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I. The problem of one-dimensional a~harmonic oscillator 
(a.o.) is one of the oldest in quantum mechanics. It has been 
proved: / 11 that a series of the usual perturbation theory diver
ges for any value of the anharmonic constant. An excellent re
view of the methods treating the one-dimensional a.o. is given 
in /21. 

A three-dimensional a.o. is analyzed to a much less extent. 
In refs. 131 particular solutions have been found for a genera
lized a.o'<ar 2 + f3r4 + yr 6)with aertain r e Lat í ons between a , 
f3, y. The treated a.o.(ar2 + f3r 4 ) does not satisfy t.hem, Pure 
quartic a.o.f3r 4 has been investigated numerically in/4~ One 
should also mention the exact calculations 15,61 and quasi
classical treatment 17~ 

We feel that there is certain necessity in an approximate 
simple method which permits one to obtain, in a closed form, 
the energy leveIs of an isotropic three-dimensional a.o. with 
the accuracy 1-2%. We prove that 1st arder MPT meets these de
mands , 

The consideration is organized as follows. In Sec.2 using 
the 1st order MPT we evaluated the energy leveIs of the three
dimensional a.o. for a broad range of values of the anharmo
nic constant and angular moments. For.a > athe inaccuracy of 
the method is not worse than 2%. A v~ry simple formula is ob
tained for the pure quartic oscillator: 

t 4 f3 81 ~ 3 1 (f + ~ ) (P - ~) ~
 
& tF (- -) • (N + -) [1 - ]
 

Nr m2 32 2 3. (N + --ª.
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We found that for a < a and negative ,energies MPT does not work 
satisfactorily. 

In Sec.3 we apply WKB method to the same problem and find 
that it gives reasonable description both for large positive 
energies and at the bottom of the potential well. Yet MPT final 
expressions are much simpler. There is no need in the solution 
of the transcendental equation (as in WKB case). Further for 
a > a the MPT works equally well both for large and small ener
gies, while WKB expressions are satisfactory only for large 
energies. We conclude that these methods complement each other • 

The results of the present consideration may be applied to 
nuclear collective Hamiltonians which include large anharmonic 
terms/~~ 
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2. The Schroedinger equation'for the three-dimensional a.o. 
is 

t 2 
- -

2m 
ô,lJf + ar 2 'P + f3r 4 lJ! sa . &lJ! • (2.1) 

After the transformation to the dimensionless variables (p2 = 

= ~ ·Y21a Im r 2) one ob t aí ns 

( - L\ p ± P 2) 'li + XP4. 'P == ('11 t 

(2.2) 
. 1 - 
.fi, :=.-tw . ( W - ./~ X==~2 mt to o-V W ü la [m 

Upper and lower signs in (2.2) correspond to a > O and a < O resp. 
Following MPT prescription we add and subtract in (2.2) the 
quantity w2 p2 (.w will be defined later) and present (2.2) as: 

(Ho+H 1 ) 'P = E\lI. lIa =w(-'Ô,
Pl+ 

p~). P12= p2. w• 

(2.3) 
H1 == pf (± w-1_ w) + X pi /w2 • 

Now treat H1 in the 1st order of the usual PT: 

i(NE = <NE IHI NE > == (N + : )(w ± w- + Cri " w- 2 ). (2.4) 

Here N is the principal quantum numbar N = 2n + E, 
(E+ ~)(E _1-),-' 3 3 d == 1 _ 2 2C o :! -X . (N + -)d~..o 

Nt 2 2 NL NE 3 ( 3 )2 . N +"2 

Clearly, exact values of H should not depend upon w. The 
MPT prescribes/9 / to use as w one of the real roots of the 
equation aENE / aw == O. In our case this leads to: 

w 
3 +' w - 2 CNf = O. (2.5) 

Combining (2.4) and (2.5) we get 

E o = J... .. (N + 1.-)(3w± w- 1). (2.6) ~~ 
Nt 2 2 

Consider first case a > O. The form of solution depends on the 
sign of Q = C;E - 1/27. If Q > O, then: 

.. -'1/3 - 1/3 
w = (CNE + y'Q) + (CNE -yQ) . (2.7) 

2 

For Q < O : 

2 ~ 1 
w = - cos :t:... cp = are tg y ---,.- - 1 . (2 .8)t 

y3 3 27C~E 

Using (2.6)-(2.8) we calculated the energy leveIs of the three
dimensional a ;o , (see f í.g , l for N even and fig.2 for N odd ) , 
The numbers on the right of the Leve l s mean N (i. e., they forro 
a broken SU(3) multiplet N ). The leveIs inside a given multi 
plet differ by the angular momen tum T. The values of E are 
not shown, as the sequence of E inside the multiplet is al 
ways the same: the energy of the leveIs inside a given multiplet 
decreases as f. increases. For example, multiplet N = 8 con
tains leveIs (from up to down) with E = 0,2,4,6,8. Consider now 
particular cases of (2.6). 

a) CNE» 1 (strong anhannonici ty or large N ): 

1 3 4/3 1/3 1/3 
f NE ="2{3 . (N + '2)] . X . (dNf) . ( 2 • 9) 

d) CNf« l(weak anharmonici ty and not very large N ): 

( o = (2N + 3)[1 ~ -ª- X . (2 N + 3) . do]. (2 • 1O) 
Nt 8 Nr, 

Now compare (2.6) with numerical calculations of /5.6/.They 
are presented in the first lines of Tables 1 and 2. In the se
cond lines the MPT results are given. The exact results/4/ for 
,the pure quartic oscillator are collected in Tables 3 and 4 for 
even and odd angular momenta, respectively. The MPT gives for 
this case a particularly simple formula 

1i4/3 '-1/3 1/3 4/3 1/3
 
&Nf = (3 (S1) ·(N +!-) .(dNE)
 

m 2/3 32 2 

From the inspection of Tables 1-4 we conclude that maximal in
accuracy is about 1%. 

For the negative va Iues of a one obtains: 

1 3 -1 2 1 1/3 2 1 1/3 
E = 2' (N +2)' (3w -w ) t W == (CNf +yC NE+27) -(yCNE+ 27' -·CNE) N f 

For X »1 the anharmoní,c term dominates and we arrive at (2.9).-. 
The case of weak anharmonici ty (X« 1 and N is not very large, 
80 that~f«l) is more interesting. One gets: 

& == _.2 (f + 2...){f - .L) 1
 
Nf 3'VO . [1 _. 2 2 (2.11)3. (N 3 -] •
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Tab~e 1 Tab~e 2 Tab~e ;) 

Eigenva~ues of three Eigenva~ues of the three Eigenva~ues of the three-dimensiona~ auartic osci~~ator 

dimeneional: a. o. dimensiona~ a.o. (H = _,1- Ll + r 4) for euen anquLar momenta 141 

(H =-'Ll+r 2+ Àr 4 ) / 5 1 1 1 2 2 4 /61 2 
(H = - "2à + 2 cu r + À r )

R -----.K o.OJ.:----l---~~- cuÀ cu = Q cu = 1 B -~ ~-==~--==:. -=--=~===§ -= 
_NE___ À =-.L-_ À = ~_ 2.394~II
 O 

O O J.OJ6 4.649 17.8J 651.731 524.604, 100, O ___-2.. 4 24---------------------- 
J.OJ7 4.68 18.05 645.26 519.661 7.336 6.83 

2 .. _____-1.29~ ~~~~ ~ ____4, O 11.426 2J.298 99.0JJ 100, 50 629.194 507.068 
11.425 2J.16 98.22 627 505. J9 13.38 13. 12.16-----------------_. 

4 12.97 12.228, O '20.21 46.965 204.8 565.344 457.286
100, 100 _____1~61--------------------------------------20.'2 46.62 202.9 565.53 457.43 ------- 20.22 19.92 19.23 18.15 

7.151 12.486 50.61 263.751 213.992, 2 50, O _~_2q.Jt4__!~~--__ ~~~~ __~8. ~ _
7.151 12.54 51.05 261.16 212.03------- -------------- 27.71 27.45 26.85 25.92 24~69 

1'.746 J4.208 147.J1 257.89 209.4826, 2 50, 20 _~_27.45__~~24 _ 26:Z~__~~~2__~~:.2!-__ 
1'.74 J4. ~6 146.45 256.5 208.414---------------- 35.74 35.51 34.98 34.16 33.06 

10 2 24.712 59.8 262.4 229.44- 187.53 1050, 50 35.4 35.21 ,J4.79 34.11 33.12 
, 24.7 04 59.4 260.J 229.6 187.64 --------------~---------.-------------_.-.

------------------ ---------------- 20 82.3 82.15 81.8 81.26 80.5 
4, 4 11.JJ6 21.595 90.1 10, O J5.74 30.065 __---ª1.5 81~~I____~~~ ~~~~~~.0~__ 

11 ..3J7 21.67 90.54 35.4 29.8J5---------------- 30 136.94 136.83 136.55 136.12 135.54 
8, 4°, 20.13 45.72 198.5 34.98 29.51010, 4 __--12~~ 1~~ 13~~ 12~ __~~1~2~ ___

20.12 45.6 197.8 " 34.8 2~.385------------------ - 197.78 197.68 ]97.46 197.1 196.ól 
29.27 7J.OJ J21.89 31.69 27.09 40 

12, 4 10, 10 ___195. 8S_195. z.~-.:.. 19~6 _122.~ !21!.~_ 
29.26 72.64 J19.8 J1.78 27.15._------------- ------------------- 250.18 250.1 249.89 249.58 249.14 

2.394 2.324
O, O _48_g47~_~47:.§. g1h2.__g17.2L.21.§.9 _ 

2.424 2.339 

3. Now apply to the three-dimensional a.o. the quasiclassiI
cal method. The Bohr-Sommerfeld condition2 \:Here Vo = _a_ is the absolute value of the potential energy in
 

. - a 2 L 2 112 dx t 1

the minim~~ which is situated at r~ = .lal, .. So, MPT predicts de m~t.dr=v'2m ((GJ-·ax-{jx --) rrr : .(n+-), (x :=: r 2) . (3.1)

b 2mx v x 2
fin~~e concentration of the leveIs a;!nd the value -: Vo 
(when CNE« 1 ). We shall see 
this result is incorrect. 

in the following section that leads to the following transcendental equation 17,10/; 

1.,v-ª.-<n+1-.)=.GJ.K _,E.!..[(k 2 _ y2)K + y2.E] _ {ja 
2 

• 
g 2m 2 k 2 3 k 4 . 

6 7 
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Table 4 
v(x) Fig.3. The sum of the potentialEigenvalues of the three-dimensional quartic oscillator energy and centrifugal termsfor odd angular momenta for the three-dimensional an-R------------------------------------------ l harmonic oscillator. The para.~'N f 1 3 5 7 9 meters a~b~c and ~o used in---_.. ------------------------------  the texv are shown.q 

4.4,78 
4.52 r E Consider now some Iimiting 

---~--~-------------~--------~--------------. cases'of (3.2). For the posi10.1 9.401 I r tive harmonic constant a and~ ~2.62_____2Li2Z . 
X for the anharmonicity ~ tending 

~ 
( 

16.6 16.046 15.082 to zero one has: a"" 2;'+ R, b 
~ 1~~i~ l2LQ2§ l2Ll~ . 

~ a 
"" - - R , c "" - -, (R = 

2a ~23.796 23.331 22.511 21.358 &2 L27 ' =v'--2-·_·~-).As expected,one ____.1.1~§. gJ.!..g,g g2a.2J___21A.!l:1 • _ 4 a 2ma 
obtains the spectrum of a har31.578 31.174 30.455 29.436 28.135 monic osc í l.lator r ~""húJo (2n+ f+ -t-) where we put L=·h(f+ ~ )9 ____.dl~;;! JºL~ JQ.....16.__29...!1a__..,g§~_ following quasicIassical prescriptions. 

Another interesting case is ~ "" ~o that is the bottom of the,39.869 39.508 38.865 37.948 36.772 potential well. Presenting .~ as ·~o + ~1 and deveIoping a,b,c11 _____~~~~ ~~!..2g 1a..l_ 12a.22 36~~~ in '.&1 we get: 

89.393 87.149 86.711 86.081 85.261 
aI a =.- [1 + v'(o (/l + À)] 3a~ ,b =.-[l+v'(o (/l-À)] 3a~, c = f2~- 1] 3 fJ ' ~: ª§.~~i aQLl2_ a~ .... a2~2_ ~±~~~_ j I 

i!142.732 142.541 142.197, 141.702 141.056 li where 
l' 
l 2~:-_~±~33 lilLlª l~º....2l_~i~~52_--!1~ __ _ 1 -!.l. À ( 1 i O( ~ (0-<1) 3 ~O ~ 3 .~ 1 ~ 1. 27 fJ 2 L 2 

lL-l+- --6 ' À=-J~ 3' fQ =1+-2- ' (1 =-2-' d=---·__.204.129 203.969 203.681 203.267 202.725 2 (o (2(Õ-d) a a 2 4 ma 3 

~:_~Qg~± gEg~ 20~1ê__g2±~!1 gQ~ __ 
Substituting these Exps# into (3.2) one obtains: 

256.916 256.774 256.517 256.147 255.664 
3 ~O~ 1/6

49 254.38 254.3 2,4.1 253.78 253.4 \. ~1 = (2n + Ohú.\) . (1 + --2- ) (3.3)a--~----~--~-~--------------------------~-~----
2 

x [( 3 k 4 -:6 y2 k 2 + 2y4 + k 2. Y4 ) K + 2 .(3 y 2k 2-'Y4 - k 2 Y 4) E ] - 2~ a· II (y 2 .k }, (Free terms as well as the ones proportional to ~ are canI!: 
ceIIed). The same resuIt is obtained if one deveIo~s in the 

~(3.2) , CI 

Schroedinger equation the sum of potential energy and centri 
Here K(k) ,E(k) ,1I(y2 .k ) are complete elliptic integraIs of the f· fugaI terms near the minimum. It follows from this that MPT 

. • _ 2 . 2_ a -·b . 2_a - b .' expression (2.1) is incorrect. FinaIIy, for the energies welll s t , 2nd and 3rd k í nd , r e sp , ; g -.r=----:::-., k -' ,y - --.-, . va -:c. a - c a .~:1
 
a, b., c (a 2 b > O > c) are roots of t he integrand in (3.1 h. The _. 
radius of the part i.c l e orb i t satisfies the condition: v'b <;..r <;.Ya 

(see fig.3).The expIicit expressions for a,b,c as well as the va
Lue :~o of the energy at the minimum are presented in the Appendix. 

8 

above the minimum (-r;;, » 1) the following expression is derived: 
3 hn 4/3 1/3 O 

~"",[ 1 ~. On the other hand, the 1st order MPT givesI 2/3
4K(\72) m . 3h 4/3 {31/3 1 

for the aame case (n »n; ~ ':::«~) m2/3 2 / 3. Taking the5

9 



ratio of these energies we have 

& 1 tt 4/3 
~ = "2L_ , ..---..] :::: 1.01. 

The closed forro of quasiclassical results obtained suggests 
that the corresponding classical equations may be integrated in 
quadratures. In fact, one easily obtains the particle trajec
tory. It looks like: ' 

.1.
r2(t)=:c+(b_e)tl_k2sn2r·/2f3(a-c)(t~t.) k]J- 1 

~ 

v m rmn • • 

L 1 ~. II Iam[v!2tHa-e)(t_t 2c,k 

mm C y2m f3 a-c m mU! b me mrn 
9(t) = ~ . + .;::..(b1-.!:.) · Jl, k J+.h(t-t . ). 

when particle moves from r , (=v'b) to r (=Vi) andmln max 

r 2 (t ) = a _ (a _ b )sn 2(y 2tHa - e ) (t-t \,k), 
m max 

L 1 I r 2@..(a-c) 24J (t ) =<jJ +- .... fi (nlaro.y -(t-t )J.y ,kJ 
rnax a y2m a-.c m max 

in the opposite case. Itere 80("'. k ) is the Jacobian elliptic func- · 
tion; t min and t max are moments of time when particle passes 
through rmin orrmax; 4Jmin and 4Jmax are angular d s t ances ofí 

particle at these moments. It follows from this that the pe
riod of the radi~l oscillations (that is the time needed to 

2 . 
pass from r min to rmax and back) equals T = Y m) K. The 

r f3(a-c
 
angular distance covered by the particle for the same time is
 

(in radians): er = 2L._ .... li 1 ,. .ll( .2" , y2,k).
a y2m a-c . 

4. We conclude: 
I) the MPT final expressions (2.7)-(2.9) and (2.12) are' 

much simpler; there is no need in the solution of the trans
cendental equat~on (as in the t~ case); 

2) for the positive values of harmonic constant a the MPT 
works equally well both for large and small energies, while 
WKB expressions are satisfactory only for large energies; 

3) for a< O the MPT and WKB methods complement each other.
 
In fact, MPT works well for positive energies if CNf is suf

fi~iently large. This include the case of large anharmonicity
 
and arbitrary energy and vice versa. On the other hand MPT
 
method breaks for negative energies, while WKB one adequately
 
describes the leveIs at the bottom of the potential well;
 

10 

4) for a = O the MPt gives a particularly simple formula:
 
. fi 3 1
li4/3 1/3 81 1/3 3 4/3 (L + F)(f - 2) 1/3


& f = -- . {3 . (-) .(N +:....-.) • rl--- ]
 
N m2/3 32 2· 3.(N+.Q..)2


2' 

Its error is about 1%. 

We are indebted to Prof. M.Gmitro for careful reading of 
this manuscript and some useful comments. 

APPENDIX 

The following notation is used throughout this Appendix: 

Ih 13 - ~_ ..2 2& 3 
-.1] ·,D=_·/d (d-1.)d=.1..-E-~.(=l+~, tg4J='[-3

2 4 ma 3 a 2 (T,(-d) 
e 2 v 2' 

1 2 9 3 (1~ ,-d )3 ~
 
q=2(d -T(d-g )], tg4Jo = [ ,-.11 .
 

q 

I. The harroonic constant a> O 

_ 4J -. 4J a . 4J ~'rf.. a
a=[ y( (eos-,+ y3 sin-) -1 ]_., b=[ J;\eos-,- J3sin...:t:.) -1]- ,

3 3 3f3 3 3 3f3 

:+ 1 )3af3
e=-(2"h cos : ;
 

3'&of3
 
4J changes from O to rr/2 as e ranges from its value (0(=-1+--)2
 
at the minimum to ; (o will be given below. a
00 

11. The harmonic ·constant a < O 

For the e in the interval(~o' i'd) the distances a,b,c are
 
given by:
 

a=-[J€(cos..2..+ Y3sin .P.. ) + 1]~, 
3 3 3f3
 

- ri. - 4J a - 4J a
b=-[y( (cos.:t:..-,V3 sin-..) + 1]-, c=(2y( eos--,l )-.- .. 
3 3 3f3 3 3f3 

2 2 
4J changes from O for e = (o up to "/2 for e = 3" d. For 3 d «<00 
one has: 

.a=-(2v70osi +1)~, b ...[J((cos.!é.,-,v3 sin.2)-tl--!!...; c=(v-;(eos~+J3·Bin.!é.)-
3 3f3 3 3 3f3 3 3 

-1]a/3t3 • 
11 



Here if; = 11/2 both for (=2/3 d and ( = "" and takes the minimal va
lue arctgy'4d-1 for ('"" d. (0 as a function of d is defined as 
follows: 

Range of d 

-"" < d -:>.. 0 

3 -o~d -:>""'8(3-y'3) 

(0 $. if;o ~ ;.) 

3 - 1
-(3-- /3) <d <8 v - - 2 

(11/22 4b ~ 0) 

.!. <d <1..
2 16 

9
i6<d<oo 

£0 

3 V3 V3 
T+ (q+D) + (q-D) 

3 g-. <Po 
-+ 2v~- d cos
4 16 3 

3 9~ 4b-if;
-+ v--d(cos- + v3, sin_Oj
4 16 3 3 

3 113 113 
--(-q-D) -(-q+D)
4 

3 113 1/3
-+ (D+q) -(D-q) . 
4 
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'~;tt~_A aHrapMI?HM"IeelOlA OCIlMMIITOj) 


MY nony"lKnM "._e SWpaMeHMII An" YPOBHeA 3HeprMM Tpe~epHOro aHrapMO
""IeCKOro oeIlMM"TOj)a ar2+ I3r4. McnonbaYII nepBwA nOj)flAOK, TaK HaswBiiIeMOA, 
MO~~qHpoBaHHOA TeDpHH aoaMY~HH~ IHTBI H KBaaHKnaCCM"IeCKHM MeTOA. Pac
"leN ~HfII_ An" "'POKOro cneKTpa 3H"'''IeHHA aHrapMOHH"IeC:KoOI KOHcTaHTW fJ 
M yrnoswx MqMeHTO•• Hw noK8awaaeM, "ITO TO"lHOCTb nepaoro nOj)flAKa HTB npM 
nono"'TMbHQA ICQHeTaHTe rapMOHH"IHOCT" ~ He XYIIl! 1-Z%. PeaynbTHP)lCIIIMe 
topMynw HTB 60nee npoeTW H He Tpe6YOT npeABap"TenbHoro peu~HMfI TpaHClleHAeMT4 
Moro ypaBHeMM" IKaK • ~Yl4ae BK6 MeToAa/. OCOOeHHO npoCNe SWpbeH!!1I no
nY"IaOTc::A nPH II • O. Hx HeTO"lHOCTb - OKono 1%. OKaawBaeTc::A, "ITO HTB MOXO 
pal5c)TaeT "p14 OTPHllaTMbHlollC 314eprHflX /np14 3TOM a < 0 I, B TO apeMII KalC BK6 
MeTQ,q AileT paayMHWe peayn"T8TW KaK npH fionblllMX 3HeprH"X, TaK M a611H3H 
AHa noTeHllH4I1bHOA _. TaKHM 06paaoM, 3TH MeTO,,", AOnonHfloT APyr APyra. 

Pa60Ta swnonHeHa B nafiopaTOj)MM TeopeTM"IeCKoOI ~aMKH OM~M. 

CooCkaeII:u ~OI'o IIIIC'I:IIl'YD ~~ Jly&ra 1986 

AfanasLev C.N., Galperln A.C. EIt-86-Z43 
The Three-Dimensional Anharmonic Oscillator 

We have obtained. In a closed form, the energy levels of a three-
d lmens Iona I anha rmon I C osc IIIator a r II + fJr" US In9 15 t order of the so-ca II ed 
.adlfled perturbation theory (HPT) as well a~ WKB method. The calculations 
were performed for a broad range of the anharmonic constant ~ and angular 
momenta. We prove that Inaccuracy of the 1st order HPT for positive har
mon i c constant I s not worse than l-Z%. Itis found that for a < 0 and nega
tive energies the'lst order HPT is not satisfactory. whereas a quasiclassl
eal treatment gives reasonable results both for large energies and at the 
bottOlll of the potential well. We conclude that these methods canplement 
each other. The results of the present consideration may be used to take 
into account large anhanmonlc terms occurlng in nuclear collective Ha-
mil ton 1 ans. 

The Investigation has been performed at the laboratory of Theoretical 
Physics. J INR. . 
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