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I. Introduction 

In the last f ew years the interest in t he s t a t s t c a I propertiesí í 

o f a photon in var ous non í íne a r o.pti cal prnc-es s e s has j nc r'e.a s e d , Theí 

an t ' buncb í ng , an t i.c or r-eLa t on , superbunching a nd '>Cluee.zi:Jg ha veí 

beer a subject of var ioua theoretical and e xp e r i mcn t aL works /2-20/. 
In the theoretical works by Cohen - 'I'annoud.i i anel Reynaud /3/, 
Apanasevich and Kilin /4/, ~nd the exper men~al w~rk by Aspect et alo 

/2/ the cross-correlation af spectrum compónents Df resbna~ce fluores

csnc e for the one-atom case has been hwesttgated. The r-ec er t publi

c a t íons deal with c o I Lec t v e effects in pho t on statistics in resonaní 

ce f Luo r-eac-enc e /8-10/ and doubie r'es onanc e /17/. 

In tbe present ~aper t~e correlatiors of p~otons in the c~llec

tive Raman scattering in an intense dri.ving f' e 1 r.! arers t ud í e d (Fig.1). 

The antjbunching of spectrum cornponents, correlation anel anticorrela

ti on between spectrum c ornponents of the ·~t:>ke Li n o -and between the 

Stoke and Rayleigh lines are investifated. 

11. Master equation 

We consider a srnall system ,the Dic~e vodel, 1954) Df N t~ree

-levei atorns interacting with a monochrqmatic driving field of a 

frequency ú.> anel with a field of r a d i a t : on (Fir:.l). Let us label 

t he grourel state by I~> ,the real exc i t e d state by \3 ~ 

and the resonant intermediate state by 1 2 > with e ne r z.i ee VJ., 
fW 3 and w~ respectively (the ay s t ern of il =.J ). -'l'he real 

e xc i t ed state I J'> may be a low-lyinp. v í r.r-a t ona L or rotationalí 

excitation fr:>m the ~round state. To ieep the discussion general, 

we will no t a pe c i f y these states bes i'd es say í nr; that the intermediate 

state 12 '> can be connected via the e Lec t r oma vne t c nt e r-ac t oní í í 

Hami lt or i a r1 wi t h b o t h t he s ta te s J 3 > a n d J" '.> ( in t h e d i p o1e 

approximat on), but the states J 3> a nd 11> a r e no t connected 

by the dipole Hamiltonian because Df par:t~ consideration. The tran

si t ~ on J 3 > ~ J., > is c a us e d by a n 8 t :>P.; i c r<~servoir anel assurned 

to be nunradiattve /22/. 
In t r-ea t na t h e external field c La s s i c a I Ly a nd using the Borní 

a r d ;,Tarkov a ppr ox ma t on wi t h respect to th"! coupling o f the systemí í 
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with the vacuum field and atomic reservoir, one can obtain a mas~er 

equation for the reduced density matrix ~ for the system alone 

in the form /1,h/ 

af = - " [Hec>h	 ) f J
'Ot 

[ J..t-t ~A.:f- Jf.t 1{1 + u -, c.J~-1 
.,. (1)

~..t~ CJ..t:5 Ja~ f - J5 .z f J:e.3 + li. c. ] 

)/3., [ ~,,~, f - ~3 :f '~1 -t 11· c. J == lf 

where ~~.( and ~ ~.l.3 are the radiative spontaneous tran
sition probabilities per unit time for a single atom to change from 

the leveI l.t> to I" > and from 12 '> to I 3:> , respectively; 

J~~1 is toe nonradiative rate for atomic transition from I ~ > 
to 11 > 

The coherence part of Hamil tonian JI. eoh in the interaction 

picture ha~ the form 

ÓHcoh -= -:2 (~:t - JH ) + ~ (~-f J.,~ ) - .a. ~ J':!J ~ • 

WA./	 •. ~ o ~ 
_ (where W ..	 = CAJ· - W· . L... ) = 'T~ "".J:;J ).Here -CL~:: c.J.t 3	 .t, fJ'" J J , 

is the frequency detuning of resonaree;õ:: GJ.z., - E:2 ~ 
is thematrix element of the driving f~eld andGt z:: - d,z1"Eo 

atomic interaction, and 

N 
'J.. ':: L li> <iJ	 ( L~ j = 't ~J s ) 

l.J k=-t f< #C. 

are the collective angular momenta of the atoms. They satisfy the com

mutation relation 

[ J.... :J.,.,,] = .r.. ,,~ .. , - J.,. á .. ;,.
"J ... l, J LJ J l. c J tJ 

As in refs. /23,5/ we introduce the Schwinger representation for an

gular momentum 

.. ( c, J -::: -I" .e~.3 ),.r ~. i = C'c. C'J 

2 

where Ci ob€y the boson commuta~ion relation 

[ C{" c,T J, = O' ... 
"J 

Further~ we investigatB only the case Df an iniense externaI 
f i.e Ld or' much detuning <f , so that 

2..' -t '/.e, , . ))
JL = ( i Ó + q) »11 ~4 / N ~" ,/ ~ s l' 

~ 
'(2 ) 

After pBrforming the caronieal transformation 

C ': 6)., e.c.sC;	 + (iJ!l ;S t'?e ~ 
'I
 

_ G S L'n r; ~.s~

C.,t. -.	 + -,GA,

"	 O) 

Q~.C~ = 
.J. _.2 q-

where ~~ .t. ~ - r one c an fir.d that the Liouvill.e -o pe r-a't or t 

L a ppea r í.nrt in eq .. (1) splits .í nt o two c omponmt s Lo urid L" 
The c omponen t t-o is sl.owly varyinp i r time whereas !.1 contains 

rap:idly ascillaÚng terms B,t frequencies.2fL and J; Jl • For 

the case when relation (2) is fulfilled we make the secular appraxi

mat í'on., i. é'. ~ rétain only a sIow1y v a r-y i ng part /5,8/. Corr..ection 

of the results nbtained in thiB fashion will be af an order of 

(~.t~ N /.fL )!t; ',"	 (~~ AI 1;.f1. ) ~ . o r r. -v,., N I.n...) !l . 
~aki~F the secular approximation, anc Can fina tbe stBtionary 

solution of the mast€r equation 

, N -p. I< ·w", 
== A- ~ L X - I: z: I R" N., >.( N1 J R J , (4 )f=- UfU.J 

(l.:o ~=tl 

where u is the unitary nperator representinF the canonical trans
formation (3) 

'YJ" ~ ~i,x= 
'l!t~ 

:~ 



ci'à-'t~z = 
X "". -1(X z) Nt" 

- -I 4 
A :: .z,	 - - 

J{ --IZP" 1 't 1. --1 Z-4 

IR) Nf >is a n eigensta te of the operat or R:: RU-" ~..t.J J?1'1 
and the operator of a number o~ atoms 

N:: R1'("*' R..t-t -f R~ ~ ::: J.,1 -t .T"f.:l -t J g 3 . 

oi ( i, i = s. e, ~ )Here R"j :: Qi ~i 

The operators G i satisfy the boson eommutation relation 

J' ..[ «: QJ'] ( J =	 (5 ) 

so that 

[ RI" R,./ . / J = R,'. / O,,,. - R t' /. Ó,' " / (6 )J 
J • J "J (, J J '" J • 

As in r e f ./24/" for simpliei ty we introduee the eharaeteristie 

func1;ion 

<.e ~.~ R11 '1 i J R = ~R ' t t.s ) '::	 ~ 
11) R	 1/'1" JI~.f 

(Y., Y.t,) -1 ,( Yt --t 
= A-i [~"	 - - j

Y.t - -f '1,,"11.- -4 Y.t -1	 
(7 ) 

/j
 
where 1.t = X .e
 

/~
Z . .e .Y;.t -:: 

(8 ) 
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Here < e '~ denotes the expectation value of an operator 
& in the steady-state (4). 

Once thB chpraeteri~tic funetion is known~ it is easy to caleu
late the statiéticaf moments 

'?n ê\ 'l'l. 
'11l "t a O' ""\1 (~f )<R R >=' -'- . -	 ....{ ~J 

i( Ô{t·~)m ar".J)'" R"1) R	 L·, t: o 
'J =o 

(9 ) 

111. Inteneity correlation of spectrum componer-ts Gf scattered li €ht 

In this section we study the influence of collective effects 
on the intensity eorrelation .of the components of the steady-state 

speetrum of the Stoke line. One ean find from caDonieal translorma
tion (}) that 

s in (j R1~ .,. c-os' ~ R.!õ3j.t~ = 

(10) 
:r~:t -:: - .5t: '11 q R~ 1 -t cos ~ R 5 !l . 

It is easy to see that the operators R1~ (t ) and R-2~ (t) 

ean be considered as the sources of spectrum components of the Stoke 

line at frequeneies W.t ~ - f - .n, and c..J~ ~ -·f.,..tt ,res
peetively. For simplicity, we call them 5_.S1. and S~J1. and 

the steady-state normalized intensity correlation functions of spect
(.t) Q (2) 

rum c omponent s ~_.n. and (f+-n.' • By using the statio
nary s oLut í.cn (4) arid commutation r-e'Lat i ons (5-G), one ca n f'Lnd corre
lation functions a (~} in the form 

tI:t .n, 
2 

~~~ = < R1~ R.,~ R54 R51 ~ / <R1, R~1 ~ 
(11 ) 

.e 
lJ (.t1::- <~.2 ~ RA, 5 e, .e R5 Jl ~ I < R.t.5- R,.tl ~ , 

.. .Il..	 (12 ) 

whe're <R R R R ~ = (N 2.+ 5 1/ +.l- ) ( <Rf : ~ - <R.,.,. ~ ) 
l' 1$ 51 SJ" 

..t. .t .$ 
( ~ " ..J. '2:) « R..t R:>' - <f( f< ~)+ < fl.11 R ~ ..: < R1'1 f( ~ 

-, 7 "'" 11:.s	 ( .,3 ) 
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<R.l~R..t.R~.R.I/J~	 :: (NL+3N"'.2)«RA.~S --<R>'--2<R R> characterized by the Steady-state cross-çorrel~t~on function . 
:/ ~;;>'\. S	 ~ -11 5 

By using solution {4) and commutation relation (5-6), one can find 

-+<RH~ <R1~ ~)- (~N-t3) «R:3~ - <R.~-1 
c(,2,)

-t	 

= < R.2,·' R1~ R~1 R~:{ ~ /< R.t., R:;~~'<~-'~1~.t-)"1..'	 -t.Jl." - J\.. 
.2 < f?1f R ~ + :,. <R"" R ~ , ~ < R ~-<R14 R ~	 C(.t ) = c (:lo' ,

l~ t	 :;' 
-st.......n: 5
 , .t.	 < R.f. ..t 11'1 

_ .t « R-uR ~ t <R11 R ~ + 11 R ~ ., ' I«R~~ s ( 14 )	 J .(17 ) 

where 

<R1~ R..t:3 Ra tl R8 1 ~ <: R.t 3 R-1~ R8 4 RS.t	 ~ = 
(15 )< Rf~ R~-4 ~ = (NT~) < Ru':j - < J?"" R ~ _ < R~ ~ )"= (N ~-f s N .,..t) « R11 R1 

3 
~«R.,t ~ R~.t ~ z: ('N.,.4) «R~ -.( RU ~ ) - <R.t~ +<~1 R~ • ( .2N., -3 ) ( <R1f R.t~ - <R~ R~ ) + <R11 R 

.t ~ 
R ~ •( 16 ) <R1f	 (18 )

9ft 1\ 
Herethevalues <RH R ~ canbefoundineq.(9). 

The behaviour of the f'unc t on ~ ~.t~ aga í ns t the parameter	 Here the values <R.z~ R~.t);. and <R15 R~., ~ in equationí 

Ct~.t.(j when. ~"., /~5 = -f -and against the parameter	 (17) can be found in ~qs. (15-16); and the statistLcal moments 

V~1 /?f.t.!J when c'JifJ..t.§ = ., are plotted in fig.2. and figo < R1~1. R tn ~ i n e q • (9) • 

J, respec~ively. For the one atom case all two spectrum components We speak about anticorrelation (croRs-antibunching /15/) or 
of the St oke line have su bpo issonian s ta tistics (a (.t..) =o) correlation (cross-bunching) between spectrum 'c omporierrt e S+.n.. 

.t. t:I,t.n.. 
for a11 values of parameters C %''3 ~ and V~-f/ '(r".t~ • The when the cross-correlati:m function C~) is less o; more 

.	 <.~) 
c~ll~ctive effects reduce the antibunchin~ of spectrum components. t ha n uni t y , The ~epÇ!ndence Df the functi on C.s on the pa-
For the atom case the spectrum components hnve subpoissonian statis- rameter C itjJ t; i a shown in fig.4. for the case of "VJ1!t.re5,:;f 
t i c s onLy for a suitable ref':ion of parameters c;t'1-~'~ or (dae hed curves) and ~., / ~~ = 0.4 (solid cur

))3-1 / i(..l~ • It is interesting to note that two spectrum compo- ves ). 

ner.ts of Stokes li.n·p' have the same photon statistic only in the case For the one-atom case the cross-antibunching between spectrum 
'. ( ct~) - O	 ) ~ of resonance C t'J "« = -I • Por some region of the parameter components comes into eXlstence 5 - for alI values Df 

C i'J.t t;. the one-speC t rum component has the superpoissonian the parameter C ifj.t. f . For the collecti v e case the cross-anti 

statistics, while the ~ther, has subpoissonian statistics. bunching betweer spectrum c~mponents ~f the St~ke line reduce and 

come into existence only for a s u í t a bI e r es í on of the parameter 

ctC}.t~ (see fig.4). Thus, in some region of the paramters 

C t'1.t. ti a nd Y~1/Kt.3 the a t oms have a terdency to emit a í.« 

IV.	 Cross-correlation betw~~n spectrum components of the Sfoke line ~ultaneously only the photon Df one spectrum co~ponent and in the 

other r eg ori er the parane t ers C i~ .t fi and" V51 / ~.3 theí}

More' interestirg is the qUf?stin of cross-correlation between	 spectrum components S;t ~ have a tendency to be emi tted in~ 

the'spectrum co~ponerts. The rragnitude of the qross correlation pairs. H~wever, it is interesting to note that tne cross-antibunching, 

between the spectrum c~mporert8 S+~ ard S_JL can be cJntrast with the a~tibunching eifect, is the macroscopic effect. The 
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Fig. 1. Three-revel system of atom interacW2 12> 
ting witn the monochromatic applied field. 
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gra12hed against the: parameter ,)311~t3 for 
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cross-antibunching between spectrum components of Stoke line. as is 
shawn in. fig.4, .is pne s errt ed for a large nurnber of a t oms, By using 
eqs •. (17-18), one can show that in the c ooperative lirnit W->...o 
the cross-antibunching between s pe c t r'a S:tJl.. comes into existence 

(.l ) .J. .2C.
S 

=0.8) only for the case of C "'J f=1and 1> /.r.: =: 1 . 
~1 :.13 

'i, 
: 

, , 
I v. Cross-carrelation between the Stoke and Rayleíght lines 

The cross-correlations betwBen the emission of photons from 
an excited ~hree-level atom with o~e transition more strong1y driven 
than the other studies have recently been studied in the paper /15/. 
In this section we discuss cross-corre1ation between the Stoke and 

<~~ ~" ~~ ~~ l' /<7.t!J~.fl ~.( ~f{~ i z: c(.t,J 
~s 

Rayleíght lines af the collective Rarnan scattering. 

For simplicity we consider only the case of resonance ci9t ={. 
By using the canonical transformation (3), stationary solution (4) 
and commutation relations (5-6), one can find the steady-state 
cross-correlat1on function between the Stoke and Rayleight line 

C (:l. ) in the form 
S/R 

(.2. ) 

C R = S.... 

--
- ~ 

_ 

t 
(N+~)<R 1If ~ 

_<R ~ .,. N<R~. ;+ 
\ ~ ! ,  . « Rt); + ~ < ~ ~ ) (( N.,.") <R~ 

tN"..f)<R1 

<R.e~) 

(19) 

on the 

111 
The statistical moments' <R > in relation (19) can by found in 

eq.(9). (.t) 

The dependence of the cross-corr.elation f'unc t í.on C 5.... R 
parameter YJ1 /~ ~ is pLot t ad in fig.5. For the one a t om case 

C ~~ ~ = O ; thus. the cross-antibunch í ng be twe eri the Stoke and 
Rayleight lines comes into existence for alI values of the parameter 

))~., / tI.t !J • For the collective case, one can see from fig.5 that 
the cross-bunching between the Stoke and Ray1eight linelJl appear i,n 
some regi on of the pa rame t er 'V!J4 I~.t 3 and cross-antibunching 
between them takes the place in the other region of the parameter~ 

; l 
In conclusion, we have to' show that the characteristics for the 

9 
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three spectrum components Df tqe Rayleigbt line can be Dqtaine9 
using an analogous approach as in sections 111 andIV. It is interes
t l ng to, not-e that the two e i.ô ebanda loc.ated a t frequencie,sCV .z..2./t.. 
o f the Rayleight line have a t~]"1dency to 'be emi tted in paira, ~~oss
bunc hí.ng ) f or- a l l nu,mbers,cf a t oms N and parameters ct~ t; 
and )}~., /tt3while the antieorrelation between the central ~peet

rum component Lo ca t ed 'at freq,uency W and s í.de banda comes 

into existenc e for the c ollecti ve case N~ ~ in a suíta bLe re
gion of the paramete:rs Ci'iJllq and Y!J1/)/.!l,3; t hua , the cross
antibunching between the central spectrum component and sidebands 
af the Rayleignt line can be considered as characteristics of collec
tLve effects. 
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CTO:i<:COBOH JIHHHH Me)K,ll;y CTOKCOBOH H p3JieeBCKOH JIHHHHMH. 

Pa6ota BhiiTOJIHeHa B Jia6opatopHH teopetwieCKOH ¢H3HKH 011Hl1. 

npenpHHt QfueAHHeHHOro HHCTHtyta R,!lepHbiX HCCJieAOBlllUU'f. lly6Ha 1986 
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Correlation of Photons in Collective Raman Scattering 
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The photon statistics of spectrum components of the Stoke line in 
collective Raman scattering is investigated. The cross-bunching and cross
antibunching between spectrun components of the Stoke line and between 
the Stoke and Rayleyght lines are investigated too. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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