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I. Introduction 

In the last few years the interes~ in the statistical properti
es of Fesonance fluoreacence has been increased. The photon antibun
ching effect, characterized by a nonclassical state of the field in 
which the varíance of the number of photons ie less than the mean 
number of photons has been obaerved in experimenta by Kimble et aI. 
(1977), Dagenais and MandeI (1978), Short and MandeI (1983). The re
cent publicationa deal with collective effects in resonance fluores
cence (1mrducci et aI. 1978, Compagno and Persico 1982, Ficek et aI. 
1981, 1984, Loqdon 1980, Swain 1980, Steudel 1978, Wieganà 1983). 

In the theoretical worka by Cohen-Tannoudji and Reynaud (1979), 
Apanasevich and Kilin (1979), and the experimental work by Aspect et 
aI. (1980) the statiatical properties of spectrum components of re
aonance fluorescence for the one-atom case had been investigated. The 
correlation between sidebanda and no correlation between the central 
component and the sidebands are observed. 

In the present paper the photon statistics of epectrum components 
and the cross-correlation between them are investigated for the col
lective case of N atorns. Besides the correlation between aidabands, 
in the collective case the anticorrelation between a side componente 
and the central one is observed. 

11. Master Eguation
<", 

The N two-level atoms (Fig.l) concentrated in a region small 
.~ co~pared to the wavelength of alI the relevant radiation modes (mo

-, deI Dicke 1954) interact with a monochromatic driving field with a 
frequency UJ and with an emitted field. 

In treating the externalfields classically and using the Born 
and Markov approximation withrespect to the coupling of tqe aystem 
with the vacuum field and atomic reaervQir, one can obtain a master 
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Fig. 1. Two-level eyatem of atoma interacting 
with the monochromatic applied fielda. , , 1 11 > 
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equation for the reduced density matrix for the system alone in the 
form 

~ -IIf (tIu -?,) -I- G-( CIz, +:t,,) + H.Co > f ] 
Q-t . (1) 

- Ozl (:J.z, ~z.f - ~z p~, + H. c. ) -= ~f 

where .~ ~L i8 radiative spontaneous transition probabilities 
per uni t time for a single a tom to change from exci ted level /2> 
to ground state I:l. >; cf1 =W.,;z, - W ia the fr.:;qu:mc y ?etuning 
of resonance (the system of 17 = i ) and ~/'. -= L.. Iz. >. <. II ," ) /c., k; fiIr.( (,,1/:" 1.) 2 are the collective angular momenta of the 
atoms. They obey the commutation relation 

, 

!{. > ~/J ={., cÇ., -:{i JI./, 

The atomic coherence phenomena can be illustrated with greater 
lucidity bj in~roducing the Schwinger representation for angular mo

mentum (Schwinger 1965, ITall 1971, Bogolubov et aI. 1985). 

tt;. := C/0' (/1/"=1.,2), 

where Ci obey boson commutation relation 

fel 1 e/J = ~i" 
Further, we investigate only the case of an intense externaI 

field or much detuning cf so that 

SL = UJ:l+ G-j rs. » N 1:., 
(2 ) 

After performing the canonical transformation 

c, 0= Q! CO~ Cf + 612. .fill:I 

C '= - <9l Jll7!1 + '(12 COJe; (J)z 

where lo !b(IJ - fJ (j.
({ 7 -- 7 

2 

one can find that the Liouville operator ~ ,appearing in ~qua-
tion (1 )splits into two components /vlJ and Iv, . The c omponent 

Lo is a LbwLy' vary:ing in the time whereas Li) c orrt a í ns rapidly 
oscillating terms at frequencies ~Jr.l and ~~ • For' the 
case, when relation (2) is fulfilled, one can make the secular app
roximation, i.e., to reta in only the slowly varying part (Agarwal 
1978, Bogolubov et él. 1985). Correction to the results obtained in 
this fasbion wi 11 be of an ord er of ({;., N/J2. ) z: • 

Making the secular approximation, one can find the stationary 
solution of the master equation (1) in the form 

}/9 =- Z -L Z X ~ / AJ;) ( ~ /, 
r- ~=-o (4) 

where p =- Uf U -t. ,here LJ is the uni tary op er'a t or repre
senting the canonical transformation (3) 

X#+I -1 x -:= ~{jlf Cf 
} z-

X-f. 

The state / AI; > is an e í genat a t e of the operators ,~, 
and Ai =12" + ~4 here ,Q,/" -= G/~' (i,j=1 ,2). The opera
tors lti satisfy the boson commutation relation 

ftn. Q.+] =cP ..C'?'c , / tel 
(5 ) 

I - · (6 ) 

so 

[Rif Ri '/1= Ri!, ~'i R,j dJi' 
In the cose of resonance, L e. when X -=. f , the s olution (4)· re
duces to the solution by Agarwal (1~78). 

By uaing equation (4), the characteristic function can be defi
ned 8S done by Louisell (1964) 

Y
# +I

-1x (~) == (e ('j /?'I) =. 2-1. 
» 

~, d s Y-t 
where 

Y -== :t e li. 
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Here <~ >s indicates the expectat10n value of an operator ~ 
in the steady atate (4). «~2 -R,,) y>s rc (~/l(> S - 32/1/ (R/Is -t

Once the characteristic ~unction is known, it is easy to cal
culate the statistical moments 

( ~1~)S 
J~ 

-«:)7) ~"Cf)1j = 0 
(7 :> 

111. Photon statistics of spectrum components 

In this section we discuss the influence of col1ective effects 
and detuning cr on the photon statistics of the components of 
the steady-state apectrum. One can find from canonical tranaformation 
(3) that 

t{, ::: (~:z - ~() Jil7fJ' cay +~, etJJ:l9 - ~2 fill ZY 

~ ~ (~2 -R,) f/hr· CLJJ!I +R ~<!I - RZ{ ft'h 29 · z 
(8 ) 

Similarly to Apanasevich and Kilin (1979), we can consider the 

operators ki~ (t) - R,/ (t) , 1«1 (t) and .k;2 f!) as the 
sources of spectrum components at frequencies w) co -{-!2SL 
and W - 2.-52. • For simpÍici ty we call the apectrum component at 
frequency W+lnS2. (m=O, ± 1) Sht and the ateady-state normalized 
intensi ty correlation function of spectrum component S", I D(:1.) •

fi htJ IOf 
By using the stationary solution (4) and commutation relations (5)
(6), one can find correlation functiona (t(Z) in the form

d 111, h1 

, (9.)io;: = ((~~ -!?,ll / ({~-~/lX 

J- (z) 7:: (/(,z I{ ~,/(,,) / ( R,2 R.,/ =- J. (.) 
~ (1 O) -~-, .s S +'1 +-J 

where 

<~.-R,J>s = lf(J?,/I.)s -'IAI(R,,)s +#2 » (11 ) 

<R ~) == - (RZ 
) + (A/+/) (~I >

12:U « rs SS 
(12 ) 

+2lf;f/2(R,:>s g A/3{~, Iso +;1/<i » 
(13 ) 

11.f (~2R'~~'~/>S =: (~/(>s -:Z(;1/+:l)(~/>s +
II 

+ (/t/J.+ SN+5) (R,: >s - (Nz 
+ 3/1/+2) </?" >s . (14 ) 

Here the values (R,,'" >s can be found in equation (7). The 
behaviour of the functions fl ~/I"tt againat the parameter X 
is plotted in figs. 2-a and 2-b. For the one-atom case the central 
spectrum c omponen t So has poissonian statistics (~~~ ~ c ) 
while the eidebands have subpoissonian statistice (0(2) L L 1)

d~,.-r 

These resulte coincide with the one by Aepect et aI. (1980), Cohen
Tannoudj1 et aI. (1979), Apanasevich and Kilin (1979). 

For the oollective oase the central component ~o has euper
poissonian etatiatics (io~:Z: >i) . The collective effects redu
ce the·antibunching of sidebands (Fig. 2b). For the case of several 
atoms, the aidebande have subpoissonian statistics only for a suitab
le region of parameter X and for the case of large AI (N ~ 5) 

they have superpoissonian statistics for a Ll, values of parameter X • 

IV. Cross-Correlation between Spectrum Components 

More interesting is the question of cross-correlat1on between 
spectrum oomponente. The magnitude of the cross correlation between 
the apectrum oomponents ~~ and ~ (m,n=O,+1) can be characte
rized by the Steady-state crOBs-correlation function (?~~)~ . 
By using solution (4) and commutation.relation (5)-(6), one can find 

Co~~ := ( 4 J e; ~I L1J >5 /<63~ ~ (/(,2 ~/ >s =- C/~ (15 ) 
'[. 

Co:~) =<LJ j ~/ R2 LiJ >s / (11;>s (~/ ~2 >s ~ ~_~2~ (16 ) 

I, (17 )fi cl,(~l:= (~I R~~, ~2~ / (/<'3 ~/ >s (~,Rz >s: ) 

c; ~ (R2. R:u ~z «>J' / (Ra~/ >s (R2 1 ~2! S » 
(18 ) 
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b) i 2.0 111a) 90 .0 9 1,1 where <:J] = R:l,;z, - R" ) N'151.8 
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<~J ~:l ~, L13 >S =: -lf ( ~,'f/s -(- (g#+ lf) <R,/ >.r 

., (sw»; fiAi) (~: >s -+ (/f/J+A/1 <R,/ >s » 
-! N' , r !,! ! 

"" r N-1 
00 \,0 2.0 3.0 X v<~J~' ~2 ~J >S = -t.; (R,,'f/S + (2N-lf) (R,/>-: I 

0(2)Fig. 2. Normalized intensity correlation functions 
dnt,1't1- (6"'/1/1._ sw) <R/~>.r + {NJ-.rAl~(R" >s + N.1 ~ graphed against the parpmeter X 

Cl21 
0,1<R~, ~2, R~, ~z>s ~ <~/l( ~ - (~AI-:l) <!?;,3>+S 

Cll l 
I,·' c(2) 

.',1 b) c) 

-+ (A/1.-lf;V+ i) <1<t,2 >s T- (21l!2.-~AI) ( ~/> s -r Il/.l ~ I \1 
10 

<Rn~, ~~ s; >s ~ <R/: >.r -:z (N+ i) ( R,/>s + (JV-tU~ (~/~>S J I 
2.0 

<~/~:l>S =- <~:>s + (tv-l)(~/>s +A/, io 
'f 

0.0 1.0 20, ao 0.0 1.0 2.0 3.0 X 0.0 '.0 2.0 3.0 x 
The values <R R~,> and (LlJ'l.) can be found in eqa , (11)
(12). 12 S . S
 l21 C

0,-1 d) 
We speak about anticorrelation (or correlation] between the 

-, /?(Zapectrum components S h-t and s~ when L", 11 ia less (or
 
more) than unity. The behaviour of the functions I cf:!~ against
 
the parameter )( is shown in figa. 3-~,b,c,d). From theae figu
rea one can see that:
 

(i) For the one-atom case the correlation between the sidebands ~ 
Fig. 3. Cross correlation function l?M,hcomea irito exiatence while there are no correlations between side 

graphed against the parameter )(componenta and the central ones (Apanasevich et aI. 1979, Aapect et
 
a L, 1980).
 

(ii) For the collective case the correlation between sidebands 01" .0 2.0 3:0 x
 
reduceB (Figs. 3-a,b) but as in the caae of one atom the sidebands
 

of the reaonance acattered light have a tendency to be emitted in
 
(iii) For the collective case the anticorrelation between the

paira. Ror the caae of X.t.. J. (1.e. the detuning d1.c.. O ) we 
central cornponent ~o and sidebands ~r occurs (Fig.3-c,d).

have ci~ >C!;)l. ; it meana that the photon wi th frequency
I I Physically it mean that in the collective case and especial1y in 

~+2~ has a tendency to be emitted before the photon with 
the region of resonance the atorns have a tendency to emit simulta

f;-equency W -:lS2 • (Aspect et aL, 1980). For the case of X) f. 
neously ?nly tbe pboton~ of the central component or the pairs

the photona of sidebands have a tendency to be emitted in a reverae 
of sidebands.

time order. 

7.6 

0.7,· 

0.5 

O.~ 
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In conc1usion, we note that since tbe anticorre1ation be twe eri 

spectrum components occurs on1y for tbe eooperative case, the measurab
1e cross-corre1ation functions C(~) cJ2.I.)O provide a new too1 for 

~ .. ~1. ~ ... , 
tbe study of co11ective effects. 
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Boronw6oB H.H. /Mn./ H·~p. E4-86-347 
CTaTHcTHKa ~OTOHOB B KonneKTHBHoH pe30HaHcHoH 
~YOp'ec~eH~HH 

06CymAeHbl CTaTHCTHKa ~OTOHOB crreKTpanhHb~ KOMrroHeHT H 
I(POCC-KOppenR~HH Me~~y HHM~. ~nH KonneKTHBHoro cny~aR o6Hapy
meHa aHTHKoppenH~HH Me~~y ~eHTpanhHbIMH H KpaHHHMH crreKTpanhHW
MH KOMrroHeHTaMH. 

Pa60Ta B@rronHeHa B TIa6opaTopHH TeopeTH~ecKoH $H3HKH OHHH. 

Jlpenpmrr 06'beAHHCHHoro HHCTHTYTa snepusrx HCCneAOBaHHii. Jly6Ha 1986 

Bogolubov N.N. , Jr., et aI. E4-86-347 
Statistical Properties of Photons in Collective 
Resonance Fluorescence 

The photon statistics of spectrum components and the cross
correlation between spectrum components are discussed. For 
the collective case the anticorrelation between the central 
component and sidebands is observed. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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