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1. Introduction 

A number Df recent papers have been devot;d to studies of the 
dynamics Df a three-level "atem" interacting with two modes Df clas­
sical [1-4] or quantized [5-1~ electromagnetic field. In papers 
[5,6], exact Schrodinger wave functions have been obtained for some 
special initial states. Li and Bei [7] have derived, in the inter­
action picture, the explicit expression Df the e~olution operator. 
The exact operator solutions for the leveI populations and photon 
numbers have been found as well for both lambda [81 and ladder (9) 
leveI structure. Moreover, the strict operator solutions for lambda 
configuration cf the leveIs in the case when the tW9 lower leveIs 
are coupl~d to the upper one by multiphoton transitions have been 
obtained [10]. 

In the present paper we study the dynamics of a four-level atom 
coupled in a lossless cavity to a three-mode resonant quantized field. 
The structure of the leveIs is given in Fig.l. The assumed model con­
tains, in fact, three three -leveI subsystems with a common fourth 
.level; one can distinguish here two subsystems in the ladder confi­
guration /levels 1-4-) and 2-~-J/ and one subsystem in the lambda 
configuration /1-4-2/. 

Some aspects Df the dynamics Df a four-level atam in other leveI 
configurations interacting with a classieal field have been studied 

in Refs. [11-141 • 
In this paper we show that t~e operator equations Df motion for 

the model assumed ean be solved explicitly. Applying our so~utions, 

we further examine the dynamical behaviour of the populations Df le­

veIs 1 and 2 and compare the results with those for the three-Ievel 

atom in·the ladder (1-4-) and lambda (1-4-2) configurations,respec­
tively,assuming in both cases -the mode 2 as initially unexcited.In 
other words we study,in the first case,the influence of the depopula­
tion rate enhanced by the possibility of"spontaneous"transitions of 
the atom to the additional adjoined leveI 2 on the dynam1cs of the fun­
damental leveI 1. In the second case we compare the dynamieal proper­

ties Df the leveI 2 "spontaneously" papulated in th~ presence ar 
absence Df p~rnping Df the atom to the upper leveI ). 
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2. The Hamil t cn í.an of t hc nys t cro 

'1'11e Hamá I t on i a: for t he model under oons í dera t on in the di-í 

pole and rotatirg wave approximation t s giv!w by
 
" ,. ,. "
 

'" H -+ H .. H I ·H ,. F /1/ 

where 

li
" 1íwoi Rij.H,. " L /2/

;'''1 

is the free atomic part, 

3 .. .. 

H
F 

= L hQ.,(. (a;a«,-t- 1) /3/
"'." ,represente the free field Hamiltonian, and 

lo. f\ "of'" "",.. ,.
HI~ 1i,~'1(a..,R41 + Cl.1 1<1") + /i,9!.{aJ,RltJ, '" a;R.I.") + 

,. .. 
( l2.3 R3" + ~; /(113)+ li, 3 /t./ 

( ot,=A,2.,3)is the dipole interaction part; the ~ot 
are atom-mode coupling constants. , The photon annihilation â and creation ~+ operators for 

the modes ~ and ~ satisfy the commutation rule 

[ a~ ) ;;] :: cf 
oL~ /5/, ~ 

describing tran­while the atomic operators Rij /i-><il 
j to leveI i , obey the rela­sition of the atom from tt3 level 

tions 

2 

R'i 12k.~ = RI. L J'ik 
/6/ 

[ Ri,}. )RIeL ] '=" RiL ~k - R~i cJ:L 

In turn, the operator represents the ropulation Df theRi i 
leveI i with e~ergy t~oL ; the following conservation law i8 
fulfilled: 

li 
'" l2u ::L 1. /7/ 

L-=1 

3. Solution of the problem 

With respect to the commutation rules /5/ and /6/, the Heisen­
berg equations Df motion for the leveI population and photon numbcr 

" .." 
( 1)'1."" = a; a.t) operators have the form: 

· 
R"1 =: L'" (~" ~ 1,1 - ~: R"y) , 
· "", '" R.t t :: i.~.t (Q...l, R~J.. - a; R.l,1i) 

"· /I /I A" 

R. 33 :: -i r» (a 3 R34 - a; Rt,3).J /8/.. .. 
;1 ~ QH , ~.t.:= R,a~ , ~3 = - ~a /9/ 

The rela~ions /9/ give the following constant excitation number 
operators .,...y 

~ 

,. ..
" :::#., ?Li - R-.,.. 

.. .. 
- /10/= "n"t.H.r, " 

R~1. 

" .. ... 
:: -n 3 

.. R3 3 ~ 
By the second differentiation Df eqs. /8/, one finds 

.. .. 3 .1\ 

R«.-<. :: 2 a; ( Rlt lt - R.u..) 
/\ .. t 

- :J~ L ~(1) ~f-' , 
~~o(, 

(d..= 1/,.1,,3) 

~ /11/ 
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They describe two-photon transitions between the leveIs ~ and 

~ by the commOTI fourth leveI. 
The 1l~ are ,the operators Df the one-photon Rabi frequency, 

and 

" " .t. 
ll., = ~~ (JV:. + 1) 

A 
... .t. 

jl.z, ; ~ ~ (NL ~ ~) 

11 to /I, • " 
=na ~~ '#3 . /13/ 

Differentiation Df the operators /12/ leads to the following
 

three integraIs Df motion:
 

11 11 A 11 A, '/\
"..t f) 

C.,t.~ ~ - fJ~JJ~ ~~ '+ a, f(;~1" -r .I2~ ~~.t 

(o/.~;S rs 111,3 ) 

/14/.. " 
where, obviously, C",I"::: C;1~ • One can easily check that 

" .f.
these operators commute with the operators .!l '"
 

With respect to eqs. /1 A/ and the conservation law /7/, we
 
finally get the following closed set Df differential equations for
 the 

leveI population operators 

li :3 '" 3 11 "',3 
';... A J, " " .3.!2: L R~~ + L. c~ + .zIl_ ,( º.4"" ::: - (311. + 12."') Rot.t. 

~'(>tJ<- t'rJ:J. 
(ois ;f,t, 3) /15/ 

V/here
 
:3 li J,


-.0..$ ..Q(h 
A

= L.. 
tJ"'4 /16/ 

4­

-~~-~.~ - ~ ­

is the operator Df the effective three-photon Rabi frequency. 
The solution of the above equations can be found usir.g the 

Laplace transform technique. To solve the problem one should note
" ~ . ... ~ 

the commutatility Df the operators Jl~ and 12 with the 

operator R~ 

After some lengthy algebra V/e finally find 
.. 

" " . I. nt ...." "l." A
Il oi. (t) = -.zot SL'I't. -' -+ /), St.'n Il t +.Jl.(, P (~) -f I!.. O

,(, 2, I"~ cU. " at 

(~ .. 1,1., S) 

/17/ 
and, owing to the conservation law /7/, 

" ... .t. .. " o 
R144 (t) = -.íl P (t) + R 41, 

/18/ 

where the superscript ~) denotes the operators at t=O. 

The operator P(t) is: 

.. 
" ".t .. + .z.IltP(t): -J,g(, ..,in 12t ;; si-n 

/19/ 

Formally, the solutions /17-18/ res"emble those for the three­
-leveI two-mode system [8,9] r due to the confiRuration Df leveIs 
assuoed, the four-level atom preserves the two Rabi frequency bran­
ches.n. and 2, .â of the three-level atol. [7-10] .. However, the 
amplitude operators are different and their forro ia as follows 

'\ .3 ".t. "o .. I. .. o 3 ~ "O ~ "A, 
of,,::: (f; .n.~ R~~ - .n. _R111, + L L fJ{)~t Tr.;l ~.12 , 

()~.. r>f.> 
a ~ ...r : L. RO /~.o.3 

~.1 ~~ 
,A J ... 

1\ ".t ! ".t. .. .z ~ TO 
cLttt., :: [;,.n.~ L »; ( Ro - R,o ) + fL,(.12 L- '113 "A 

ot..L ~'" q !"~,,(. I 
~21/ 

... 3 3 At' ... " -s; L L. Cffl fJ'r '-~r ] / Il. , 
1':1 t~(J> 

3 A'· o •" _L ( .t "" _ ~ o ...A.( '3l f'" - ()::; ~ Ill' R,ol-ot. 12.t R.1'f1" ) / I2. /20/;~ 
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Moreover, with respect to the relations /10/, we get: 

A A " "" .. ..l. " 
A _.z..t si""t. .!2.t + fJ. Si41 ni: oi- -O. '" 'P (i) + tH.:

11-~ (I:) ol ,2,
 
Cc(. = /I, L I &)
 

/21/ 

)4. Discussion 

To start with, we shall compare the dynamical behaviour of the 
fundamertal leveI 1 Df the atom under consideration and of that Df 
the three-level atom in the ladder configuration /levels 1-4-3/. 1et 
us assume that at t=o the four- and three-level atom is in its lower 
àtate 11> ,L e., that the expeotation value R: f =(4/ R:' /1> =1, 
and that the f1eld mode 2 starts from vacuum whilst the field modes 

Bnd 3 are initially coherent with the ~ean photon numbers 
... -- ,, ­

<mo';) • '1'l.: and < ~~>. ~; , respectively. 
Und.er these condi tions for the expectation values R11(t) in the 

case of g1=g2=g3=g we find from /17/ and /20/ 

R."" (/;) ::: ,., f:~ { "/]J.:("Z~.,,() Sin.!(VIh.:-tf1Z'3+X ;til) 
(""~+"t~.,.J(),f.'It.:-O hl;=O 

/22/'nO li 
+ ., sC:-n.f, ( 'tn~ +, M~""k' t}t)j P (17.:) P(n:) ,

(?t.~ -t hlS + k).t 

where the statiatical weights 'P ( '11! ) i-l,3, are obvioualy
 
given by the Poissonian distributiona:
 

~'t 17l~ _ 11.~ 

"I 

P(I)t~) = .. e " 
( '11.0,.J 

/23/
 

\In eq./22/ w~ have introduced the parameter x in order to
 
present in a eingle expreesion the formulas valid for botb the four­
 l . 
and three-level atom. Namely, in the first oaee one should put
 
x=1 while in the latter case x-O /then g2=0/.
 l[tU

For great photon numbera I)t D and ""Z.~ :»·1 the, - '" I Jsummations over tn. ~ and ~~ oan be performed analytically 

6 

by using the aaddle - point method as hus been done for the Jaynes­
-Cumrni.nga model [15]. Here, we are interested in the influence of the 
enhanced depopulation rate related to the exiatence of "apontaneous" 
transitions of the atom from the ievel 4 to the leveI 2 on the time­
evolution of the fundamental leveI population. This influence will be 
ap~reciable at relatively amall photon numb~rs ~~ and ~~ 

Then,however, we cannot use the saddle - point method and we bave to 
perform numericnl computations. The resulta of our numerical aolutions 
are preaented in Figs. 2 and 3. 

Fig.2. ehows the short-time evolution of the fundamenta~ leveI 
population. It is readily aeen that the initial oscillation period 
is shorter for the four~level atom. This'is so because the Rabi fre-. 
quencies in the sinueoidal factora in the sums /22/ are greater in 
this case owing to ~he "extra" 1 I'elated to the "apontaneous" tran­
sitiona of the atom to the leveI 2. The envelopes of theae oscillati ­
ons collapse to zero and the collapae time is greater for the four­
leveI atom. The above conclusiona are 'in qualitativ~ agreement with 
the reaults of Li and Zhu[16]. Strictly, they considered an N-lvvel 
/N-1/-mode system with common upper leveI and examined the effeot ,of 
"spontaneous" transitions 'to N-2 lower leveIs on the dynamical beha­
viour of the leveI populationa and photon numbers. 

With the mean photon numbers assumed, the maxima of the second re­
vivals /Figs.3/ a~e noticeably greater than those of the !irst revi­
vaIs. In the case of a two-level atom one has a sequence of revivals 
with monotonous decrease of their maxi6a~5]. Already in the oase of 
the three-level atom one deals with different kinds of revivals re­
lated to the two brancbea of the Rabi frequencies in tbe sums /22/. 
The ,maximum of the eubsequent low-frequency branch revival is grea­
ter than that of the preceding high-frequency branch revival[9]. The 
greater maxima of the seoond revivala and the longer revival times 
/Figs.3/ Buggest that theY,are related to the low-frequenoy osoilla­
.t ona j albeit, their "irregularities""shoW' that they are in factí 

compositions of the first reT1Yal of the low-trequenc70ecillations 
and the next succesaive revlvals of the bigh-frequenoy osoillations. 
The maxima of the seoond reyivale are practically oomparable tor both 
atorna, contrary to the maxima of the first revivals. We oonolude direc­
tly, that for the fundamental leveI population, the role of the high­
-frequency branch of oscillationa /st amall photon numbers and upward 
of very ehort times/ is diminiahed in the case of the four-level atom' 
by comparison with the three-level atQm /see alao eq. /22//. This 
conclusion coincides with that arising trom the results for tbe 
model Df Li snd Zhu~6); namely, the amplitudes of the high-frequency 

7 
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branch of oscillations of the fundamental leveI population decrease 

as the number of leveIs increases.
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Short-time evol~tion of the fundamental leveI population
Figure 2.
 
R for t he four-Ievel atom (solid Une, ~i~ lJ ..... ~:.,.9-'
 

11(t)

I\'l.~ .. 5") 1'1.~ ... O 1')'\..0 ~ "') and the three-IevelI 

3 

atom in the ladder c·onfiguration (broken line, ~f'" fJ~ =I, 

~.t.. =O J ~~ ... 5 -na = 1 ).J 
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1et us now diacuss the dynamical behaviour of the leveI 2 and 
compare the resulte with those for the three-Ievel atom in the lamb­
da configuration /levels 1-4-2/. I~ both cases we assume that the 
leveI 2 is populated by "spontaneous" transitions. Here, for the 
three-level atom we have to consider one pumpjng field only, i.e. 
the field mode 1. For the four-Ievel atom we must as previously take 
into account two pumping modes 1 and 3. Under the same cond1t1ons 
as assumed in the relation /22/ we find for the four-level atom 

o-
11f.~

l?.u. (é) = L L (4t~ ""~ ..4)~ f4 .i..'rt...~ .. "'~ +1 '9t /3)­
'1l.~ ..o 1tZ.;..o 

/24/ 

6 i.n 2, ( Vrn. 0<1 -t m 0
3 

-1-1' ~t )} l' ( IhP..) 1>C~ ~) ::: 

~ e-e 4 
Si-n/f (~~ ~m~ +1-' 91:/2) P{n:) P(n~),=L	 L (~o~::. A\g 

1t~ .. O tn:;, O 34 

and for	 the three~level atom 
00 

J.,1'l.(J
~	 sl'fl. 4 (V tn~-t1; gt /J.) P('n.:) )

R.u (i) = 2:.	 /25/
'n~~ ,Ot1t: .. O ( 

where the statistical weights for coherent pumping modes are given 

by /23/. Moreover, for both atOmB R22( t ) = n2( t ) . 
It is obviou$ from eqs./24/ and /25/ that ~ow the amplitudes 

of the high-	 and low-frequency branch of oscillations are reduced in 
the same degree for the four-Ievel atom and hence, contrary to the 
formerly discussed case, the maxima of the first and the second 
revivals are	 leS8 for this atom. fhe results of our numerical compu­

tations	 are plotted in Figs.4. 
The maxima of the second revivals in the cases consideree 

in Figs. 4 are remarkably larger than thoae of the first revivaIs. 
This feature. as evident from eq./24/. is related wi~h the factor 
4 in the term representing the low-frequency branch of t he Rabi 08­

cillations /the fectars containing photon numbers are the same for 

both branches/ • 

~Figure 3.	 The time-dependence of the fundamental leveI population: 
ai the four-Ievel atom. b/ the three-Ievel atom.Conditions 

are the same as in tbe case of Figure 2. 
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Figure 4. The time-dependence Df the leveI 2 population: 

a/ the four-level atom(~f'9-.t~~3"~I'l'1~""OJ'l'1.~=O, ?1~=.z)J 
b/ the three-level atom in the lambda configuratjon" 

( lJ 1 • 't.l = ~, ~ ~ = O , m.~ :- .-fO) hL~ =O) • 
,u 

To co~'clude briefly, we have solved the operator equations for 
the four-level atom explicitly for the case Df three one-photon 
resonances. The quantum electrDàynamical expression Df the three­
-pboton Rabi frequency has been found as well. We have shown that 

quan;um collapse and revival are possible in the loss-free four-le­
vel three-mode system and, as in the case Df the three-level atom, 
we deal with different kinds Df revivals due to the existence Df two 
branches Df the Rabi frequency Df oscillations. As for the fundamental 

lev~l population, we note, at small pumping photon numb~rs, the dimi­
nished role Df only the high-frequency branch Df oscillations in com­

parison with the three-level atom in thc ladder configuration as 
reflected in the less maximum Df the first revival. 
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KoseposcKHA M., WYMOBCKHA A.C. 
~HaMHKa qeTYPexypoBHeBoA TpeXMOAOBOA 
CHC~eMN. OnepaTopHYe pemeHHR 

E4-86-852 

B AHDOnbHOM npH0nH•eHHH H B DpHOnn•eHHH Bp~~eACR BonHW 
naAAenw onepaTopnwe pemeHHR AnR nacenennocTH yposneA H qncen 
sanonneHHR. llpeACTaBneHW pesyn&TaTW qncneHHWX pacqeToB AnR 
BpeMeHHoA SBon~HH HaceneHHOCTeA ypoBHeA B cnyqae HaqanbHOA 
KOrepenTHOA MO~ 1 H 3 /naqan&HaR MOAa 2 B BaKyyMe/ H npoBe­
AeHo cpasnenne c pesyn&TaTaMH AnR Tpexyposnesoro aToMa Kac­
KaAHoA H naM6Aa-Konwnryp~nn. 

PaOoTa B~onnena D na6opaTopHH TeopeTHqecKOA WHSHKH OHHH. 
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Kozierowski M., Shumovsky A.S. 
The Dynamics of a Four-Level Three-Mode 
'System. Operator Solution 

E4-86-852 

In the dipole and rotating wave approximation the opera­
tor solutions for the level populations and photon numbers 
are fouftd. The numerical results for the time-evolution of 
the level populations for the case of initially coherent 
pumping modes 1 and 3 /mode 2 initially in vacuum/ are repor 
ted and compared with those for a three-level atom in the 
ladder and lambda configurations. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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