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1. INTRODUCTION

An important task of permanent interest in all many-body
theories is the discussion of strong (or in principle strong)
solvable models, in order to get results which are qualitatively
distinguished from those obtained via perturbational methods
and which are independent of computer calculations. Examples
investigated in detail are the soliton solutions of some nonli-
near equations.'Their importance has been increased during the
last decade in many domains of theoretical physiecs and applica-
tions.

For nuclear physics a well-known example of an analytically
solvable model is the time-dependent Hartree theory in one spa-
tizl dimension with an attractive (8 -function) contact interact-
ion. In this case the Hartree equations result in a system of
coupled nonlinear Schrédinger equations
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which possess soliton solutlons in each component ¥, investi-

gated by Nogami and Warke 7!/, Such solutions can s1mu1ate
an isolated nucleus or nucleus—nucléus scattering. Some models
such as the full TDHF-equations are included and possible
extensions of the models and methods are considered by the same
authors’?/ . The scattering problem has also been discussed in
see also the review article’#/, by use of the two-soliton solu-
tion of the nonlinear Schrddinger equation with cubic nonlinea-
rity (83)75.8/

The next extension which allows an analytical treatment part-
ly is the inclusion of three-body contact interaction, It means
the assumption for the potential being of the form

V=-ab(z -x") +B5(x-x)5(x-x"), (2)

which may be considered as the next step in the hierarchy of
the Skyrme-forces’?/. The Hartree approximation of the Schré-
dinger equation for a one-particle wave function and (n+!)- and
(2n+1)-body interactions have been investigated in 78/,

For the form (2) of the interaction the coupled Hartree equa-
tions have no exact analytical solutions. But the hydrodynamic
approximation results in an extended nonlinear Schrddinger equa-
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or, after a convenient choice of time and length units,
iut+uxx+2]u|2u —3521ui4u=0 (4)

with 62=28/3a. (the lower indices t and X denote the partial
derivative). For an attractive two-body and a repulsive three—
body interaction is @>0 and 8> 0,so that 5° describes the re-
lation of three— to two-body forces. A precise statement about-
the relative magnitude of realistic two- and three- body forces
depends on the model, but all considerations result 1in the
conclusion the latter are small (e. ,/4 8,10/ ), The eq.(3) is
mentioned by a lot of authors /2.,8.9, 1,12/ For nuclear physics
the consequences of this equation have-extensively been discus-—
sed by Kartavenko /9/.

Equation (4) possesses an exact one- soliton solution (section
2). An exact two-soliton solution of this equation does not
exist but we want to discuss in this letter the pattern of a
nucleus—nucleus collision by use of an approximate two-soliton
solution. The construction of the N-soliton solution of the
eq. S3 via Backlund transformations is referred to in section 3.
In section 4 the ansatz is proposed for a two-soliton solution
of the S5 eq. via Bicklund transformations. Further the conse-
quences of this solution as a model for (elastic) nucleus—nucle-
us scattering are considered.

2. THE ONE-SOLITON SOLUTION OF S5

The extended nonlinear Schrddinger equation (4) possesses
exact one-soliton solutions having (in the c.m. system, i.e.,
the zero is chosen by x3=0, ky=ky =k"~ and v{=~vgy=V) the
analytical expression

(1 \/g—k exp (i(z vx +#(k %~ v2)t))
ux/g = . (5)
vV Deh(@k(x 7 2vt)) + 1
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with D=y 1~ 4k%8 %, 0<D <l. A constant phase ¢ is dropped.
The upper index (1) stands for one- soliton solution, and the
lower indices stand for the motion in +x or -x direction res-—
pectively. Firstly, solution (5) was remarked in’?’ and found by
many authors /39,117
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Salutions ugﬁg have the properties:
k. uj/, for 8-0(D-1) pass over to the well-known one-soli-
tan solution of the cubic Schrddinger equation

(1y _ kexp@(t vx + (k% - v®) t").)

172
ch(k(x F 2vt))

2. The asymptotic behaviour with respect to the ‘space coordi-
nate is [uM] 50 and UM | >0 if x-» te.

U? FO{)the asymptotlc case t» t~ the linear superposition
(uy’ +uy’ ) 1is solution of eq. (4) with an error exp(-2|t|)
as in the S3 case.. !

The one~soliton solutions are nonperturbative. They are enve-
lope-solitons.

It can be proved by the well-known methods from the soliton
theory that a U-V pair introduced by Zakharov and Shabat 5/ does
not ex1$t So we have to deal with the so-called quasisolitons,
as has been pointed out by Machankov in the review article’/!2/.

3. THE CONSTRUCTION OF THE N-SOLITON SOLUTION OF EQ. S3

In the literature a lot of methods are offered for the con-
struction of N-soliton solutions. Here is the inverse scatter-
ing theory of Zakharov and Shabat /5 or the so-called direct
method of Hireta 718/ ought to be mentioned. The approach of Kay
and Moses’!%/ is used in’!/ for the construction of solutions of
the coupled S3 eqs. (1). The most fashionable method to express
a N-soliton solution by the one-soliton solution via Bicklund
transformations for the whole AKNS-class was publlshed b Me1n1

and Neugebauer/ls/. As an example we present, follwxng , the
two-soliton solution of eq. SB:iqt+-qxx+2|q|2q==0, namely:
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i J . .
Thereby ¢ (j=1,2) is the one-soliton solution of direction
is kj and v, are the corresponding amplitudes and velocities,
respectively; the Ajare the spectral parameters of the appro-
priate Riemann-Hilbert groblem; star denotes the complex con—
jugate. The function q( ) is the well-known exact two-soliton

solution /587 built from the two different one-soliton solutions
q (D)
j

4, THE APPROXIMATE TWO-SOLITON SOLUTION OF THE S5 EQ.

In sec. 3 it was remarked that the S5 eq. is not completely
integrable in the sense of the strong soliton theory in contra-
d1ct10n to the S3 eq. For the reason of smallness of the para-
meter 8° the S5 eq. belongs to the class of nearly integrable
nonlinear systems. The physical and computational problems which
are connected with many nearly integrable soliton equations has
been treated by Machankov 712/, Thereby the approximation of
zeroth order is a completely integrable (soliton) equation and
the investigation concerns: the perturbation of it. If the per-
turbation can be parametrized by a small parameter the solutian
is "easy" by approximate methods. But for nonlinear equations
perturbation methods are not unique, and the solutions are not
necessarily consistent with the original equation. Because of
the nonexistence of standardized methods in this letter the use
of the Bdcklund transformation, which in the case of the "clos-
ed relatives" §3 gives the exact solution, is offered for con-
struction of an approximate two-soliton solution of the S5 eq.
Retaining in the mind that the S5 eq. has two essential pro-
perties, (i) existence of exact ome-soliton solutions, (ii) for
the small parameter 6% > 0 the S5 eq. passes over in the S3 eq.,
for which N-soliton solutions (inclusive a construction prin-
ciple,see sec.3)are known.So,we are able to choose an ansatz
for the two-soliton solution of the S5 eq. by application of the
Bicklund transformation of the S3 eq. to the one-soliton solu-—
tion of the S5 eq. In order to realize this ansatz one has to
replace in (7) the ¢4 by the uq) from the S5 eq. This gives
the following expression for the new auxiliary functions a
Wﬁhh=h@—mﬂn

i

ky 2
a; = -T—~(1t VI9Ie ——m
Ng)* Dch(2z ) +1
It does not exist for Dch(2z;) <1,
neaks of the soliton at z,~0.

a small vicinity of the
Outside this area the resulting
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solution from (6): u(® 1is in a very good agreement with the S5
eq. which is proved by simple computer calculations. The.follow-
ing change in the auxiliary functions, then denoted by Bi,may
avoid these difficulties at z;~0:

ky 1+D
By = (1t y1-— _—
! uf) = Dch(2z,) +1 ‘
or
ky \/Esh(zt)
Bi = (1)*(1"" PR
uy \/'Dch(2zi) +1

Since D<1 this substitution makes the solution w®  well defin-
ed and gives for all z, an allowed procedure for construction

of an approximate solution. Practically, the function u(® is

not changed outside the "tops" about z.~0. It is proved that
all other reasonable variations of the functionsa; give re-
sults being in a worse agreement with the S5 eq. Unfortunately
the analytical expression by substituting the function u®  in
the S5 eq. becomes too large, but a simple numerical proof leads
to the following properties. Defining the error R(5%) and the
quality Q of the solution of the S5 eq. (besides the question

‘about stability) as

w? (2)+2|u(2)l2u(2)—362|u(2) * u®-04+RE?) (8)
and
Q_‘R(S)l , 0<Q< o (9

0 ®]

(for -0 or for an exact solution @ =0 is valid.) it is found
that: 1. For all z; the relation G «<1 is worth, with exception
of Dch(2z ;) <1, where Q~1 is valid, and 2. Q<<lis worth for
all reasonable values of k s Vi 5%. The latter statement is
a hint that u® 1is a stable solution. For all values of (x-2v;t)
the quality Q of u®” is much better (i.m. @ are smaller) than
the@values from other combinations of ug) with soliton-like
asymptotics.

The mean result considering two-soliton solutions as models
for a (elastlc) scattering process is the time delay, which,

f0110w1ng /, is defined by the asymptotic behaviour
to—-o: u® - u(ll)(x, t) + uf;)(x, t)

(10)
ts+o:  u®_ u<11>(x,c ~At) + ug) (x, t - At)
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For D =1 the time delay (or the phase of the elastic scatter-

ing) passes over in the result of the S3 treatment /3.6/,

Lo

5. CONCLUSIONS

The solution u®) of the S5 eq.

(4), constructed via Bicklund
transformations,

has all properties of an approximate two-solj-
ton and is able to desecribe elastic nucleus—nucleus collisions
(without energy-transfer) in the hydrodynamic approximation.
This example shows that it would be reasonable to start a
full perturbation procedure for numerical construction aof a

"scattering solution" of $5 with the use of a Bicklund transfor-

mation in the first step.

The author wishes to thank his colleagues Drs. D.Janssen and

R.Meinl, Central Institute of Nuclear Research, Rossendorf, GDR,
for valuable discussions and comments.
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ny6aukauuit O0beIMHEeHHOr 0 MHCTUTYTa SANEpHbIX MCCJeloBaHuit

ipuHKMMAETCA NOANMEKA Ha NPENPuHTH W coobuweHmn 06\$5ynennoro MHCTUTYTA
AQEPHEX MCCNegoBaHwi .,

YcyaHoBsneHa cnepyowan CTOMMOCTb NOANMCKM KA 12 Mecsues n? uananua OUAK,
BKIOHAA NEPECHNKY, NO OTAENbHbM TEMATUUECKUM KAaTeropuAM:

MHAEKC TEMATHKA Uena noannckm

H3 rof
1. 3Kcneouuen1ansH$n DU3NKA BHICOKMX IHepTrum 10 p. 80 Kon.
2. TeopeTMueCKan PU3nKa BHCOKUX IHEPrmn . 17 p. 80 xon.
3. 3Kcnepunen7$nbnan HEeATPOHHAA ¢n3wnKa 4 p. 80 won.
L, TeopeTnueckan PM3anKa HU3KWUX IHEprui 8 p. 80 won.:
5. MaTemaTuka 4 p. B0 wkon.
6. ‘iRePHAA CNEeKTPOCKONMA #M PIANOXUMHA 4 p. 80 won.
7. Ou3nuka TAKE mIX wonos 2 p. 85 kon.
8. Kp;oren;;a . 2 p. 85 kon.
9. YckopuTenm 7 p. 80 xon.
10 ABTOM3THM3aunA obpaboTku 3xcnepunen+anbnux .

' ganuu% : 7 p. 80 xon.
1. BUUMCAMTENHHAA MATEMATHKA M TEXHMKA 6 p. 80 kon.
12. Xuran - 1 p. 70 kon.
13, TexHMKa PU3MUECKOrO 3KCNEePUMeHTa : 8 p. 80 kon.
14 KccnenosaHmMA TBEpAnX Ten U XMAKoCTewn

’ AfEPHUMK MeTOOAMH 1 p. 70 xon.

1

15. IKCNEPMMEHTANLHAR DU3UKA AQEPHBIX PeaKUWi '

NPU HA3KHUX BHEPrUAX p. 50 «on.
16. flo3MMe TDUA M OM3NKA 33UNTH _ I p. 90 xon.
17. Teopua KOHAEHCHMPOBAHHOTO COCTOAHWA 6 p. 80 xon.
{8 Hcnonb3oBanne pe3yNbTaToOB M MeTOAOB

’ DYHAAMEMTANDHEX DM3INUECKHX MCCNeaoBaHni .2 p. 35 kon.

B cHemHwx OBNAaCTAX HaYKuW M TEXHNKH

19. Brodnanka 1 p. 20 xon.

Nopnucka momeT GuTy oQopmnexHa ¢ moboro mecAya Tekywero ropa.

No eces BONPOCaM OPOPMNEHHMA NOANUCKM cneayeT o6paulaTbCA B M3QATENbCKUK

otaen OMANM no aapecy: 101000 Mogxsa, [nasnoutamnt, n/a 79.
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