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r. INTRODUCTION 

During the last years the collective effects in the interaction 

of atoms and molecules with a laser field and the vacuurn of radiation 

nave attracted considerable interest. Many theoretical and experimen­

tal studies of superfluorescence/ 1- 10/, collective resonance fluores­

cence/ 11- 16/, optical bistability/17- 19/ , etc., were carried out sin­

ce the early work on superradiance by Dicke/ 1/. 

The recent publications deal with collective effects in double 

optical resonance/20/ and the resonant Rmnan scattering/2 1,22/. 

In this paper the theory of collective Raman scattering (Fig.1) 

has been developed by using the quanturn-mechanical master-equation 

approach and secular approximation/ 12,22/. In contrast with paper/22/, 

we consider the collective Raman scattering with only one transition 

strongly driven (Fig.1) and investigate the influence of the fre­

quency detuning of resonance on the collective spectral properties .~, 

of the Stokes lines. 

11. MASTER EQUATION 

The IV three-Ievel atoms concentrated in a region small compar e d 

to the wavelength of alI the relevani radiation modes (Dicke model) 

interact with a monochromatic driving field of a frequency GJ and 

with a field of radiation (Fig.1). 1et us label the ground state by 

11>, the real excited state by 13> and the resonant intermediate 

state oy 12>with energies CJ , úJ.3 arid úJ.t ' respectively (the1 
system of ti = 1). The real exci ted s t a t e I J> may be a low-Iying vib­

rational ar rotational excitation from the ground state. To keep the 

discussion general, we will not specify thes~ states but say 

that the intermediate state 12> can be connected via the electromag­

netic interation Hamil tonian wi th both the states 11 >and 13> (in the 

dipole approximation) but the states I J> and \1> are not connected by 
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the dipole Hamiltonian because of parity consideration. The transi­

tion IJ> - I 1>is caused by an atornic reservoir and assumed to be 

nonradiative/2J/. 

In treating the externaI field classically and using the Born 
and Markov'approximation with respect to the coupling of the system 

with the vacuum fieYd and atomic reservoir,. one can obtain a master 

equation for the reduced density matrix ~ for the system alone in 
the form/ 2,22/ 

af	 ::: _ i [H coh / s J 
at 

(J.21	 (J.e1~.:t f - ~:l. fi {1 + H. C. ) (1) 

(f,2 3	 (.J.2~ Ja-t f - J3~ e .& 3 1" H· c. ) 
=:; L.f r))31 ( J~1 J{~ s - ~~ fJ~1 T J.I. c, ) 

where 02. ~1 and .!l ~j are radiative spontaneous transi tion probabili ­
ties per uni t time for a single atom to change from level \ 2> to \1 > 
and from 12) to \J>, respectively; 2 »

31
is the nonradiative rate 

for atarnic transi tion fram /J> to \1>. 

The coherence part of harniltonian H~h in the interaction 
picture has the form 

Hcoh	 = ~ (.1.2~ - 31,( ) T G- (J.:l 1 r J:,~) - .n..:3 Sg:3. 

Here ..1l.~ = ~..23 - ~..e1 (where W",~C<),,-~,); Q,= ú).tj-W is the 
•	 "'" Jfrequency detuning of resonance: C1::- d.t{ E is the matrix element of o 

the driving field and atom interaction; 
N 

» /Co< J	 i , j ,=1 ,2,J)
J(,'j:: L /-(: 

[K=1 

are	 the collective angular momenta of the atoms. They satisfy the 

commutation reIation 

[ J '. J,)')'] -= J,.)' 6 .. )' - 3',')" Ó,"'"
(,J I	 L i "J JL "J vJ 

The ataIluc coherence phenomena can be illustrated with greater luci­
dity	 by introducing the Schwinger representation far angular momen­

tun/24 / 

(i,j = 1,2,J),J ..	 - C~C·
LJ - c J 

where C i obey boson corrunutatian relation [C,')' C/ J -= tS"i . 

2 

Further, we investigate only the case of an intense external field or 

much detuning ti so that 

.t .f/:l- ,f	 ( " r + G-Jt.) >....... N ir. . IV ~ . AI)) • (2)
...n.. - 'i Jf o .> ~1/..l3 / 51 

After performing the canonical transformation 

c = G" CCS ~ + Q:z. $ '>n t;
" = - Q1 S (,'n t; + Q:L cos ~ C,2 

(3) 

c, = (j( 5 J 

where	 ifJ~~ = ..t.~/O, 

one c~~ find that the Liouville operator L appearing in equation (1) 

spli ts inta two componerrt s Lo and Li • The companent Le is slowly 

varying in time whereas L" contains rapidly oscillating terms at 
frequencies 2..Jl.. and 4 -Q • Far the case when rela tion (2) is fulfil ­

led, we make the secular appraximation, i.e.,r~tain only a slowly 
varying part/ 12,2ü/. Correction of the.results obtained in this 

fashian will be af an arder af 

e 
or	 (Y!31 ri /.n.) .

( tf:l1/J ;'11. ) !L-
/
• (~3 N/fL)~ 

Making the secular approxim~tion, one can find the stationary 

solution of the master equation 

.f N R R NA	 }
A- L X L z J p./ N1 ><N1)' R , (4)f== LJiU+= 

R= o 1.1=" 
where U is the unitary operator representing the canonical trans­

farmation (J) 

X '::	 Y~1 t'j ~ ~
 
~~
 

Z = C i'j 4 t; 

" "f4 x N-t~-1 
z (xl) -1
 

A = 
- z-1" X -1
X Z 1Z -1 

IR, W.. ). Ls an eigenstate of the aperatar R= R11 +R.2~ , R1" and 
the operator of nurnber af atoms 
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N : R11 .,. ~.t t R3 ? = J11 -I ~2 -t J3 .3 j 

here RLJ' = Qt exJ' ( i ,J' = 1,2,3). 

The	 operators Q i sa tisfy the boson communtation relation
 

( Q/ ] c5 c,'/ (5)
G L' I = 

so that 

[ R .. R.,.,]- R .. / Ó, r , - R. __ . ô .. " . (6)/.J'	 t J ­ L.J c,J tJ, t-J 

For the case of resonance the solution (4) reduces to 

f =	 B-
1 L.. 

N
p R L.

R 

RI N1 ><1'1;,/ R J , (7) 

~: O ~= O 

where p = V8 1 / ?/.e3 

B ':: (Alt1) PN.+~(lV7~)P N-I~-1 

( v: -1	 ) e: 

The solution (7) has the sarne form as in our previous paper for col­

lective double resonant process/20/ and resonant Raman scattering in 
intense driving and scattered light/22/. As in ref./25/, for simpli­

city we introduce the characteristic function 

::: < e t'~ Rl1 + c J R ~ ::­
::{ ~	 R ( ~/ J ) .s 

11/ 
Nt4 Nt..f (8)

(Y" Y.t,) - ,f ti 'I" - 1 
:: A- i [ ~ 

Y.t. --f r, Y..t -" ~ - 1 '11 - 1 J' 
where 

y., :: X e /J
 

~:: Z e ·/l.
 

Here < B~ denotes the expectation value of an operator B in the 
steady.. state (4). 

~nce the characteristic function is known, it is easy to calcu­
late the statistical moments I. 
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ILi ': O
<R R11/ ~ = O(<'J ) n O(.i))?Il:/lI . (~, J) i S = O 
(9)
 

•1-1 I R 

In particular, we have 

/ R > ': A-'1 [ ~ f r«. z) - .i: f (X)] 
<, s z: -1" Z -1 1	 ( 10) 

<R.t.>.	 = A--1 [ ~ ..l (X Z) 1.2. (X)] 
.s z-» d:l 1. "- '1 

( 11) 

A-"[ .z, 1. ('I. Z) - ~ !: is z) i' 2:-" !, (J()]IR.,,, ~ = l.-'1 ,1 (Z_1).L o (Z_.()O(I o 
(12) 

1- ~ /l Z J':: A-ir-z 4. (X z) - ~ .,.~ (x z ) +< R11 ~ l.-'1 ,t (Z-4)~ 1 
~	 ~ . 

+ z+Z Lo»> z ~z 1 ()()] (13) 
(Z - 1 ) ~ o (z: -1 ) 3 o 

-1 Z. J Z.p 1....P.]:: A [- -;-. (X z) - - e ",CX z) T -!l -1:(~) ,«RR1f ~ 1.-'1,t (Z-1) 1 (Z-1) '1 (14) 

J	 /'1+"d, (oJ..) = (01.. _-1)/(r;j.-1)where 
o 

y IIt:(, #t1 / 1l.. 
;;-1 a: == (No/. . - (N+'( )01.. + ~) (ol - 1) 

p ( .2 }/t ~ J!.. ., J/-I-2- Jl.. )/t 1 2 )
.,-;. (do.) _N 0(: _ (-tN -T.2N-1)oI. + (JV+1) õ( - eX. -01. 
~	 - . 

(01.- 4 )B 

In the case of resonances C i~2..tj = 1 and '!1J. = 1 relations 

(10-14) reduce to P:t.,l!> 

:: :!:-.N	 ( 15)
-<R~ = .2 < Rl1 ~ !) 
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. /25/
For the one-atom case one can use the well-known operator relatlon 

1	 R, cf ' <R..t~ == .i. <R R11 ~ ::: 
.2 

N(N+ J...) ( 16)	 R,;j Rk l = l e J< J.3 
and eqs.(18,19) reduce to 

.t !.. N(Nti.).	 d.. '(<R1~ /s =<R.2.t ~ = b :t 
(17 )	 cl-r <1<'18 (t:)~.t ~ = t: .íl.!3 - .n..) <R1 !3 ('t") JB..t ~ 

- P13 < R13 (-r) J8 -z ~	 (22)J d~ <R.23('t:) Jã-t ~ = i, (..fl. 3 + ~) <~:3 ('l:).Jã,t ~ 111. COLLECTIVE SPECTRAL PROPERTIES OF SCATTERED LIGHT 

(23 )- P"t 3 <. R.f!J ('t') .T8 :l	 ~ ,
As in ref./23~the steady state spectrum of the' spontaneous 

eÍnission corresponding to transi tion 12> -> 13 > (Stokes line) is pro­ where 
portional to the Fourier transform of the atomic correlation function 

fb. = ~.1 S t-n J!.~ +	 ó"., S i-n .etj + )J ,(24 ) 
.( J.t~ (-C) J~-t ~ :::	 -é'~;m <~ (t+'r:) ~-l(t»" 13" «-.3 . 31
 

-t"t ~ ~
 .t ...t 
fl..t8 = õ',//.-/ cos ~ + ~3 co s q -r ~1-· (25) 

Using the secular approximation and the quantum regression theorem/ 26/, 

one can find the equation of motion for the correlation functions 
The value ~f8 and fi~~	 can be considered as the widths of two spec­<R., (~).J. ~ (l' ,J' ;: 1,2,3) in the form 
trum components of Stoke line located at the frequencies ~ .3-f -.Q. 

and ~ 3-! +..fl. respecti vely. It is easy to show that the valuesA < R (-r):J .> -= -t' (~3 _.n.. ) <R1!J (~ ) ~ R. .> 
LJ 5~ .5 

~13 and ~5 in relations (24,25) coincide with the results of thecLcr 1~ a-t 5	 s (18) 
previous papers of the one-atom Rarnan scattering/2 3/. 

- < r;~ (-c) F?1'!J C'C) J~~ ~ 2
It i8 also easy to see that in the case of resonance ctg q = 1 

01. <~.t ("t) J a ~ = i (..íl. 3 -tA ) < R~3 (-c) J"a~ ~ (19)	 and ~ = 1 the operators F;3 ( 't') and G,3 (1:) in e qs , (20,21) be­
d.T: ~ ",.t S 

come th~ C -nurnbers and spectrurn widths of the stokes line for the . - <~ 3 ("C) R.t. ~ (-C) .Jã ~ ~ , collective case are the same as in the single-atom spectrum. 

where	 For the geIleral case by analogy wlth the papers/ 11,22/, we fac­
v . 1l ...e ,) ,.f 

torizerf~('t) = 0:1." S""'! ri + ~~3 s cn. ç + )/31 St,n r;
 
<r (t:) R ('t).r. ~ = <r; 3;;; <Rf % (~ ) J: 9 ~
 

+~., (sin~~ - Co.s~ )~~('C) + (Y31 Sl'n.t?C; - ~.3 Ccs-<g)~~{'f:)	 1~ f3 s« 5 :/;.0", 

(~6 )+ (tll~$l:n!l.~ - V!UCOS..tq ) (R!}5('t:) - R.",,("C» (20) <Cz 3(t: ) R~ 3 ('t) ~ -t ~	 ::: <~ ~ ~ <R-25 (T) J 3 ~ ~ 

r.t~ (or):: 7&.., CoS.2; +.2. ~:!S CoS~ç -t ~1 COS.t if 
as in references/ 11,22/. By usinB the relations (10-14) one can 

+ ?f.~ (CcS:Zy _ St'n.1!.ç )R (t:) + (~ COS~~ -?f SÚJ,.1!.Ç) R (t;)	 show that in the case of large N the factorization (26) yields a 
-'''7 11;11..t3 1" 

srnall ·error (with an order higher than ~/{N ) in the calcul~tion of 

.. + (~~c.o.5!l~ - ~1SI.'n.tq)(RfJ~(T:)-~1l("t")).. (21)	 the steady-state fluorescent intensity spectrum. 

Using the factorization (26) and solution (4), one can find theJ
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solution of eqs.(18 t19) and write 

the form 

<J.t ~ cr ) J" ~ =: S i-n 
~ 

fi <R 
;,I	 ~~ .5 -13 

+ COS!lr" <R R ......'='"	 ~ ;5 ete 'S 

where 

-

the atomic correlation function in 

. 
R ~ o.t (..n. 3 - .a; ) t - < '1 :a)? t
~1 5	 -c "./ s 

o .<: (.n.., -t..n..) t -<r. :? t 
-e,	 .23" ' (27 ) 

.<Ri~ R~ .. )s z: (!'I"f'/) < R11 ~ - < R R,., ~ (28 ) 

<R.z R3~ 1 =(N+n«R~ - <R11~ ) - <R.t~ + <R R11 ~ (29)
3 

.t 
The values <. R ~ t <R11h. t <R. ~ and <RR111can be found in"rela ­

tions (10-14). Expression (27) yields the two-peaked structure of the 

Stoke spectrum. The spectrum, components located at the frequencies 

W _~_J1. andW _E+.Il havethe intensities 
~3 1l. ..t3 Jt 

I_.n..	 = Sin!l.~ < R1 3 R~1.~ and 

= COsJ!.~ < R~3 Ra:l ~I otA 

and the widths <f1!})s and <G3~"t respectively. For the case of reso­

nance. c"'J~ = 1 the intensi ties and widths of two-spectrum 

comp onerrt s are e qual (ia e . I I -J"L. = 1+.1l arid .( ~~ ~ = < r;,:?$ ~). 

Using relations {15-17)t it is easy to show that in the case of 

ctg
2 ~ = 1 ; ~1/~3 = 1 the peak intensi.ty of each spectrum componerrt. 

of the Stoke line in (27) varies as N~ while t as has been mentioned 

before t the width of each component is the saroe as in the single­

atam spec t rum, The spectrum picture changes for the case of ctg 2!j =}. 
By using the relations (27-29) and (10-14)t one can show that for the 

case of ctg
2 (j I- 1 ar ~{/~:5pÍ 1 and the numher of atoms N large 

enough (take for example for the case of X=- ~~ t~ ~y > 1 ; 
XZ = ~ c.ifJ.t~ > -1 i t is necessary AI» 1 so that X"» 1 arid 

(j"Z.)N>~!J., ) the intensi ties and widths of alI spectrum compo­

nents of the Stoke line are proportional to N 
The detailed behaviour of intensities per atom of the two Sto~e 

spectra I_Sl. / N ~ and 1-tSl- / N ~ as a function of ctg
2 Cf t where ~ =1 

ia shewn in f'ig.2 t and as a function of ~J , t where ctg2 9' = 1 ia 

s hown ln 19.. ar a 1 lnlte values of Nane observes a smoth"f" 3 F 1 f'" ,a, 3
 

variation of functi~s I • .n. / N:l- and It..n....,I N ~ wi th the parameters
 

8 

;l 
I 
! 

ctg2~ ar ~3 • For large N the intensities of spectrum compo­

nents are large only in the around vicinity of the point ctg2 q .= 1 t 
"Yj f / Y.R. 3 = 1 (see figa. 2 t 3 ) . For the cooperative limit N~?O the 

peak intensi ties per atoms I_.n.. / N.2. and 1-t...n.. / N2- have a discontinuous 

behaviour analogous to a typical nonequi~ibrium first-order phase 

d
 transition/14t15;20,22/.
 

11 In conclusion we want to note that the characteristics for 

spectra of the Rayleight line can be obtained using an analogous ap­I.J. 
proach • 

I 

W1 

w 

t) j 

with radiation.
13> 

ú.J, I I I 11> 

I /Nl 

0.05 !íl m{('\Fig.2. Peak intensities per 

atom I_51/tV2 (dashed curves) .~ 
I,

\ 
\ 
\I

0.04~ \ \
 
~J'" 2 \ \
 

and I o /N~(Solid curves) as	 
\ \ 

\ \a function of c t q .l!J when 
\ '\ 
\ " Y3l/õ''),'J., 0.= 1. The dotted curve '\ "­

" ........... '- _N"SO
indicates the behaviour as "-~ 

~--_N=25!V?~. N= 50 
0.0 ..	 '1 '_ '" ...... 

I~n/N2 

0.025 

1.0 2.0 
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