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I. INTRODUCTION 

To understand the muon-catalysed fusion in mixtures of 
hydrogen isotopes the knowledge of cross sections (or rates) 
for low energy scattering of muonic hydrogen on hydrogen 
nuclei is indispensable <l-S/. The Eol l.owí ng .sca t t er i ng pro
cesses are possible 

elastic scattering: ap. + b ap. + b , (I) 

isotopic exchange: ap' + b a + bp. , (2) 

sp i n-f l i p e ap.(F) + a ... ap.(F') + a, (3) 

wher e ap. - the hydrogen muonic atom in the ground state (lS) • 
a. b = IP. d, t J - the hydrogen nucei, F. F' - the total spin 
of a muonic atom. 

For the description of the above processes it is natural 
to use the adiabatic representation (see review/4/ ) which 
consists in expanding the wave function of a three-body sys
tem over a complete set of solutions of the two-center Coulomb 
problemA As a result, the problem of collisions in the three
body system is reduced to the multichannel scattering problem 
wi th a great namber of closed channels. In Ref. /6,.6/ an algo
rithm has been developed for an accurate numerical solution 
of this task, but till now only a few calculations /~-8/ have 
been completed because of inevitable complexity of computa
tions. 

On the other hand, the cross sections of (I) ~ (3) can be 
obtained using the effective two-level approximation (so
called "simple approach" /9/) with an accuracy of about 10 -;-20%. 
We have applied this method to elaborate the complete set 
of phase-shiffs and cross sections of reactions (1-3) in a 
broad collision energy range (0.001' ~ e ~50 eV). 

2. 'n\TO-CHANNEL SCATTERING PROBLEH 

Calculations of phase-shifts and cross sections of scatte
ring of muonic hydrogen on hadrogen nuclei in the two--level 
approximation of the adiabatic method consist in finding 
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the solution of a system of two coupled equations 1104&1 Table ·1. 

General properties of analysed three-body systems.[ d 2 k 2 J (J + 1)] X = V X + V )( 2 ' --+ 1- 2 1 11 1 12 dR2 n
 

(4a)
 
d 2
 2 J(J + ~ X 2 [- + k .,..2 = V21 X 1 + V22 X 2 ' 

R2dR 2
 

ma (me)
 
or in matrix notation 

0-11 '.(emam·l
 
S? = (~ + k 2 _ J (J + 1)) õ: .
fx = VX, (4b) (eV)€a1 dR 2 1 R2 lJ
 

M (ma)
 
Here R is the distance be tween hydrogen nuclei; J is the total
 .iE (eV)
angular momentum of a three-body system; k1 , k are ,the mo .....2 

PIl + d PIl + t dll + t 
PIl +.p <4L + d til + t 

dIl + P t[J. + P .tll -t: d 

185.841 195.142 199.213 195.142 199.213 199.213 

2.84141 2.10344 2.65554 2.10344 2.65554 2.65554 

5051.06 5326.41 5422.56 5326.~ 1 5422.56 5422.56 

5.20.343 9.63265 14.0410 6.36580 6.91033 11.2012 

0.1820 0.0485 0.2313 134.109 182.151 48.0420 

menta in the respective reaction channels, determined in the The above values have been calculated using Eqs.(5) and 
fo l l.owí.ng way:/9/ (in the un í t s e "" h = ma =1; see Table 1): relations: 

2 2 1'1 2 ma,e 4 
k 1 = 2Me , k 2 = 2M(€ - ~) , f = - , la. =---,
 

m e2 1'l2
 
a m 

a 
I'm a 

~ The masses are 1201: mil = 206.769 me' Mp == 1836.152m e; Md = 
tm-l -1 M-1 -1 -1 M-1 = 3670.481 me' Mt = 5496.318m e, me- the electron maSSa 

ma 
M JIl a ::: (m Il + MQ, ) + b' mazorn ll + a' (5 ) 

mil mil -1 mil -1 r
ÔE == E b - E = - [ (1 + -l) - (1 + -) ) ,
 

a 2 M M
 \ 
Q. b 1 

l function )(1 in (4a) corresponds to the muonic atom in the
where mil is the muon mas s , Ma and Mb are the masses of a and \ state with the energy Ea , and )(2- to the one with E b •
b nuclei (M a 2: Mb ) , ôE s the difference between the ground "í For processes (I) and (2) where hydrogen isotopes with diffe
state energy leveIs of the muonic atoms ap. and bll (if M =M , rent masses t ake par.t , the matrix A assumes the f orm 1101bthen ôE = ÔE hCs - the difference between two hyperfine ;tate
 
leveIs of all-atom), and l is the collision energy related I
 

A ::> 1 (1 -1 ).
to the leveI corresponding to a heavier muonic atom (see I~ 1 (7) 
Fig. 1). .W y2 1 

The effective potentials V lj ( (i,j = 1,2) for eq , (4a, 4b)
 
are related to the potentials of two-center problem Uaf3
 For processes (3) the form of the matrix A depends on the 

( a, f3 = g, U ) via transforma value of t he total spin S == Sa + Sb + S of the three-body 
system: two nuclei with the spin S a ~nd Sb (8 a"'" S b ) and theE (F) tion 141----f-

\ 

I muon w~th the spi~ 8p. = 1/2. T~e wave f~nc7io~ Xl (eq.4a)b 2 V = AUA-1 • (6 ) for R -+ 00 de scr i.be s t he muon i,c atom ap. t.n 1tS lower hyper-: 
fine state F 1 = S - 8 and X2 - in its upper hf state F 2 =The matrix e1ements U f3 haveI

l> 
::%been calculated in Ref~ 116/. C S a + S Il (see Fig. f). '1:t is also necessary to take into account 

The matrix A transforming the identity of nuclei in this system. The matrix A for processest in/ 191 (3) has been determined and is shown in Table 2.adiabatic basis set into the---ll 
.~. 

EalF, ) 'li .: I The solution of equations (4a, b) was obtained using the 

'\ 
Fig.l. a way that for R -+ 00 the wave 

physical one is chosen in such 
phase function method 110-161 in which the sqattering 

2 jt III '"', 
3 

1 



Table 2. 

Matrix A for scattering processes taking into account 
a hyperfine structure of muonic atoms 

p).l... p... -tj! -t t: dJL «d: 

J------Z 1/2 3/2 1/2 3/2 

.i, ~ -1)
VtJ -1 .  ~ 

5/2 

° O)
(1 O 

(0 O) 
O -1 

J-even 
1 '~.- fJ)
'2 1 

(O O) 
O -1 

.i, ~ ,  '12')
'{J 1 

IJ-Odd -1 (-vJ' 1 
2 1 '(3) ( O O) 

1 O 
J..~1VJ (1 '(2) 

.1 -1 r? 
~ (~ -1) 

matrix. B can be found by solving the system of three nonli 
near equations 

T' (R) = - [ u + T (R) v] V[u + v T (R) 1 , (8) 

with a symp t o t i,c behaviour: T([oo) ...T. The reaction matrix T is 
related to the scattering one S in the following way 

(9)S = u + iT) (1 - 1T) -1 • 

The diagonal matrices u and vare formed from two linearly 
independent solutions of differential equations 

(10)fx IC b. 
When the collision energy l > ~E (both reaction channels are 
open) , the functions u and vare 

1 1 17J.)' , --==:- sín (k 1RuI"" --== j J (k 1. R) 2R ...00v'k1 Vk 1 
(1 1) 

1 -=. coa (k 1R _..!!!)vI:: - - o lk 1· R) 
1-&"'00 Vk 2 ' Vk 1 

where jJ and oJ are the Riccati-Bessel spherical functions. 
In this case the cross sections are given by/l0/q. 

4" 8 D2 (J 2 
(J lj = _ I (2J + 1) ij J + t ij ) 

k 12. J (D J - 1) 2 + (t J + t J ) 2
11 22 

~ 
4~ 

. J J J. 2 
DJ :õõ: t 11 t 22 - (t 12) • ( 12 ) 

When the collision energy « ~E (the channel b is closed; 
k 1 = k > O, .k~ =- "e.< O), the functions u and Vare 

1 1 u 1 =_ j J (kR) • v1 = - -== nJ (kR) •
 
v'k v'k
 

J+1 1 1 KR (13)u IC (-1) -=:-[ j J (iKR) - inJ (I x R)] -- --=e ,2 v' 2K R"'oo v' 2tc 

J+ 1 1 1 -KR 
,V =1 . -==-[j J(iKR) + in i1KR)] -+ • :-.- e 

2 v' 2 K R ... 00 v' 2K 

I
and in this case the elastic scattering cross section equals 

(t i1) 2 
U :: ~ I (2J + 1) (I 4) 

11 k2 J 1 + (t J ) 2 
~ 11 

In processes (3) the totál spin S of the three-body system 
ig c~nserved. Takin8 into account the statistical weights 

'i 
28 + 1r, 

(15)WFS =
 
(2F+ l)(2S b+ 1)
 

.'
I of the states with different values of S one obtains the
 
, formula for cross sections of reactions(3)
 
li
 

:I W 'O'S (I 6)
(7FF':1' S FS FF" 

~~ r':: 
Equations (8) have been numerically integrated in the 

intervalO :5 R ~ R O and the contribution f r om the interval 
R < R < 00 h as been estimated with an accuracy ... 1% using 
thOe- formulae /12-1&/ : 

for e > óE 

3M 2 k 1 2 ] 

U
(R)t 11 = t 11 O + [ 1 + t 11 (R 0)][ 1 + - t 12(R o) , 

4k R 3 k 2
1 O 

l 
\ 

~ 
5 



3M
 
t 12 = t 12 (R O) t 1 + [k 2 t 11 (R O) + k 1t 22 (R 0)]1 ,
 

4klk2R~ (17) 

3M 2 k 2 2 
t = t (R O) + [l + t (R )][ 1 + -t 12 (R O) ] ' 2 2 2 2 4k R S 22 O k 1 

2 O 

for f < ÔE 

3M '2
tu = tu (R o) + --r 1 + t (R ) ],

11l a4kR3
O 

The point Ro has been chosen to fulfil the condition: kíRo>l. 

3. DESCRIPTION OF TABLES AND FIGURES 

The table contain elements t {(f) or the reaction ma t r í x 
T obtained as the solutions of.t8). The following notation 
is adopted: 

P,D,T - the hadrogen isotope nuclei p, d, t ,respec
tively, 

M the muon, 
J the angular momentum of a three-body system, 
E (E v.) - the collision energy ( in electronovolts, 

for f < ~E,E is related to the lower energy 
Leve l., and for (> ôE - to the upper one, 

T(J) - the matrix elements t;l which determine 
cross sections (14), 

. 1 J J J d .TU, T12, T22 - the matr~x e ements tia' eterm~n-t 1 1 , t 22 
ing cross sections (12). 

Scattering processes (1-3) are indicated in the tables 
in the following way: 

aM + b -+ aM + b -	 elastic scattering processes 
(l) when collision energy f <ôE, 

bM + a, aM + b - the elastic scattering process
e s aM + b ... aM + b , and bM + a -+ 

9 -+ bM + a (e > õE) and the iso
topic exchange reactions bM;ta-+ 
-+ aM + b, 

aM(F	 = F1 ) + a -+ aM(F =F 1 ) + a - the elastic scattering of af.L
atoms in the hyperfine state FI 

1
6° 

when spin-flip is forbidden, 
aM(F = F2 ) +a, aM(F =F1 ) + a - the elastic scattering proces

ses aM(F= F 1 2) +a ... aM(F=F1 W+ 
+ a ,(f> õE hts) cind the sp i n--f Li p 
reactions aM(F =F 2) + a-+aM(F-F1) +3.. 

Figures 2-21 show the dependence of the partial cross sec
tions for scattering processés (1-3) ou the collision energy 
E (eV). Let us note that the cross sections 0'1~ of proces se s 
(3) are calculated using eq. (16). 

4. CONCLUSIONS 

Comparison of the values of phases and cross sections 
presented in this paler with,available results oÍ the multi 
channel approach / 5•7 haveshown that for the most of pro
cesses (1-3) they differ.by less than ]0%. The exception is 
the elastic scattering of pf.L-atoms on p-nuclei in the lower 
hf state 16.9/, where the accuracy is significantly worse. 

The presented set of phases and cross sections provides 
valuable information for th~ analysis of f.LCF in any mixtu
res of hydrogen isotopes. Nevertheless, the rigorous analysis

,\	 

of experimental data in f.LCF wil1 be possible when the calcu\: 
I.:	 lations of cross s~ctions in the multichannel approach / 61 are 

completed. Note that one should also take into account the 
electron screening / 171 and the molecular structure / 181 correc
tions. 

The authors are indebted to Prof. L.I.Ponomarev and 
Dr. L.N.Somov for the stimulating discussions which have led 
to this investigation. They are also grateful to Drs . 
V.S.Melezhik and L.I.Menshikov for useful conversations. 
One of them (M.B.) thanks Prof.V.P.Dzhelepov for hospitality 
during his stay at JINR on leave from AGH, Cracow, Poland. 
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D, = 2TABlE 15a. [IM + T TM + J 

E,<EV) Tll T12 T22!
-----------------------------------------! 

0.100 0.512E+00 0.107E-02 0.655E-03 ! 
0.200 0.514E+00 0.254E-02 0.132E-02 ! 
0.300 0.516E+00 0.422E-02 0.198E-02 !' 
0.400 0.518E+00 0.605E-02 0.265E-02 ! 
0.500 0.520E+00 0.799E-0~ 0.332E-02 ! 
0.600 0.522E+00 0.100E-Ol 0.400E-02! 
0.700 0.524E+00 0.122E-Ol 0.468E-02 
0.800 0.526E+OO 0.144E-Ol 0.537E-02 
0.900 0.529E+00 0.166E-Ol 0.605E-02 
1.000 0.531E+00 0.189E-Ol 0.675[-02 
1.100 0.533E+00 0.213E-Ol 0.744E-02 
1.200 0.535E+00 0.238E-Ol 0.815E-02 
1.300 0.537E+00 0.262E-Ol 0.885E-02 
1.400 0.540E+00 0.288E-Ol 0.956E-02 
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6y6aK M., ~aH$MaH M.n. E4-87-464 
Ce4eHHA Me3oaTOMH~x npo4eccoe 
a AByxypoeHeBOM npH6nH~eHHH aAHa6aTH4ecKoro MeTOAa 

B WHPOKOM HHTepeane 3HeprHH CTOnKHOBeHHH 0,001 ~ f ~SO 38 B~4HCneH~ 
Ce4eHHA npo4eccoe ynpyroro pacceAHHA H nepe3apAAKH Me30aTOMOB BOAOPOAa 
a CMeCH H30Tonoe BOAOPOAa. Pac4eT~ npoeeAeH~ a AByxypoaHeBoM npH6nH~eHHH 
aAHa6aTH4eCKOrO MeTOAa AnA 3aAa4H Tpex Ten C KynOHOBCKHM B3aHMOAeHCTBHeM. 
npeACTaaneHH~e Ta6nH4~ H rpa$HKH B~4HCneHH~X $a3 H Ce4eHHH pacceAHHA Heo6-
XOAHM~ AnA HCcneAOBaHHA KHHeTHKH np04eCCOB KaTanH3a. 

Pa6oTa B~nonHeHa B na6opaTOPHH AAepH~X npo6neM OHRH. 

Coo6W.eHHe 061te,nHHeHHoro HHCTHTyTa R.D.epHblX HCCJleJloBaHHH. Dy6Ha 1987 

Bubak M., Faifman M.P. 
Cross Sections for Hydrogen Muonic Atomic Processes 
In Two-Level Approximation of the Adiabatic Framework 

E4-87-464 

The phase-shifts and cross sections have been calculated In a broad 
coli Is ion energy range (0,001 ~ • ~SO eV) for the elastic scattering, 
Isotopic e~change and spln•fl lp hydrogen muonic atomic processes, The so
called "simple approach" to the three-body problem with the Coulomb Inte
raction In the adiabatic two-level approximation has been appl led. The com
parison of the obtained values with avlalab1e results of the multichannel 
approximation shows that the accuracy of our calculations Is about 10%. 
The presented set of the phases and cross sections together with correc
tions for the electron screening and molecular structure enables one to 
Investigate kinetics of the muon•catalyzed fusion In any mixtures of hydro
gen Isotopes. 

The Investigation has been performed at the Laboratory of Nuclear 
Problems, J INR. 

Communication of the Joint ln.stitute for Nuclear Reoearch. Dubna 1987 


