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Introduotion 

In this paper we intend to generalise and develop the results 
obtained in ref. 1 / for the problem Df three classical pal'ticles with 

arbi trary masses m l,2 ,3 ' that move n Long a fixed straight Lí ne . 

OX. Cor.sider the systems with the total energy 

3 
.-. • l «r.

[=(1/2. ) Lm",X~ 4- V(')(1,X.z.,X3) , (1)r<~J. 

where the potential \1(X11XllX3)==V(x,-x",Ã.tXHX'.3-X') is the honofeneous co
ord Lna t e function 

V(5X1lSXl)5X~)=SnV(x')X2.)x3). 
(2 ) 

In the center Df mass system we apply a modification Df the 

hyperspherical Delves coordinates2 ,3/ ÇElO,o:) ~E:[O)2:ji) •J 

-1(2 \ir .' IV> 1,.,( /)In them X/(.-=C ... (S,S2.S:-,) JI(COS(\f-tÇ~, •..), where c,,-·=cosI ... ;S,,=S/(hl( J\(K=-O-rL'"d ml(,~) 

1J(K E [O,b-] ; J='mlmtrn~/(ml.j.mL+m~)---"7 is the reduced mass, '-Pi.j,l<. are 
the angles of pa ar c oLl e ona a nd t.he Hanrí Ltonian t sí í 

202)HA (~/2~)(R2 +- 0- + OO«lfl) on 
P ) '<fi à J' (J ) 

Here 8 i8 the dimensional constant and the form Df the di
mensionless function o: (\f! ) z: rx (l.{J +-251) is defined by the poten
t i a L, For instance, in the two-particle interactian with V. Ix _x,111 
.. L. 'éI

"V 

L o 

from V.. V V.~I we get d(l.fJ) -Z:« .. l:>ir](\f-If'; <)In, where ~I(1l+V?1"... " K'I d J 

are some constants; for the three-pal'ticlc potential V=V( r) , 
where I ~J1pz 1s the system moment of inertia, we have V=~,~n 
(a t n,lO) or V=8f:nCÇlpo) (a t n=O) and ü< =1, etc. 

1. The trajectory equation for the three-particle system 

In the coordinates we have chosen~ one can easily reduce the 
Hamilton system Df equations to-one differential equation Df the se

cond order for the system trajectory given by the function f(~) = 
,,8(!;(l(!) where eeJ2 i6 the length ac a Le , By analogy wí t h theI 

reduetion in the problem with V"'!Xl.-)\I,-1 4/ we can ge t 
~ ( L

(~'!.~)' _(t- .)I/~2}l úJ-()( '/20< )(~'!5) - é/I)( ~2w-2.J(t_c/v< .~ 2W- ) -j =0 , 
(4 ) 

I
- - ---"'----.....~ 

OtnIlCÍludt..Ul'i~1d EHtTIn'yi I. 

ml~ti'Hfttg ei:C3elDBIUd 
~ 1Mitt.. "t_ ~. 
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where é = E/Rnfj- .í e the dimensionless total energy, w '. i to n/l 
and' the prime denotes a derivative with respeet to t.p 

The law Df motion is obtained by quadrature 
cp
' l 2 1 - n)- t] f/2t -t.; = cLlp (j<!2.)(~1 + ~ )( f::: - $0(.9 _J 

'Po 

Suffiee it to solve the problern at ~=o and é =1 sinee 
the following proposition holds: 

Proposition 1: Transformations )<. ~ Sx. and t~t:,t:'.Jt trans
form	 a solution Df the problern with the trital energy E # O into the 
solution wí, th the total energy sl1E 

Proof is based ~n the properties Df the total energy (1) and 
th.e Ham.i I ton equations a t the deseribed seale t r-anaf orrnat ona and isí 

easily carried out by using (2). 

2. Complet~ly integrable case 

At [=0 the elaseieal three-particle problem with the Newton 
or Coulomb two-partiele interaction can be eonsidered as a completely 
integrable one in a generalised sense 1/ . Let us sholV that this takes 
plaee for potentials (2) at any n , 

Proposition 2: At t=O eq.(4) is redueed to the first order 
differential equation. 

Indeed, at E:. ~O substi tutions tY.9'/9 a nd Õ =-cx '/20<. trans
,form eq ••(4) into the first order Abel eq.uation5/ 

Vl- (1+ c.J2)(4J -õ6 ) == O . 
(5 ) 

At the initial eonditions ~oJ~O the trajeetory '5{(f.J,l.Po ) 

is expressed through the solution '&((fl, l.{/o) of eq , (5) in the forrn 

l{) 

:selP, lPo) r; '5 o ex\:) L]cLt; 0"( til,lpo)] . 
(6 ) 

'-Po 

Propos!tion 3: AtE: =0 there exists an additional firs t in
tegral Df the system, that does not depend explieitly on time 

410 .: cp (ç ~ F{f , lp ).	 
(7 ) 

Indeed," the funetion <Po=.cP(l..9",lp) inverse in t.Po for the solution 
T.J-=\.J"{lP, tf!o) of eq , (5) eatiafies the equation (J<fcf?+(HLJ 2)(W-t tJ)'O(.9"<l? == O 
used for ealeulating Poisson braeket 

[tP )H] =f?t- i (l t 9f2 o-L - n ) H 
lp 9/~ 

2 

It Ls seen that at H=E =0 we bave [CO, H] =0, ia e. by the 
Birkhoff terminology6/ cD is the eonditional first integral Df the 

problem.Its value may be due te the energy distribution between 
partieles. 

Proposition 4: At E=O the variables in the Hamil ton-
Jaeobi equation 

({!~fd[(8.f\J)2~ . .r·_ 2 (O'f' W)2] +- ~O(çP = l: 
(8 ) 

are s epa r-et ed , 

Indeed at E =0 the a naa tz 

w(p,4') :=:{~ Çcv fC\fl) 
(9 ) 

transforma eq , (8) into that on fC\fJ) 

,2	 2.1 2f -+- W' = ±'CX(4l) ? 

(10) 
whar-e ±: :::sign ~ • One can easily verify that the relations 
"tJ"-f(w-i< -.f2.) - (/1. and t = úJlrJv( 1/2.(i +-lJ"2.) - 1/2 define the relati on 
between	 the Bolutions Df eqs. (5) and (10). 

By using the a oLut í on f(L(J,LPo ) of eq. (10), one ean obtain 
the trajectory ~(lP,lj?O) from the relation reJlP- W=- cons] := 
\~C)W W	 o

=.v~I~1 <Y(, 50 dlp. f( lf,.LPo ) in the forro 

[ ( f ]-I/w:5(lP.tPo)c~o {)l/'oj(\(J,lfo)/'O'fo (4'o,!Po) 
(11 ) 

Comparing of (11) witb (7) provides one more relation between
 
TY' and f
 

\fi 

'a fc l{JI t{J1I ) c d'P t(~o J lf>.) exp [ - wJci!{i tJ (LÇ, lP ) ] •lfo o	 o

410 

The above aeparation of variablea in the Hamilton-Jacobi equation 
ia unuBual. It ia relQted with factorization Df the aetion itself 
rather than with factorization Df the exponent Df \V 

3 



Praposi tion 5: Invariant manifold of solutions wi th E'" O 
is diffeomorphic to a two-dimensional torus. 

Indeed, substi tution of \3- -:; ·tn x.. transforms (5) into an 
7 8/ r-rr(2) ".m ~(1f1 (I) fRCO/ d ))

equation on torus'	 ux,'f = t:Dx. X,.D~ (5) = Imo cJ.(2.'J1 

I
X- = cu	 - r (I.{) ) t~ X • (12 ) 

3.	 Form Df the function ~(~) and its analytical
 

cont;lnuation
 

If V depends ori the distances IX~-Xdl ,the function cx(LP} 
can be continued to a holomophic function on a certain Riemann 

surfaee on the basis Df the valuea Df d(W) in an interv~where 

)(i-- \j	 does not ehange i ts signo Sinee the uniqueness points 

x~xJ=O are not the	 points Df branehing of the funetion Ix~-~l= 

::: VCXi- - Xci)2 I , we get the Riemann aur f ac e between the sheets of 
whieh there are no transitions when going around these points. 

Therefore, we can limit our eonsideration to only one sheet. For 

simplicity we assume lt to be diffeo~orphic the (~) plane and an 

analytically contlnued function ~(~) to be moremorphic on it 

0«41) = Cl-(l(J)/g(l(J) J 
(13 ) 

where CL(qJ):= Q.(tp+- 2Jf) and g(lP) z: g(lp+-2,tr) are an entire functions on 

[~) • These requirements are fulfilled in the most interesting 

pbysieal problema witb n~Z 

Under the assumptions	 aecepted the fixed singular points Df eq. 

(12) are {XK"'K:I" ;41"'lPo ,.'-P(»O~ and {X-I(,"(K"1/I)rt) 4J:=. l{Jo' r, where KEl; l.po 

and \Po' are zeroes of o< and o; I ,re-spectively, and \(100 

are the po Les of C«\f!) • Introduce also the notation 

A(l{J,sJ ,l{J2...5) for an open interval on {R~) limited by the coordi

nates ~IS and~; Df two singular points with adjacent projec

tions onto lR~) •. On ti~/",1p25) ~tp) has a uní.que Ly, defined 

real-valued inverse funetion l{>::. 4J (o( I • Since t(lf) ia indepen

dent of) slgn O«l{)) ,furtber in studying the solutions of eq , (12) 

wi thout 108S of generali ty we shall assume that ()((tf) >0 for 
54l E..6(lP,s I tf!2 ) 

4 

Ir (2)4.	 Trajectory on the torus ~~ and the form
 

of an addi tional int egral et [,:=. o
 
Proposition 6: Under the· assumption (13) on the form Df the 

function O«Lf) ,one can deseribe the system trajectories on 'lI'~~ 
in the parametric form 

X- ( ~ CC ; X. o I 'fo) ) ~ (to) 
( ~ expLtl't XUJlXvo)~o)J )

'.f (ót:; x'O) lf!o) 4/0 
(14 ) 

where tXDIi.Po/toY is the initial condition and -XjXj"P) ia an 
autonomous analytical vector field 

Zex--,l/J)::: X> wY= [Zwa,gcost -(clg - g'o...)sinX]dx- + 2CÃ.-~ cosxJII' • (15) 

The Teylor series (14) has a nonzero convergence radiua in ÁL::."t:-L: 
in the vicinity of any initial condition {1~'O)<po,rofé. ([~3~'t: 

o 

The proof is based on a direct application Df the Cauchy theo

rem and its generalizationa6- l O/ to an analytical system Df equatlons 

~(;)~;((~,~) (:) 
(16 ) 

that i8 uaed for atudying e~(12). 

~ 

Corollary: Analytical dependenc e o f X6J on W leads to a 

holomorphic nature of solutions with respect to W in the vicini

ty of point W =-0 • Then, according to the Poincare6,10/ at amail 

úJ one can seareh for aolutiona with re~pect to perturbation 
theory. 

The Case W:..O, i.e.,the problem with potentiala (2) at n==-2 
ia exactly aolved at any o; Clt') • The solution ia defined by the 
integral roO:A)) in the form 

Io(A,}~) ="VCX(Lp)/ 5in,t = cansc . (17) 
This allows one to construct an original perturbation theory for the 

I' potentials of elasa (2) keeping unehanged tbe initial function a(~) 
(that may depend 021 n ) and considering co as an independent 

parameter in eqa , (4), (5), (10), (12) or (16). In this approach we 

shall get an exaetly solvable zero approximation wi th c.J =-0 
minimally changing the initial problem. In pafticular, the properties 

of t~o-particle interactions at a fixed moment of inertia 1:)\92. 
are conservado Then, Hamiltonian (3) is written down in tne form 

5 



{ 00 l' }K
~~~o+ll~ ..t" where AHi.l:=úJ3lX(I~r en(I/jJ)fó wfj)(I/~) !Ck:.-n!, 
i.e.,logarithmie terms arise in it, that have first been discovered 
by Fock11/ in the expansion Df the wave funetion in the quantum 
three-partiele problem. 

Definition: Series in powers w obtained in the above desc
ribed way are called the W -expansions of solutions of the three
partiele problem. 

Proposition 7: Using the variable lo from (17) one can write 
down the eu -expansion of the integral Iw(x-,lP) from (12) in the 
form 

li' '-P 

IJ/"l{'l ' [(-w)< Jd,.p, ,.' J~l{'1 [Ií V:;'l'e1-I;'dJ lo 
, K:O lP cp e::l 

(18 ) 
This series a bsolutely converges in the interval L~,~]c; A(\f,\I.f/) 
a t O~ 12.. <:.. m if 

0 

Iwl tltP~ ~(4/f3)[OJ"'C-~V3(m- vm -r~');(m ... Vn1- IoL~) 7_ Vi"/3] + afccos(IT.I/frT)) , 
(19) 

where O.c:.m =mll1 0«(4» and Me mo;x o«(tp) c; 00 • 

4'é[~/lj '1'é{~,~J 

Indeed, the solution of the equation 

'O~JuJ +ú)~o( (l{» _1:-' dI ::t, ::: O 
o 

for 1}lol~) =-lúJ'X.. ,LÇ) under the initial condi tion ~t):~ I, is 
easily obtained as a formal series (18). To estimate its convergence, 
we should like to note that for the integrand fl in (18) weK 
have 1r1~1~ MK/lIQJ • Under the condi tion 06" 1: -c: rn one can ea
sily obtain that 

IQ,J =1 [n V{- I:/o((~) ,~J rJ ~ m(f-K)/2 {L (2 -~Yr>J'\} , 
("'{ . 

where O€:. x=lIol/frn -c, i . Then, the eubeti tution x =5ln <P(~)' where 
the function ~(~) holomorphic at zero ia determined from . 

~=-(4/6)a.rclj[V3~(<P/2)]- ~ , leads to 
00 

lI",\ ~ tmE(VK!)(IWIÂlf~M/m ()~)Slr) cf(~) =fr1l5~n q,C,<\ ~ \úJ\.o~~ Mim') ~ Vii] • 

1et us construet also a nonperturbative representation Df the 
integral Iw(~)~) of eq.(12) as the Fourier series. For this 
purpose the following proposition is useful: 

Proposition 8: Deterrninatíon of the integral [(~,~) is . w 
redueed to the solution Df the degenerate Beltrami equation 

ex.p[t-ú)lp(c~)]d~F + exp[-iwtp(c..~)J()i F=0 

'f
 
(20 )
 

on the function F(~)?-.) mapping the plane ([~) into a eer

tain line in ([~) • In e q , (20) tp=tp(ci)=-\fU::2.) , whe're
 

4l(oi) is the inverse function for C«LP)
 

The proof is bused on the change of variables 

Z=VO«I.(!)'exp[t(úJ(fI-x,)]; O«lf)-=~Z:, z. =úJtp +-U/2<-)en(i./c.)) 
(21 ) 

under which the region {x.)ffé.[Dlbr)Xf)(~s,IfJ2.S) .í s mapped onto the seg
tf'U)ment Obo«(LPo)=tXoL./ZILOO of the plane \L.~ The ehange Df• 

variables transforms eq , (12) into exp{i.wtp)d.~ -e~p(-iCJ.Jtp)cLc. =0 whose in

tegral F(~,E)=-const satisfies obviously eq , (20). Due to the re
al-valued nature Df ~(~~) eq.(20) leads to the zero JacDbian 
J= Id2 FIl.- /Ôi F/2. =O of the mapping F(z)~) Q.~)_ (;~) • 

Corollary: As a result Df degeneraey, the 'real and 1mag1nary 

parts of the function F(~I'2) satiefy separately eq , (20). 
Eq.(20) 1s ~eàuced to the integral Tricomi equation12,131 

UG(l /z·)=Jfls-lj~xPfiúJ[<p(!;g) ~<p(ê2iff6(I5,~) d..'5 A cL5 /2sr-i = - G(~}i.) • 

As a result of degeneracy, the operator iJ is unitary in 
I (2.)( (~)) 

J 
~ ~6 and has no eompressing properties. Therefore, by the 

method describ~d in refs. 12,131 one cannot flnd its eigenfunction 

G(~,2) thet corresponds to the eigenvalue-1 and allowe one to 
expres8 f(~)~) through 

f(it,2)=ff(~ -2f1exp[.i.U.Hf ('55)]6(5JS)cL~ 1\ cL~ /2'i1i . 

We shall prasent another way of 801ving eq.(20). 

The cDnvergence radiue of the last series ls defined by the criticaI Propos1tion 9: The integral I<>.,cx,,)\f) is defined by the 
point ~c. <=.yr/2 , nearest to ~ ==0 , of the functlon I<f (<li) Fourier serias 

whicb provides (19). 
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exL)X-,4')=(~/z)Ii\\[f:I/'f)t:Áp[dLK-t)(X- -wlp)H ' (22) 
"'~O 

S s RI('d= exp({.4.llP) Ro<. - (2- f/K)O< -jd.(cx'I«(eXP(úUlp"JRI<
where [0=( and for K>--O we have in 6(Lfr , 4/l. ) 0<0 

'fJ :-p,,- til
 
' - I< ~ A(01jJ~ u.: (-2"'<3/ (l:uJl.Q~ )


IK=-cx( ) J(Í(p.. e 0<... cL 0< .... JrL~'I{_i .. )cLl(Jle cL ()(1 
(23 )~ ~o<. .o .n rLlpi 

o 'o 't'o 

with d-.j(=D«L(!..J . Series (22) c::mverges absolutely and uniformly 
in w and \fJ a t least at ImY-- "7 &15" • It defines the func
tion IW(~I~) that can be continued analytic~lly to alI the points 
on R~ apart frorn singular points Xsirli- o f the solutions of 

eq.(12). 
To prove this we substitute into (20) the series 

F (;~ )~:) = (1/Z)z f Ci/ e: r- s(c-~) . 
1(::-'>0 (24) 

The recurrence relations for the coefficients ~(CZ)=FK(O<) 

give at K~1 : 
O( <x'" O<z.

'-)0 2~w<p' r -2",;" }' 2.~4)tpi./ ( C)]2.0<' LFte. =(-o<) dcxo( e "0<" rL L.x", d.A~",·" Mie ~ \.0<1 '0 
eLa r., • d...d( ( )

~o ~o ~o 25a 

O( cVo( Ci.z. 

-K-J -lw)4J. 2K (-1K djo Je' -2~wtP 2 -)F,= - (-c< ) d.o.Ke "\XK: rL- oi" CÜ<IC..'··· clOije lo<,cLFo J 
-k eLo.' d..o. 

0(0 o<. 010 olO I (25b) 

where • l~,,:: lfJ(o<,,) is the same branch of the function 41 Co< ) at 

alI K 
It ia seen from (25b) that Beries (24) can be truncated from 

below by the choice of ~ (0\) • Por Pc=" t we get Elo; ==0 
for a11 KE Z + , and after returning to the variable 'P 

from (25a) we get (23). Passing to the variables {~'~J according 
to (21) (taking into account corollary following fro~ proposition 9), 

from (24) We find (22). 
From (25a) we get the estimate 

ll~ I~ K -i ex -Kj;(c<.JKIRv.1 , 
0(0 

where R: are expressed through R,= i with the help Df the rela

tions 

8 

Hence we get the estimate mo...xIQl(I~(.3-f/K)rnCU(IRK_ll that, 
allowing for RI = i provides IRK,,\ < y(-i • Consequently 
1~1L.3K-l K-1 , wherefrom at ImX;> &d'3 we find for serias (22) 
the estimate 

f Ijx)41)I ~(~/6)exp(IrnX-)f3+1 enU -3exp(-2 Im X)]' j 
A poas í.bf.Lí t y for the function Iw(X-,\{J) in <[~) to be 

,I continued to nonsingular points of rR (f) follows from singular
it-

points Df eq. (12) in (i) being isolated. 

Conclusion 

Propositions 2-9 show that the case E~O in the three-partic
le problema considered has alI qualitative characteristicB of the 
Hamiltonian systems that are completely integrable by the Liouville

theorem6,14,16/ except for,Arnold perhaps, integrability Df the 
first order equations for the trajectory by using a Bingle quadrature. 
In our opinion, this gives reasona to believe tbat the case €. = O 
is completely integrable in a generalized sense. . 

Some Df these problems, for instance, the problems with \f=l!rp) , 
-2 V zt . 2Vz; n o O«\{J) and =40 ex'K 51'1 (If-lf':,.) are completely integrable 

o~ dl I(=t ~.I'" 
by the Liouville-Arnold theorem. Their first-order equations for the 
trajectory are solved by using only one quadrature. Imposing two 
condi tions ~ =b and EN- =O on the coefficients (25) at some 
N±. E. Z + , one can obtain the potentials V"'t N_ ~or which the 
case E=O ia solved by using a finite number Df quadratures •. In the 
general case, as is seen from (18.), (22) and (23), an infinite num
ber Df quadratures i8 needed for solving the problem at eDO 

At ê.::i the problems wi th homogeneous potentials V or 
the general form are not obviously completely integrable even in a

;1 generalized sense. This is favoured by unsuccessful attempt to find 

L
" an additional first integral in the classical three-partiole prob

lem in the two-particle Newton interaction. A atrict proof Df auch 
a "nonintegrability" is related to investigation Df the properties 
Df the' solutiona Df eq.(4) snd may provide a deoper insight into 
the problem Df integrability Df dynamical eyatoma. 

It follows from proposition 1 thst the problema oonsidered 
possea8 the aimpleat poaeible nontr1viBl properties of integrability. 
They always have one invariant torua (at é-O ) snd the remaining 
part Df the phBse apace either hBa no invariant tori (if the case· 

'9 



E= 1 is not	 completely integrable) or it is filled by the similar 
ihvariant tori (if the problem i8 completely integrable at L=i ). 
This qualitative simplicity alongside with the availability of the 
problems for	 an analytical investigation make th~m a convenient and 
interesting	 object for ~tudYing. 

The problems raised in the concluding part of this paper will 
be discussed in more detail elsewhere. 

J 
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BnonHe ~HTerp~pyeM~~ cny4a~ a aaAa4ax Tpex 4acT~4 
c OAHOPOAH~M~ noTeH4~anaM~ 

E4-86-325 

PaccMoTpeH~ ypaaHeH~R TpaeKTOp~~ Knacc~4ecK~x 3aAa4 Tpex 4aCT~4 Ha 
npRMOH c noTeH4~anaM~, KOTOp~e RBnR~TCR OAHOPOAH~M~ $YHK4~RM~ KOOPA~HaT. 

npeAnaraeTCR paccMoTpeTb cny4a~ Hyneso~ nonHo~ 3Hepr~~ KaK nonHOCTb~ ~HTe
rp~pyeM~H B o6o6~eHHOM CM~Cne, TaK KaK B HeM nOH~~aeTCR AO nepsoro nOPRAOK 
~~~~$epeH4~anbHOrO ypaBHeH~R TpaeKTOp~~. pa3AeflR~TCR nepeMeHH~e B ypaBHeH~~ 
faM~nbTOHa-RKo6~, ~Me~TCR AbnonH~TenbH~~ neps~~ ~HTerpan ~ ~Hsap~aHTH~~ 

TOp, HeCMOTpR Ha TO, 4TO C~CTeMa He RBflReTCR ~HTerp~pyeMO~ no TeopeMe 
fl~ys~nnR-APHOflbAa. nocTpOeH~ peWeH~R: 1/ B napaMeTpH4eCKOM B~Ae; 2/ B B~Ae 
CXOAR~~XCR nepTyp6aT~BH~X PAAOB HOBOrO T~na; 3/ B B~Ae CXOAA~~XCR PAAOB 
~ypbe. 

Pa6oTa B~nonHeHa B na6opaTOp~~ TeopeT~4eCKOH $~3~K~ OHRH. 

llpenpiUIT OO!.eAHHeHHoro 101cnrryra llJlepHbiX accneAoBaHHii.lly6Ha 1986 

Fiziev P.P. 
Completely Integrable Case in the Three-Particle Porblems 
with Homogeneous Potentials 

E4 -86-325 

The trajectory equations are considered for classical three-particle 
problems on a straight I ine with potentials that are homogeneous coordinate 
functions. It Is proposed to consider the case of a zero total energy as a 

completely integrable one in a generalized sense since in it the order of 
the differential trajectory equation is lowered to the first one, the varia
bles in the Hamiltonian-Jacobi equation are separated,there are additional 
first integral and invariant torus in spite of rhe fact that the system can
not be integrable by the Liouville-Arnold theorem. The solutions are construc
ted:l/in a parametric form,2/in a form of converqent perturbative series of 

a new type, 3/ as convernent Fourier series. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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