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Recently there haa been much Lrrt ere a t in studies o f coope;rative 
4/,effects in superradiance/ t - resono.nce flu~rescence/5-9/. Raman 

scattering/ 10-12/ double optical resonance/ 13/, etc. 

In the present paper we discuss the photon statistics of spect
rum components of scattered light in a collective double optical re
sonant process. The correlation and anticorrelation between spectrum 
components are investigated. 

The three-level atoms (Fig. 1), concentrated in a region small 
compared to the wavelength of 0.11 the relevunt radiation modes, inte
ract with two resonant drivin, fields and an emitted field/ 13/. In the 
boson representation of atoma 13,14/ when eàch atomic leveI is compa
red with a- boson variable, the master equation in the r~tating frame 
with Markovian electric dipole and rotating wave approximation is/ 15/ 

Õ f = _,i .a: [( Cf!> 01. J1 .t T si ri.« --&. 3 '+ H. C. J, f J 
oi:

-. "lf-!-1 (J:u J1~ f - ~ ~~ :f J~1 "!.f J-l1 ~~ ).. 

- °3~ (J3 i ~ g :f - ~ J..t'- 3 f ~.<, -t f J 3~ J~ 3 ) , 

r ~ \ 
~ I J 

whera f ia the atomic density matrix, cfl ~A..1 and :l .Y3.t. are'''radia
tive apontaneous transition probalJilities per ullit time for a single 

at om to change from the leveI 12 >to 11)and from 13> to I 2> reapecti-
J.. -2. fi .f1. " . 

vely i -Il.:: (..fl" -t..n.~) ~ and te;]aL. = ..íL ~, where "~1 and.il..t
are the Rabi frequencies for the atomic transi tions from the leveI I 2 > 
to (1) and .from 13> to J 2> z'eap e c t í.ve Ly ; JiJ :: C/ S' (i, j =1, 
2, 3), where C.. and C t are the annihilation arid creation boson. '- . 
operatora for the at oms populated on the LeveL J lo >. 

~ 3 >, 

--+ .' /2> 

Fig. 1. Three-leyel aystem of atorna 
lnteracttng wlth the two monochromatic 
appIied f1eIda. 
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After performing the canonical trans~ormation 

l: 2. = - i Si71" o/. Q 1 -I: cos o{ Q;(" -+ ,1;. J in ol Q 3 
;J Vi	 rX

C:t:: i. Q1 -t ~ Q 3	 (2)
fi v.:t 

/.	 . lei = - ~ cas-e G.t - s cn « Q~ + a- GOSol. G 3 

and using the secular approximation/8 , 1J / for the case of intense ex

t ernaã field Jl. » N 25.Z1 ~ N CS3<.' one can find the statio:p.ary so
lution of the master equation (1) in the forro 

1 fJ R R 
Z - L X [ I M.. R > < R, M I ,	 O)f :: 

~=O M=o 

where f = u l' u+ ,here U is the uni tary operator representing 
the canonical t;ransformation (2), 

N+ J..- )/+4
({~.z (,os~ol. (TV+.()X _(N+.t-)X -+-/ 

x=	 z = 
1>.1..1 S in 2.ol.	 i x :» )~ 

The state 11"1.1 R> isA an eigenstate of the operators RU ' 

R~3 and N::: R.n -t R.i,.t -t R~3 hereR=R11 + 

R':j::: Q1 QJ (i"j = 1...t..3). 
By using solution (3) the character~stic function can be defin

ed similarly to-Louisell/16/ 

"t'J R.. -( 'AI.,..v . AI.,."Z- (NtIf ) Y - fN+Z) Y + -I ,(4)·1 R (j ):=. <e ~ 
(y -1 )~. 

v = x . e -swhere 
Here <5~ indicates the expectation value of a.n operator B "in 

the steady atate (3). 

Once the characteristic function ia known, it ia eaay to calcu

late the statiatical moments 

< R 11. ~ :: J'n. :x (f) I (5 )
S O(l'))12. R 1l,' s = o 

Now we inveatiga~e the atatistical properties of acattered light 

cor~eapon4ing to thé atomic transition 12~to t 1 >. 
It ia easy to find from the canonical tranaformation (2) that 

2 

J:z.,(t) = f CCsol (R'!>!!>(f>- R11 ( i ) ) +-~Jl'n~ (R .t (t ) + 3

t R1..t (~)) + ·ir:;).. (R1~ (:t) - ~4(é») (6) 

J1~ (t.) = ce;a!- (R33.(~) - R'H (t)) -t á Sl·nol.. ( R.z:J (tJi" 

(7).~ ÜS~	 )i" R.u(t)) + ~ (R3 -1 ( t ) - R1'? ( t ) • 

B.Y	 u~1ng the resulta of our previous paper/ 13/ , the operators 

R~,(t)-Ri1/t ) ~ R 5--t,(t>... R f.t cc i , R~., {~) and 813-(t) 
can be cona.í.dez-ad as the sourcaa of spectrum componerrt s at frequen

cd es- WA~ , W.t.4 + J1,. F (.c);t.f. - .n. 'W~A + :l.1l and W"-4-.1-./1. 
reap~ctively. For Bi~plicity We cal1 the spectrum compone~~ át fre~ 

quency cJ.t4 + mA ,m = o,. :!: 10, :t 2) by Sm. 

By uaing the aolution. O') th~ steady-atate norJV,alized intensity 
correlat1on functions of the apectrum componenta can be defined 

(..t.)	 1 I ~ 2CJ = < { R~ 3 - ) ;s .<; ( R3 ~ - R ) ~ =RI1	 l 1 5~o	 . 

= ~ .3<. R" ~ + 1~ <. R 3~ -+- 8 < R.~~ - '"8 < R~ 

5 ( c R~.>- + 2- c R'>- ) Z- (8)
S -5 

(.t> < R	 .t (,t,)9. ~ = 1'.t R.',t R.z:1 ~.{ ~ I -: R1~ R.l,f » = a = 
-'I/-o( , 2- ti:, I. 

_! <R+J-r -.t(N.,..t)<f\~1.s t(N~-S-N"f5)~R ~ -(N L-t 3N.,Z) ( R~ 

.... 3- (Ol+"')<R>' _ « F<.~>,. ) ~	 (9) 
. 5 .5 

(,.t )	 -t. (-l )

<] = < R~-1 R'4 R"Jl R.,~ ~ f < R3.f R,;- ~ = ;}.
:;Z.. .2.- ~ ='.t.-- -2.. -z. (10) 

_ 6 < li 4~ -t"~ <~ /} -t < R-~ - 6 < R ~. 
- 5' ( c /t{.>. + ~ « R::> )::tO •5 . .s 

(.I) 

1!~ere, 9711,.., In. ( 111. = 0, ;t,1 :!:.2) 1.s the nonnalized intensi ty correla
tion function for the spectrum component S?n. • Here t he, valuea 
< I{ n ~ can 1>e :to4Jld in (5). ~he behaviour of the. funotiona a ~') 

.	 d'''".J11Lage.1na.t the parame1;er X. ia ahown in figs. 2 • For the caaea of 
.	 . (.f. I 

one and, aeveral at oma the correlation functiona a'i..f 1: ~ and 
(.t)	 (J J. " 

lJi~.J:t L ~e leaa tllan. uni,ty for a suitable reglon of the parame
ter X '; thu~,t t):le.. sideb~nda. o:! the spectrum Sj,. -1 ,S.t.t have 
suDPo1qaonien photo~ ~tatiaXica. The central component of the apect
:n.uq. So has, th~ aupeppoi8Bonian photon statiati-cs, for any value of 
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Fig. 2a-c. Normalized intensity correlation functiona a(J7n,/ 71't 

graphed against the parameterX. The dotted CurTes indioate
 

the behaviol,U' as t-1-7' :;>C>
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behaviour as N ~ ?C' •
 

.1

t he number of atoms N and fini te value of the parameter X. " 
In the cooperative 1imit N -9 ~ the norma1ized Lnt eua í ty corre1a

tion f'unc t í.on a t1. 
J 

has a discontinuous t r ans í, t:hon, reminiscent 
â m.rn. 

of a typica1 nonequi1ibrium first-order phase transition at the 0ri 

tica1 point X = 1. 

}i 
I 

,How we discuss the cross cOrre1ation between the spectrum compo

nents. The magnitude of the cros~ corre1ation between the spectrwn 

components Sm.. and S11. (m, -n: = 0, +1, +2) can be cha
- - t.t.)

racterized by the steady-state cross-cor.re1ation f'unc t Lona C "m./ n 

using the stationary so.Lut í.on (3), one can find the cr-o as-ccorr eLa.t í.on 
functions between components of steady-state spectrum. 

c(~) =<R3~ R"Z R.t/ «,: /< R3l. R,z31 <R/~ RX.,~ 
'!,-1 l~ l ~ (;l-) S

-C -.J-q ( 11) 
- -1./ 1 - .2 ..' ~. 1 

C(.l, ) _ :[' .. C (.t) - C(~) _ CC..tl. 
<Ll 3 R~" Rf 3 /13 >S /< .13 ~ <R31 R{3 >s - Z...O - 0... --2-- -.t... Oo)~ 

(12 ) 

<..t ) .e _ l-2.,) _ (.t,. 1 

C :: <R~ (R 13 R.U R13 ~s / <R3 f R{3 ~ - ~~ - -2 CO ..e.'1 
~-~ u ~~ / 

( 13) 
(.t,. ) (.2) -1....2- ) 

C = <R?>1 R~~ Rol 3 R13~ /<R3 1RH ::S <R.3.t R-l 3 ~ =: C = L" 
~/1 -t.t -1.--<. 

Cl :t ) '( ) 
-.2" _" 14 

(~) / 2.- CC/., I
C. =<i1~R~tR.t3113~ <L}.3~ <R5:l.R~3~ = 

0./1 o... -1 (15) 

(:l. ) !J., / 't "> = C{~) 
C =<R:;tLl~R~3~ <Ll3/S<R~~R.t3...-s -4., O

1./ O ( 16) 

(fi. )

C~.t ~,,= <R:;., R.Ol. R.l,f R-I3)s / <R3-t R.,;} 7s <R1.t R-l1)s:: c.. Z,/ 1 ( 17 ) 
'"I 

ce: )
(.t) , =c

(_4 t= <R41.R~.fR1~R~1;;S/<R3.fR1.3~ <R1~R.t1~ 1.. -.e, (18 ) 
) 

,t 

where ~ 3 =. R3:3 - R11• 

1, By using the a01ution (3) and boson'a commutation re1ation for . (.e'
operator Q ~ ( L- ::: 1,2,3), the cross- corre1ati on functions C rn; n 

in equat:lona (11-16) can be expreased via the statistic~1 momenta 

< «" >$ as done for the norma1ized 
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iiltenBit~ correlation functions ~;:.:~ in (8-10). We speak 
about ant1correlatio~ (or correlation) between the Bpect~um compo-


S ~J
nents m: and Sn,. when the cr'oaa-cor-r-eLat on function C",- ní 

is leas (or more) than unity/17,20/. BehaviQur of the function ~ 
C~./ n (m, '/1.. = O, ±1, ;!:2) against the parB1lleter X' is ShOWIl 
~n figs. ~a-f and in ~ig. 2c. From these figures one can see that: 

(i) for a.lL values of t he parameter X and numbar of atoms W 
the correlation he1;ween the extreme aide bande S+Jl.. and S_L oc
cure, i.e., the photons of the e~treme side band have a tendency to 
be	 emitted in pairs (fig. }a). 

(ii) The anticorrelation between alI the spectrum components 
(beBide between extreme side bands) occurs for suitable values of 
the p~rameter)( .and number of at oms N. • Moreover, the anticorre
lation be~ween the central spectrum component So end the extrem& 

a,idebands St.t. , be tweeri S~ andS_." and betwe~n Si. and Sl, 

ooours only in the collectil'e oase. N ~ t. Tl;J.~. the mea-) . ~ .~ C~
s~able. cross-correlation tunctions C () , ± 'l." , C1,-1 and . -J..1, 
~roTide ~ new toole ~or the study of coop'erative afreeis. ' 

(iij,) In cooperative limi t N~ ':P ,the croas correlation 
functions c<~)n have a. discontinuous trensi tion reminiscent of a 

;I 

typical nonequilibriUIn first-order phase transition at the criticaI 
point X = 1. 

In conclusion, we have shown that in the ca~e of,one two-level 
atom,i.e., ~. = 1, X-> ~ our resulte reduce to those of the 
~9rks/17-1'9/• 
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trum components are observed. 
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