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Perturbation theory starts usually with a decomposition of 
the Hamil t on í an 11/ , I 

H = diagonal Ho -I:- a small remainder H 1 • ( I) 

Similarly, most of the practicaI variational algorithms may be 
characterized by an assumption 12/ 

H= finite-dimensiónal H o + ao irrelevant H 1 - (2) 

Here, we intend to describ,e a novel approach to the Schrodinger 
eigenvalue problem based on the third alternative ansantz 

H = special band matrix H o + a sma II or irrelevant H 1. (3) 

In" essence, we shall indicate how to construct -t he spec i aI 
(= diago.nalizable) approximate and/or majorizing and minorizing 
operators H O from H. and illustrate the related technicalities' 
for a broad class of the one-body Hamiltonians H. 

To begin with, anharmonic oscillator H = H{oSC) + ar2~ t = 
2,3, ... , who s e po r t urb a t i ve interpretation (1) may lead to di
vergences 131, may be considered as. an example of (3). Indeed, 
in the os c i l l a t or ba s í s In> (H(oSC)l n > =(4n+fr+3)ln>,n=O~'1 , ••• ), 
the anharmonic eigenvalue problem acquires the algebraic infi 
nite-dimensional 2t+l-diagonal form 

ti 11 (o s c) 2t I I
JlZ = O, J1 = <m~(H - ar -E) n > , zn =<n ljJ>. m.n =0,1••... (4)mn 

In the purely numerical context, we m~y preserve simply 
H == Ho and H 1 == O in eq. (3) ando solve eq. (4) in terms -of the 

mat r i x continued f r ac t i.ons vs/ (MCF), i.e., essentially, as an 
infinite-dimensi~nal limit of (2) (cf.§ I below). In brief, 
our present intention is just'to eliminate (or at least accele
rqte) algebraically the latter, numerically difficult limiting 
transition, via a replacement of e q , (2) (dirnHo. == N < 00 ) by 
e g. (3) (N == (0). . 

I. MCF method 14/. In the standard Feshbach / 51 model-space 
form of (4) 

M -1 
I. Fmo Z = O. O < m < M - 1 , F =}{ n for m or n < M - t - 1 , 

n = o o - - mo. m - ( ) . . . 5 
~e may define the mí s s i ng submatrTi~ ~.M , == G ij1.1. i*9r- t-1 + j 
1. j"= I ,2, ... , t by the MCF'1'\llifi.Mftiíl Itüélít'r'ft 

uunllu NttmelloBlud · 
__~l1?nÍ'lOTEHA _" 1 



-1 where A(O) = SST + STS, B(O) =C(O)T= STST" N»l while J{(~~= .O =A O -B00 1 C 1 , 

(6) s.J(mofor m, n ~ M 1 = M -1 + Nt, i. e. wi thin a fini te "extended 
-1 model space". Due to the algebraic identityG k '= A k - Bk a k + 1 C k + 1 ' k 1,2, ... , No - 1 , 

a (O) = A(O) _ B (O) a (O) -1 C (O) ( 12) 
where G N = AN ' No»l -md 

o o this gives precisely ON==O(O) for NO =00 used in (6), and our 
approximate Hamiltonian J(O) may be interpreted now as diago

(A k) mo = J(M- t - 1 + tk + m , M"'; t - 1 + tk + o ' nalizable exactly via eq.(5). 
We may introduce also the corrections J{ ( 1) = J{ _}( (O) and 

apply the ordinary perturbation theory. This is an important 
(7) 

(B k ) mo = J( M- t - 1 + tk + m , M..... 1 + tk + o ') 
observation related to eqs.(I)+(3). Now, let us combine 

. 0< m, n ~ t • eqs.(3~+(2).(C k + 1)mo = J(M-l+tk+m, M-t-l+tk +0'-. 

This enables us to compute a and solve eq.(5) == eq. (4) numeri
cally. 

4. 'Majorization-minorization (11M) idea .. We may not i ce that 
2.. Modified MCF method 15,6/ .' The MCF me t.hod acquires the the asymptotic part 

partially non-numericàl'feà"t-tires whenever the HCF N ~OQ conver _ (O) _ ( 2t 
Dmo(t) - J{ M'I+ m,M 1

+ O- \ t+m-n)gences may be reinterpreted as a fixed-point (FP) asymptotic 
properiy of (6), of J( (O) is a pos i tive ly 'semi-defini te matrix, D(t) > O which 

is zero within the "extended modet space". Obviously, by a mul
0 ( 0 ) 1 .A k = k + smal corr cc t í.ons tiple of t h i s matrix, gD~t). we- may try to majorize the whole(8) 

0(0) = A - B 0'(0)'-1 C perturbation J{(1)== J{- J{(). A modification of (lI),k k k ,k k+ 1 • 

Indeed, an algebraic and compact solution of the basic FP quad j{ (O) ~ j{ (g) ~ (::: ~.(g) A (g) B (g) )
ratic t x t equation (8) exists and has been used to accelerate 
the MCF convergence for various particular (nonpolynomial, sin
gular and p-dependent) anharmonicities /6/. In our example (4) we A(g) == (1 + g)A(O}, B (g)= (1 + g)B (O), C (g)= (1 + g)C (O) 
may renormalize z andJ( in (4), 

will majorize then the original matrix J{. Similarly, we may try 
to use a negative g and re-interprete eq. (13) as a definition 

J( M+m,M+o'" cons t ant Cm) x J(M+m,M+~ constant (n ) (9) 

zo .... cons t ant In ) x zo' 

of the matrix which minorizes J{. In this.way, the minimax pro
. 2t· perty/2/ of the sum of mat r i c es ' J{(g) + (J{ - J{(g») will imply

J( M"-o M+n = (t ) + oU/n), n »1,".. " +m-n t ha t tbe precise erie r g i es E becorne sandwiched between the pair
and arrive at a closed leading-order FP formula of spectra E(~ of eq.(5) whenever we use the pair of initial 

values G
N 

=- (l +g)G'iJ), N=N o <00 in (6). This is our main idea.t
O~} == O (O) "" SS T ,.	 m.n = 1,2, ...,t.Smo = (n-m)' 

( 10) ••1 

In the present paper this is our starting point .. 
5. General potential as an exqmple. The above ~"principle" 

may be both refined and extended. In the one-body problem and3.	 Perturbative FP method/ 5
/ • Let us introduce the modifica


example
tion J{,(O) of R that will be constant asympt.o tíca l l y 

d 2 r (e + 1L v(r) 1.1. (r) = E lj; (i) 0, 1, ... ( 1L,). • . ) (O) ( . .. (O) (O) (O) ) [-- +---- + 'fi 
}{ ~ -, •• ~ ~NB N • • • ~}{ = • • • c... A B • • • • (I I ) dr 2 r2
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í t becomes app Lí cab l.e , e.g., after a rep1acement of Ver) by its 
arbitrary Pade approximant V = Vp4 

V (2 ) (r ) n 
(i)

(i) 2j .v(r) = V(1) (r) + . V (1) (r) = I. a. r , 1 := 1,-2,3 , 
j== O JV(3){r) 

a (1) > O n (1) .(-15) q , q ;::: 1, n (2) + -I = n(3 ) = P > O -y V(3 ) > O , 

where, in accordance with the ana1ytic structure of the input 
interaction, we may achieve an arbitrary pre-determined preci~ 

sion 171 • 

The essential technica1ity is to rewrite eqs.(14)+(15) as 
eq.(4) wit:h the nonsymmetric 2t+l-diagona1 matrix 

.H mn == const(m) < mIV-(3) (-D 2 + V (1)_ E) + V (2)1 n> constm) , ( 16) 

where t=pforq=land t=p+q for q c l , Its pecuLi ar t y 1ies in itsí 

asymptotic form 

a(S) . a (1)
 
( 1 2 p-1 + q-1
.H := .H YJ(l + O(l/M ». Y = -(3) --;:ct) . q > 2 ,
 

a
 p q (17)
 
.H (y] == (2t ) + L ( 2t - 2 ),
 m, n ?: M 

mn t + m -fi M t - 1 + m - n 

compatí'ble with (9) in the 1eading-order approximation {for the 
s ake of b r ev i ty , we omit the simílar q=1 and q=2 formulas 
here). Hence, we may recal1 the preceding results and use 
eqs.(5)-(13) with the fo110wing modifica~ions. 

6. The second-order FP approximation. By TIleahs of the ansatz 

t+ 1
 
a N __ k = SS T + S T 1f3 > P k < (3 I S , <131=<l,-1,1,... ,(-l) ) (18)
 

o
 

we may convert ou r MCF recurrences (w i t.h the second-order asymp
totics (17) of J{) into a one-dimensional mapp í ng P k + 14 P k 

P k = (p k + 1 + Y M .-1 ),1 (1 + t P k + ~) , ( j 9 ) 

where tb e higher-order corrections may be neg1ecteà for 1'.1» 1 
and y>O. The quadratic eq.(8) for matrices degenerates then into 
an otdinary sca1ar one, so that an improvement of .. (10) reads 

::< 
[ yl SS.. T T I IS, = (/ ) 11 2 (20)a k G" = + S \{3>À<{3 . À Y Mt. 

4 
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Fig.1. Mapping (19) and a pattern of its iterations 
(dotted lines) . 

Here, the p1us-sign choic€ inÀ fo110ws from the simp1e geomet
ric interpretation of ,the iterar~d mapping (19) (see fig.I). 
Thus , wheneve r we replace .H -+ J{ g, i. e., G·., G[ g], g = g(p) =Mt-p 2 

in (5) and choo se p ç; (À(__) , À (+) ), À (t) = A ± Iconsto M-1) , we 
may interpret E[~ as the second-order FP-perturbative energy 
approximations. 

7. The second-order ~1 method. In the same manner as in § 4, 
we may achieve a majorízation7minorization of the Hamiltonian 

v [g(p (-) )] v J{ [ g(p (+) )l
 
Jl :,SJlS (21)
 

:,1 provided that 

00. 
( 22)1 O « p(_) < À(_») À (+) < P (+) « 

:~ 
The r e sul t í ng "s andwi ch i ng" of bí.nd í ng energies 

E [g(P(-»)] < E < E [g(P(+))] (21) 

may be' tested on the pó t cnt i a l s of § 5. 
For si.mpl i.ci t y , we' have r cs t-r i.c t ed our attention to the simp

les t non-trivial t =2 case ( q =1, p =2 ar q ==2 and p =0) and ve
rified the s andw i ch i ng phenomenon (23) for various sets of coup

5 
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Pia. 2. Sandwichinq phenomenon as it manifests itself 
nwneY'ically (vaY'ious t=2 potentials, aY'bitY'.aY'Y units, 
g=O not: fixed, Nb :> Na ">U. 

lings. The results exhibit the same pattern of behaviour (fig.2) 
and confirm also our expectations that a choice of g -: g(,\_y 
makes the estimate E[gl worse than, the simple truncation r~sult 
""E[ool·. Thus, for the practical purposes, we may propose the 
following algorithm: 

(a) choose a pair[of indices Nvi n (18) (Na <N b ) a nd 'compute 
t he two curves E = E a.~b as functions of g = g(p). 

[gol [gol
(b) find an intersection E = Ea. = E b which g í ve s the 

best energy approximation. 

(c) use the deviation e = \g o - y + O(M -1 ): in our estima
L~o+(l 

mate of the upper and lower energy bounds E b <, E and 
[g o -f 1

E b < E, respectively .. 
Summarizing our numerical experience, we may notice that 
(i) contrary to th~ variational methods, we obtain roughly 

the same precision for both the upper and lower energy estima
tes, , 

(ii) contrary to the perturbat ive computa tions, our !lbes e' 
approximate energy value is áccompanied also by a reliable er
ror estimate. 

I
 
'; 

i 

I' 

I:/
I 

Ir
I .
 
.I'
 

I

\ 

~ I 
\ 

I 

.f 

r
 
r( 

'1 

8. Outlook. 'Throughout the text, one o f our most important: 
mathematical pre-requisites was the semi-definite character of 
D(~. Its particular and simple combinatorial form as well as 
the related matrix identities (12), etc., may easily be genera
lized: We may start from any H equal asymp t o t í.cal Ly to a semio 
definite band matrix (cf. e.g. Ref. /5/ for further details). 
In this way, our MM method and the corresponding nonnumerical 
results as well as the improved numerical algorithms will be of 
interest in various physical domains, ;ranging from the solid
state models (vectorial chains /8/) and n~clear microscopic Ha
miltonians (based on the doorway-hallway hypothesis /9/) up to 
various guantum syst€m re~resented in the generalized Lanczos 

. /4-6/., Th 1" d '" ba s i s . ese app i.ca t i ons are un er cu.r r en t i.nves t ga t í.oní 

at	 presente 
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3S:OHJI M. 
HoBblii a.rrre6paHqeCKHH MeTOA MaHOPH3auHH 
H MHHOpH3auHH C06CTBeHHhlX 3Ha'leHHH 

E4-86-60 

06cy~aeTCH B03MO~HOCTb napannenbHOH MaHOPH~a~HH H MHHOpHsa
ll;HH E-:3HeprHii CHCTeMbl AJUI AaHHoro faMHJibTOHHa.Ha H. Ueno pa6oTbl 
- YJIY'ImHTb 3~KTHBHOCTb cy~eCTBY~X MeTOAQB BapHa~HOHHoro HnH 
B03MyTHTeJibHOro THna npH UOMO~ TaKHX cne~aJibHbiX neHTO'IHbiX 
MaTpHu; H\}·2), "LITO H~1) .:2 H H H~) ::;H. B TaKOM cnyqae, KOHCTpyK
~a ~em6axa /B TepMHHax MaTpHqHbJx ~enHblx AP06eii/ nosBOJIHT Toq
Hoe ilOCTpOeHHe COOTBeTCTB~HX 3HeprHH E 0 ,'1TO H COCTaBJIHeT OC
HOBY MeTOAa• Ero npHMeHeHHe paCCMaTpHBaeTCH AJIS AByx CJiyqaeB: 
AJIH aarapMOHHqecKoro OCIJ;HRJlHTOpa H AJIH JIW6oro JlOKaJibHOro llOTeH
~Hana, npeACTasneaaoro npH noMo~ annpoxcuMa~HH llaAs. llpHBOAHM 
K o6~eMy anropHTMY: aenpepb1BHbll1 nepexoA OT H J> K H ~2>, JIJliOC no
Bb!WeHHe ToquOCTH AaCT ABe 3HepreTH'IeCKHe KPHBble, nepeceqeHHe 
KOTOpbiX RpeACTaBJIHeT OilTHMaJibHblH pesyJibTaT. 

Pa6oTa Bblnonaeaa B lla6opaTopHH TeopeTH'IecKoii ~H3HKH OHHH. 
Coo6weHHe 06J.emmeHHoro HIIC'Illtyra llllepHbiX HCCJie.I];OBaHHH. )ly6Ha 1986 

Znoj il N. E4-86-60 
A New Algebraic Majorization-Minorization 
Eigenvalue Method 

A parallel majorization and minorization of a Hamiltonian 
~(i.e., its energies E) is proposed as an improvement of the 
standard variational or perturbative techniques. It employs band 
~trices H0 ( H(b) ~ H, Hb2) ~ H ) diagonalizable exactly by 
~eans of the analytic matrix continued fractions. The applicati
:on of this general methodical idea to the one-body problem with 
the anharmonic and Pad~ potentials is described in detail. A 
~ew, "optimal" computational al(forithm is suggested whenever a 
smooth interpolation between H 0• 2) exists. 

The investigation has been performed at the Laboratory 
~f Theoretical Physics, JINR. 
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