a deformed harmonic oscillator., To achieve the required
accuracy a comparatively large number of basis functions is needed in

‘the region of the scission point, where the nuclear shape strongly

déviates from an ellipsoid. To check the accuracy we compared in fig.
7(8) the protons (neutrons) single-particle spectra in the vicinity
of the geometrical scission point (i.e. 0L-=-i-) calculated with
different numbers of the pasis functions. It is seen that the usual

Fig.7.
>lh"/Z &
The proton

single-particle
levels along the
- bottom of valley
52 I corresponding
to the symmetric
fission of almost
spherical frag-
ments. The nuc-
lear shape at
the point oA =
= 0,98 is shown
in  fig.2(I).
The levels were
calculated for
the whole nucleus
with usual (leftg

and high (centre

. ] . ] accuracy. The

levels in a
_]1 B b %\ %
\ 5 S ;i\
\é}”‘% N

single separated
100 o 102

fragment are given
in the right sec~
tion. The nega-
992 tive parity
levels in the
whole reflection=
-symmetric
nucleus are given with dashed lines 1f they are distinguishable from
the corresponding positive parity levels of the parity doublets,
indicated by solid lines. If they coalesce, they are shown by one
thick solid line. In the rightmost part of the figure the levels of
the spherical fragment in the Coulomb field of the other fragment
at a distance that corresgonds to &k = 1.02 are given., The splitting
of the levels due to the Loulomb field are shown by the vertical
size of the solid rectangle.

L 9 L
Q98 100 o 102 ¢ 098 100 « 102

calculation with the number of eigenfunctions that roughly corres-~
ponds to about 16 shells in the spherical oscillator (the left
section of the figs.) compares well with the spectrum calculated in
an extended basis of about 23 shells (the central section).
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7,

g
%,

0

0 o 102 ‘10 < 102

Fig.8

The same as in fig.7, but for neutrons. Because of the absence
of the Coulomb field the levels in the rightmost part of the figure
are degenerated exactly and shown by solid points.

Moreover, in this region there exists a possibility of checking
the calculations by comparing the results with those obtained for a
single fragment. After the scission ( A > 4 ) we decomposed the shape
of a separate fragment in a series of Legendre polynomials as it was
originally done for the whole nucleus (see eq. (4)), thereby treating
one fragment as completely independent of the other, when calculating
the neutron spectrum. For protons, we have, in addition, simulated the
Coulomdb potential of the other fragment by a point charge of an
appropriate magnitude in the centre of mass of the other fragment.
The results are shown in the right sections of figs. 7 and 8.
Besides, in the rightmost parts of figs. 7 and 8, the spectra of
spherical fragments are shown with the appropriate quantum numbers,
the degeneracy of the proton spectrum being slightly removed by the
Coulomb field of the other fragment.

By comparing this latter spectrum with the other spectra shown
in figs. 7 and 8 one can see the impact of the deformation of the

14

fragment near the scission point on the spectra and classify the
levels with the gquantum numbers of approximately conserved angular
momentum.

It is also seen that with separation of the fragnents (1.e. with
increasing A from 1 to 1.02) the positive~ and negative-parity
levels of the nucleus as a whole tend to be degenerated, the remaining
splitting of the parity doublets belng due to the nuclear interaction
of the fragments. Indeed, the nuclear shape is understood here as an
equipotential surface, on which the nuclear potential is equal to

\/o /a s where VD is its value in the nuclear interior far from
the nuclear surface. So, at the geometrical scission point in the
neck region the nuclear potential 1s close to Vo /2_ sy the fragments
still interact with each other and the effect of this interaction
on the single-particle spectrum is of some physical interest. This
attractive interaction 1s concentrated near the centre of symmetry
of the nucleus as a whole, i.e. in the neck region, and it therefore
pushes down the energy levels of those states, which have a large
probability for the nucleon to be found in the neck. These are the
single-particle states with a large component of the wave function
with a small value of the projection of the ordital angular momentum

]\ on the nuclear symmetry axis and with an even oscillator
quantum number M a(the expression for the basls eigenfunctions is
given in refs. 15’16/3 in particular, the parity of a level is
determined by the parity of the sum rL%1-j\). Accordingly, the
maximum splitting of the parity doublets is seen in figs.7 and 8
for the levels with angular momentum projection R =4[2, the
positive parity level being the lower one. An appreciable splitting
is still seen for levels with 3 = 3/2 with the lower member of
the doublet being of negative parity. For doublets with large
the splitting rapidly dies down. Probably the most important result
that follows from consideration of nuclear spectra in figs.7 and 8
1s quantitative estimates of the number of neutrons in the neck
region. It 1s seen that at the physicél scission point ( O§.==0.98,
cf. fig.5 and the pertinent discussion) the neutron magic number is,
contrary to expectations, equal to 166 rather than 164. This is

confirmed by the calculation of the shell correction discussed below.
Once the shape of the fragment has become definite, 1t is
possible to calculate its deformation energy (relative to the energy
of the sbherical fragment) which, for the elongation parameter A =
=1.00 (1.02) of the nucleus as a whole, equals 7.6 (5.0) MeV for an
almost spherical fragment of valley I or 1I, and is 36(34) MeV for

15



an elongated fragment of valley II or III, Accordingly, for the
whole nucleus with the same o value the deformation energy
relative to the energy of infinitely far separated spherical
fragments equals 15.2 (10) peV in valley I, 43.6 (39) MeV in
valley II, and 72(68) MeV in valley III,

We have also calculated the cranking-model mass parameters

3% where ? symbolizes the distance between the fragments

centres of mass, as it is changed during the desocent along a
fission valley (cf. the definition of E5n47 in seot.6). The results
are shown in the table.One can see that in all three valleys the 6§—
values, as expected, are close to the asymptotio one for a completefy
separated fragment, that is almost equal to the reduced mass of the
fragments.

APPENDIX B

To verify the validity of the Strutinsky method in the vioinity
of the s;}gs%gnagoé?; the so—calleq "plateau ocondition™ is to be
checked " +Va--220 + In calculations with a finite-depth potential
the bound-state levels are not suffioient to ensure s good plateau in
the dependence of the shell-correction bE on the smearing width

KV « The difficulty arises when the smooth part of the total nuclear
binding energy is calculated as an average (dofined specially) of the
sums of the single-particle energies in one and the same single-
~particle potentlal up to the appropriate Fermi energles, rather than
&s an average of a set of binding energles of adJacent nuolei,
caloulated for each number of nucleons in the corresponding potential.

Such a substitution is an exact one (with an appropriate soale
factor) for the Nilsson model and considerably faoilitates oal cula-
tions but one should complement the bound state levels by the pro-
perly chosen levels in the positive part of the speotrum. For the
valldity of the above-mentioned substitution these positive—energy
levels should in a sense be an approximation to (an extrapolation
of) the properly shifted amd scaled bound state levels in heavier
nuclei. Actually it is sufficient for the shell—~correotion method
that the smoothed level density chanuges regularly in a transition
from negative to positive energy levels /26,27/

From this point of view, good candidates for the positive-
energy levels are the positive eilgenmvalues obtained by diagoﬂaliza—
tion vof the Hamiltonian in a deformed harmonic-oscillator basis/26’27(
The parameters of the harmonlc oscillator, in particular, the
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oscillator freguency ;LLUO s 1s usuglly chosen in such a wa§1%s16/
to obtain the best approximation for the bound-state energies i
The desired accuracy may be achieved using fLuJo from some inter-
val. If we now lmpose the additional requirement of a regular
behaviour of the smoothed level density in a transition from negative
to positive energy levels, then, according to the cﬁigylation? we
should choose the largest allowable value of Wy « It is
especlally important to follow this prescription in testing the
convergence of E;E‘ with Iincreasing dimension of the basis. If one
fixes fLQ)Q and increases the number of the basis functions, then
the density of positive eigenvalues tends to infinity and, as a
consequence, the plateau deteriorates 129 .« But in choosing the
maximum allowable value of 0 for each number of the basis
functions one can get a stable result, e.g. the one shown in fig.9,

Fig.9.

The n utgpn shell correc-—
tion %bL as a function of

the smearing width |’ .

The spectra in the extended
Esolid curves) and regular
dashed curves) basls were
used (details of the spectra
are give§ in the caption, n
to fig.8). The doubled 3 Y
obtained with the spectrum
of the single fragment is
shown by stars for 80
neutrons. The numbers of
neutrons in the nucleus as

a whole are shown by the
curves. The lower dashed
curve corresponds to 164
neutrons. Palring correction
was not taken into account.

where the dependence of
the neutron shell correc-
tion on the smearing width
5’ is shown for the re—
gular calculation with
approximately 16 oscillator shells (the dashed linej; the correspond-
ing single-particle spectrum is shown in fig.8, left section) and 23
shells (solid lines; the spectrum is given in fig.affcentral section).
The oscillator frequency Mo, was taken as F/A73 withF=53 MeV
in the former case and with [ = 80 MeV in the latter. Also

lT 10 {/MeV 15
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'shown 1s the doubled shell correction of the 31ngle fragment for
80 neutrons (stars). A very good and wide plateau is seen in the
case of 23 shells, and the value of the shell correction in the
regular case 1s close to that on the plateau at K~E=10 MeV, This
value of 5~ was used in most of the calculations. It is also
seen that the shell correction for 166 neutrons i1s smaller than for
164 neutrons, in accordance with the gap in the single-particle
spectra described in Appendix A.

Table

Cranking model mass parameter ES'-— for the degree of freedom,
assoolated with motion along a fisslon valley, in units of

the reduced mass of the fragments. Labels I,II and III of

the valleys are introduced in Sect.4

Valley \dL  0.98 1.00 1.01
I 1.35 1l.14 1.05
II 1.93 1.53 1.08
IIT 1.14 1.22 1.02
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Mamxonuyg B, B, E4-87-517
Mpojpaspunibie GOPME CHMMETPHUHO OeNsammxcs
oML THMONKX spep

HoxaaaggA YTO MPH TEOpeTHYeCKOM ONHCAHHHU OeJleHUsT smep
1 papole Fm B6sH3u TOUYKH paspsiBa UMEWTCH TPH OOJIHHE,
BegyuHe K pgeneHuw. OmHa cooTBeTCTByeT OJU3KO DAaCIOJIOXEH
HbIM TTOUTH cdepHUYECKHM OCKOJIKaM, Ipyras — Oojiee ypalieHHpM
OpYT OT Opyra BHITAHYTHIM OCKOJIKaMm. MMeercs eme opgHa [gOJIUHA,
B KoTopo#i dopMa aAppa O6mu3ka K KoMOuHANUH cdepHUeCKOr'o U
BBRITSHYTOT'O OCKOJIKa. PaccMOTpeHb HEeKOTOpble CBOHCTBAa Macco-
BbIX H SHepreTHYECKHX pacrpejelIeHHH OCKOJIKOB.

Pabora BemomHeHa B JlabopaTopun TeopeTHUeCKOH GHU3HUKH
ousiu.

TIpenpunT O6BENHHEHHOrO HHCTUTYTA ANEPHBIX HccrenoBaHuit. Jy6ua 1987

Pashkevich V.V. E4-87-517
Prescission Shapes of Symmetrically Fissioning
Very Heavy Nuclei

It is shown that in the theoretical description of the
fission process in the nucleus 264y there turn out to be
three valleys on the potential-énergy surface in the regi-
on of the scission point. One valley corresponds to the
compact configuration of two nearly spherical fragments;
another, to more separated strongly elongated fragments.
There still exists one more valley, in which nuclear shape
is close to a combination of the spherical and elongated
fragments. Some properties of the fragment mass and energy
distributions are considered.

The investigation has been performed at the Laboratory
of Theoretical Physics, JINR.
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