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1•. The problem of one-dimensional anharmonic oscillator 
(a.o.) is one of the oldest in quantum mechanics. It has been 
proved 111 that a series of the usual perturbation theory di
verges for any value of the anharmonic constant. There is 
a huge number of papers devoted to this problem. We mention 
only exact numerical calculations 12-5~ a quasiclassical treat
ment / 6 1 and a modified perturbation theory (MPT) 17.8/. An excel
lent review of the methods treating the one-dimensional a.o. 
is given in 19/.: 

We feel that there is certain necessity in simple method 
which permits one to obtain, in a closed form, the energy le
veIs of the a.o. with the accuracy of 1-2%. We prove that 1st 
order MPT meets these demands. 

The consideration is organized as follows. In Sec.2 we 
apply MPT to the one-dimensi.onal a.O.aX 2 + f3x 4 for a > O. The 
comparison with exact results shows that accuracy obtained is' 
not worse than 1-2% for alI values of f3 and alI the energies. 
In Sec.3 we consider the case of negative values of a and find 
that MPT breaks for negative energies. On the oth.er hand, tJ1e 
WKB method adequately describes the energy leveIs and their 
splitting at the bottom of the potential well. So, these two 
methods complement each other. For a = O MPT gives a very simple 
formula 

81 1.4 1/3 2/3 1 1-/32
ff,n = (32 7) (n + 1/2) . (n + fi + 2) . 

It agrees with exact results within 1-2% accuracy. 

2. The Schroedinger equation for a one-dimensional a.o. is 

t 2 a2 '1' 2 4--- + aX 'I' + .f3x 'I' ff,.'I'.	 (2. J)
2m ax 2 

Consider first the case a > O. The transformation to the dimen
sionless var i ab Les being made (y2 = x2 . y2am/ti) one obtains: 

1 a2 
'1' 2 4 'ti t9 .'~ _/~ - (-- + Y '1') + X y 'I' = ('I'. X = • e =ç-.Wo =y- • 

2 ay 2	 2cuO a fi n CUo fi ( 
2.2) 

Following the MPT subtract the quantity 
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1 2 
"2ú.) 

H == 
O 

H == 
I 

2 ' 
Y and present (2.2) as: 

. , ," 
(Ho+H 1 ) \{I (\{I, 

a2 
~,(-,--, 
2 az2 

.2+ Z ), 

1 _w2 2 z4 
--' z + X--',
2w w2 

2 
Z 

2 
=:·w·y _ 

Now treat H1 in the 1st order of the usual PT. Then: 
2 1

1 1	 n -rn +21 2), C(n ==<nIHln> ==- .. (n+- )·(w + w-	 ==3x ....L . (2.3)n2 
+ Cn, w

2 h + . 
2 

Here In> are eigenfunctions of H : In> == _1.- 1. .exp(-~, H (z ), o 
1T ~ Y2 n. m 2 n 

Clearly, exact eigenvalues of H should not depend upon w. The 
MPT prescribes to use as w one of the real roots of the equa
tion a(n / aw == O. In our case this leads to 

ú.)3_,w	 -·2.C == O. n 

Combining (2.3) and (2.4) we obtairi: 

1 (	 1 ( . -1 )( == - n + - ). 3w +. w • 
n 4 2, 

The forro of solution depends on the sign of Q 
Q > O then: 

• ~'l!3 -' 1/3 
w == (Cn + yQ) + (Cn-'yQ) • 

For	 Q < O ; 

2 cp . (1 1\Y2 
w ==	 -='cos -', y == arctg -- - ) . 

y3 3 27C; 

(2.4) 

(2.5) 

==	 C~ - _1_,. If 
27 

(2.6) 

(2.7) 

It is useful to consider limiting cases of (2.7). If the anhar
monicity is very strong (X » 1 ) then: 

81 1/3 1/3 1 2/3 2 1 1/3 
e ==	 (_.) 'X ,(n + _.) . (n + n + --) "'(2.8)n 32 2	 2 . 

In the	 opposite case (i.e., weak anharmonicity,X « 1, n is 
not	 very large, so that C « 1) one obtainsn 

e =:	 n + 1- + !., X . (n2 + n + 1-) . (2 • 9 ) 
n 2 2 2 

The	 advantage of expressions (2.5)-(2.9) is in their simpli

, 2 

Table 1 

Nwnerical results for the one-dimensional a.o. 

X n 
1 

(n 
2 

(n Exact /2/ MPT 

0.01 O 
1 
2 
3 
4 
5 
6 
7 
8 

0.507255 
1.53565 
2.59083 
3.6711 
4.77486 
5.90096 
7.0482 
8.215~ 
9.403 

0.507257 
1.53565 
2.59079 
3.6709 
4.77439 
5.90001 
7.0466 
8.2132 
9.399 

0.507256 
1.53565 
2.59085 
3.6711 
4.77491 
5.90103 
7.0483 . 
8.2158 

._9,,40J__ 

0.50729 
1.5358 
2.5909 
3.6708 
4.7740 
5.8993 
7.0455 
8.2116 
9.•3.968 

0.3 O 0.63804 
1 2.09431 
2 3.8392 
3' 5.796 
4 7•91 
5 10.161 
6 12.54 
7 15.03 

1.0 
8 
O 

1L.62_ _ 
0.80405 

1 2.73718 
2 5.166 
3 7.39 
4 10.95 
5 14.192 
6 17.62 
7 21.23 
8 24.9~ 

0.63816 0.63799 0.64163 
2.09464 2.09464 2.105 
3.8343 3.8448 3.8424 
5.773 5.. 797 5.7795 
7•.87 7•91 7•8782 

10.111 10.167 10.115 
12.47 12.54 12.474 
14.94 15.03 14.942 
11.52 .JT.62_ 17.•-'10 
0.80446 0.80317 0.8125 
2.73779 2.73789 2.7599 
5.155 5.178 5.1724 
7.89 7.94 7.9079 

10.89 10.96 10.900 
14.097 14.203 14.109 
17.50 17.63 17.508 
21.07 21.24 21.076 

_2.4.7.9 ..25.00 . 24.8_
200 O 3.9357 

1 14.0532 
2 27.44 
3 42.89 
4 59.94 
5 78.3 
6 97.8 
7 118.4 
8 139.9 

 oo O 18.160סס2
1 64.958 
2 126.96 
3 198.6 
4 277.6 
5 362.8 
6 453.3 
7 548.7 
8 648.3 

3.9379 
14.0583 
27.35 
42.63 
59.48 
77.6 
96.9 

117.3 
138.5 
'18.171 
64.982 

126.57 
197.4 
275.5 
359.7 
449.2 
543.5 
642.0 

3.9309 
14.0592 
27.55 
43.01 
60.03 
78.4 
97.9 

118.4 
139.9 

18.137 
64.987 

127.51 
199.2 
278.1 
363.2 
454 
548.9 
648.5 

4.0085 
14.234 
27.484 
42.746 
59.582 
77.735 
97.034 

117.36 
138,61 
18.502 
65.803 

127.19 
197.93 
275.99 
360.16 
449.67 
543.93 
6~2.5 

city which is preserved for 3-dimensional a.o. to~o But are 
they accurate enough to use them in practice? In Table I we 
compare them both with exact calculations· / 2 1 and with ~he 2nd 
order of the same MPT/8~ In the latter case the w satisfy the 
algebraic equàtion of the sixth degree, which may be solved 
only numerically. Two roots of this equation ar~ real to which 
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Fig.l. The energy levels of a one-dimensional angar
.	 monie oseillator for different values of the dimen


sioftless eonstant X (see (2.2)). Numbers on the right
 
of leve~s mean the' quantum number n. •
 

the energies E ~ and E~ presented in Table 1 correspond. In 
the last column (see also fig.l) one finds the energy leveIs , 2 
é given by (2.;5). We conclude that both and é U agree

U	 
é U 

with exact values with the 1-2% accuracy. For é~ the agree
ment is somewhat better. 

It is useful to compare the 1st order MPT with other app~o
ximate methods. For instance the WKB method /61 gives the fol
lowing expression for the a.o. energy leveIs: 

2a 2 % 4/3
&, = -·l [1 + (-)3 313 J] - 1 L	 (2.10)

4{3 ma

where J is obtained from the B9hr-50mmerfeld quantum co~dition 

which in the treated case is equivalent to the following trans
cendental equation 

4 

2	 1 ~ 
- K (k ) . J = (n + -·)n . (2. 11 ) 
" 2 

Here K(k) is a .complete elliptic integral of the 1st kind. It~ 

modulus k is given by 

-~. 11:1 6f3k = .t i _ [1 + J ,] 31	 (2.12)
12 (2ma 3 ) % 

2 

50, to obtain energy leveIs (2.10), one should first find J 
from (2.12). In the limiting cases the WKB method gives /6~ 

1 1 2 
X	 « 1; éu = n + 2 + 2X(n + "2) 

1	 1
X	 »1; EU "" 1,3765. (n + --) 3 

2 

We conclude: 
1) the MPT final expressions (2.5)-(2.7) are much simpler; 
2) contrary to the WKB method there is no need in prelimi

nary solution of the transcendental equation; 
3) the MPT works equaily well both for large and small va

lues of n, while ~~B expressions are satisfactory only for 
large n, 

*) •
3. Let the harmoní.c cons tant a < O . The po t ant i.aL energy 

ahas a minimum value (-Vo = -' 4 ; ) at Xo =, ±,( 2~ ) %. Applying 

the previous reasonings one obtains the following expresssions 
for the energy leveIs: 

é	 =..!..(n+..!...).(3ú.1-,Ct)1) (3.1),&u	 = tCt)o' é n • Ct)o = y2,l~ 1 2n 4	 • 

where ú.I is defined now as 

2 1/3 1 2 l/3
(c + y ..L + c ) - (y- + c - c )co n 27 n 27 n n 

2	 1 b._c	 = 3 X n + n + 1/2, 1fL. 
n	 ='16" n + 1/2 • X 2Ct)o Ia [m Vo 

*) Expressions (2.10)-(2.12) ob t.aí.ned in./6 / are valid for 
positive vaLues of a oul.y , The similar equa t ons for a < O areí 

given below (see (3.4)-(3.6)). 
5 
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For X » 1 the anharmonic term dominates, and we arrive at (2.8). 
T.he case of weak anharmonicity (X «1 and n is not very large) 
is more interesting. Qne obtains: 

I 
'J:' __ i. V (n + 1/2) 2 1 

,\9 n - 3 o	 (3.2) \1
11 T 11 T .1..1" 

So, the 1st order MPT predicts the lack of leveIs in the inter- ~ 
;!val- Vo ~,~ c.;. - ;Voand their definite grouping around the value 

-"'3"" v« (when c n «1 ).	 5 
i(n·t) 

On the other hand developing in the Schroedinger Eq. the 
potential-energy term near the minimum in (x - xO )2 one obtains: 

~n = - Vo + v2'ti cuo' (n + .1... ) • CL3)	 --
2 

We conclude that expression (3.2) is incorrect, and MPT (at 
least its 1st order) does not :work for negative energies. 

Now solve the same problem using the WKB method. It leads 
to a transcendental equation which takes different forms for cpositive and negative energies. For ~ > O one has e 

(1 - k 2). K + (2k 2-1)· E 4	 Fig.2. The WKB method predicts
11 CUo (n +.!..) == (1 + ( ) tA (3.4)	 v(x)...----'. 2 k 2 (1 _ k2-"'-) ---- 3 TT the disappearance of the le
Vo vels with quantum number n
 

,~ .
 2[a I	 in the intervalo ~ < y' (n + ~ ) < 1; ,
k 2Here (=~ CUo = V-m- · =	 1i cu" oy= • The horizontal lines v.

Fronr now K and E are complete elliptic integraIs of the on 'the°right side of the Fig.
l s t and 2nd kind, respec.tively: K == K(k)=F(i .k ) ,E=E(k)=F(i. k) mean the left hand side of(3.6).
If ~ < O then: 

!I 
': Fig.3. The potential energy ~ - t CUo 1 --~ 2 2 4V2 -., (n +-,) =.(1 + V1 + e 1 . [ ( 2 - k ). E - 2· (1 - k ). K '] . -. (3 •5 ) of the one-dimeneional: anhar'r' 

Vo 2 3" monic oscillator '(a < O). The 
ol.aeeioal- motion for ~ < O t.akee 
place in one of the two poten~ 

k 2 2V~ h l' . .	 b t a í hHere = .In t e 1ID1t1ng cases one o ta1ns e1t er I tial wells (Bay, right). The
1 + V1 + e oBcillation amplitude grows as 

(2.8) (large positive energies) or (3.3) (at the bottom of the much as twice when one goes 
potential well). The case of zero energies is also interesting. from ~ < O to ~ > O. 
We have the following Eq. 

~ . 
Considering the r.h.s. of (3.6) (see Fig.2) one observes 

CP (c) for ~ < O 
~ 1 that there are no so Iutí.ons for~ <y"(n+~)<~6.This means that 

y . (n + -,) -	 (3.6)2 
{ ~ cp (c) for ~ > O.	 if one fixes anharmonicity ~ and traces a given energy leveI 

(n == const), attaching to the harmonic cons t arrt a still larger"tcuerey =,~	 e (In 4 + 1) .H 
~ . cp (d = ~6 -' e In Ie I - negative values, then for some value of a this leveI d i sap-: . 

6 O 
7 
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pears. It is clear that this disappearance ia due to the twice 
increasing of the classical ~scillation amplitude when one pas
ses from 'GJ· < Q to.GJ > O(see Fig. 3). 

There are few exact ~alculations of the energy leveIs for 
the negative values of a. In ref /31 there was calculated the 
difference ~~GJ between the energies of ground and first exc'íted 
states. For the potential V (x ) =.1/2(x 2 -,f 2)2 the authors obtained 
~.GJ = 1.37; 0.79 and 0.23 for f2 = O; 1 and 2, respectively. 
The 1st order MPT gives; 1.-38; 0.805 and 0.115. For the last 
value both 'energiesGJo and :ti, 1 are negative. We mentioned above 
that the studied method does not work for this case. For a < O 

-' Z 2x2 +
4extensive calculations (H =,-~ x ) were made also:.' 

in 14/. We collected them in Table 2 side by side with MPT results 
to see explicitly now MPT breaks for negative energies. On the 
other hand WKB method qualitatively right describes the energy 
leveIs at the bottom of potential well. It predicts the split 
ting of each leveI in two. Its magnitude is 110/; 

1iCLl 1 b (3.7)
~ ti, = - exp (-À), À = =[" f Ip Id x •
 

" ·b
 

Here CLl is the frequency of the classical particle motion in 
one of the two potential wells (Fig.3). To obtain CLl and À we 
integrate the equations of motion. As a result one has :/111 

tr CLl v!l + R . _. _ 
O (3.8) 

CLl =, rc?"" ~" R = v!l + &IVo '
 
v 2 K(v'-~-ítn._)


l+R 

o8v!2 V __ 1 - R l-Ro R.K,(v!--)]. (3.9)
À

_ ~v'1 + R . [E(v!--) 
3 n CLlo 1 + R 1 + R
 

Now consider limiting cases of (3.7)-(3.9). At the bottom of 
the potential well 

8v!2 Vo
 
,GJ =.- Vo + :&1 (V 

o
» ,ti,1 > O), CLl = v!2 CLl O ' À =, 3 ~.
 

For z2 = 100 this gives: Vo = i,4/ 4 = 2500, hCLlo = 2z = 20, À 

= 471.4. 80, the leveI splitting is negli~ible. The ener~.of 
leveIs is fairly well de scr í.bed by (3.3):GJ n = -2500+20 v!2(n+~) 
This gives*: 'GJO = -2/.85 .. 86 (-2485.87); ,GJ 10 = -2203(-2210); 
'~20 = -1920(-1960). The number in brackets are exact values 
taken from 14/. 

* The initial leveIs numeration / 4 1 was changed to take into
 
account their degeneratipn.
 
8
 

T{:lble 2 

Eigenvalues o[ the one-dimensional anhar.monic oscillator 
2 4 ~I . 

(H = - ~ - z x + x ) 

z2GJO ,GJ 1 :GJ20 :~38 ~39
---------------------'----------------- 

1.06 J.I? 122.6 284 29J o 1.08 J.85 121.4 28J.7 291.1 

0.87 J.JJ 120 280 290
 
0.5 

O.~ J.4 118.8 277.J 287
 

0.657 2.8J 117.5 276 286
 
1
 0.7 2.92 116.1 27J.) 28J 

0.IJ8 1.71 112 268 278 .
 
'0.25 1.85 111 265 275
 

2' , 

-1.71 -0.125 102 252 262
 
4
 

-0.98 -0.75 99.6 248 258
 

-J.41 -J.25 96.1 244 254
 
5
 -2.J6 -1.79 94 240 250
 

...8.67 ...8.66 84.8 228
 
7 - -6. J1 -5.26 82 22J 232
 

- 20.6 -20.6 67.1 202 211
 
1 O ~ _ 14.26 -14.1J 6J.1 196.1' 204.5
 
-----------------.-;------------ 

- 50.8 -50.8 J6.1 157.6 16~
 
15_..--=-24. ª- ::dh.L ~ !.48. 2 156
 

-615 -615 -42 2 -261 -261

50
 __-111!..1 -411. 4 =J9L =JJ1~L_ _=~27. J 

I
 

-2486 -2486 -2210 -1960 -1960•.1 1"00i I ___-1659. 6__--=1659.!L_--=1.22h!. -16g~__-!.~ 

.f
\ 

For each z2 the 1st and 2nd lines present results of the 
ref. mentioned in the headline of the Table and the MPT re

I' sults, resp. The authors of / 4 1 present the energy leveIs with 
12 significant numbers. For the lack of space we retain onlyI,
 5 ones. This applies for Table 3, too.

'! 

For small negative energies(GJ = - 'GJ1 ' Vo » 'GJ 1 > O) one gets: 
- ô4Vo-1 

CLl = v!2 "wa . (In --) .
GJ1 

9. 
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------- -------
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A particularly simple formula follows from (2.8) when'har
monic cons t ant; a = O ; 

81	 i 4 R 1/3 1 2/3 1 113
.& n = (- ~) . (n + -) . (n 2 + n + - ) .	 (3. 10)

32 m2 2 '2 

The comparison with exact resul t s :l5/ (see Table 3) shows that 
inaccuracy of (3. 10) s =:: 1%.í 

~~e conclude that for a ~ O the MPT and WKB methods comple
ment each·other. In fact, MPT works well for positive energies 
if c is sufficiently large. This includes the cases of largen 
anharmonicity and arbitrary energy and vice versa. On the 

Tab le 3 

EigenvaZueB of the one-dimensionaZ quartie oseiZZator 
(_ 6. + x4 ) /5/ 

--------,~---------.--' -

n &n I n n &n n :&n_____---1 ~_ 

~--

&n 
1------~--- ._

o 
i.·~b 

1.08 - 
1 8 ::. 

7.9 
7.6 

3 

J 21 
1JO.64 
129.4 J7 

.\ 274.27 
271.6 

3.8 3.984 147.1 29J.95 
1 3.85 - 

I 9 3.'7- 4 2J 145.6 J9 291.0J 

2 

3 . 

7.46 I 
7.44 

10 

11.64 111 

0.26 
s. 78 

J 

5 
4 

5 

25 

·27 

164.01 
162.4 

181.4 

41 

I 4J 

J1J.96 
J10.85 

JJ4.29 
11.57 --  5 ----  9 -  -  179.6 JJ1. -

4 16.26 1J 7 5 29 199.2 45 J54.94 
16.14 6 7 197.22 J~n.42 

--_.
----------+--------
6 217.4 J75.895 21.2~. J 15 8 31 47 

21.06 8 4 215.24 J72.17 

2J626.53 J97.149 336 I 17 49 
9 2 2J3.72QJl.3 J9J.2 

-

32.1 11 254.95,1 I 19 35 

252.433l.8 11 7 

-

10 

other' hand MPT method breaks for negative energies, while WKB 
one adequately describes the leveIs at the bottam of the po
tential well. 

AlI	 this instils the hope that a combined use of the WKB 
, f and MPT methods gives good results for the three-dimensional 

anharmonic oscillator too. 

We are indebted to Prof. M.Gmitro for careful. reading of 
this manuscript and some useful comments. 
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A~a~acbe8 r.H., ranbnepMH A.r. 
0AHOMepHWH aHrapMOHM4eCKMH OC~MnnRTOP 

E4-'86-242 

Hw nony4MnM R8HWe 8Wpa•eHMR AnR yp08HeH 3HeprMM 1-MepHOrO aHrapMOHM-
4eCKOrO OC~MnnRTOpa a x2 + {Jx4 , MCnOnb3YR nep8WH nOPRAOK, TaK Ha3w8aeMOH, 
MOAM4M~Mp08aHHOH TeopMM 803My~eHMH /HTB/ M K8a3MKnaCCM4eCKMH MeTOA. Pac4eTW 
.8WnOnHeHW AnR WMpOKOrO cneKTpa 3Ha4eHMH aHrapMOHM4eCKOH KOHCTaHTW fJ M 3Hep
rMH. npM nono*MTenbHOH KOHCTaHTe rapMOHM4HOCTM a -. T04HOCTb MeToAa OKaaw-
8aeTCR He xy•e 1-2%. Pe3ynbTMPY~Me ~pMynw HTB 6onee npocTw M He Tpe6y~T 
npeA8aPMTenbHoro peweHMR TpaHc~eHAeHTHoro ypa8HeHMR /KaK B cny4ae BK6 Me
TOAa/. Oco6eHHO npocTwe 8wpa•eHMR nony4a~TCR npM a= 0. Hx HeT04HOCTb -
oKono 1%. Hw o6Hapy*MnM, 4TO HTB nnoxo pa6oyaeT npM OTpM~aTenbHWX 3HeprMRX 
/npM 3TOM a < 01, 8 TO 8peMR KaK BK6 MeTOA aAeK8aTHO. onMCW8aeT ypo8HM 
3HeprMM M MX pac~enneHMe 86nM3M AHa nOTeH~ManbHOH RMW. TaKMM 06pa30M, 3TM 
MeTOAW AOnonHR~T APYr Apyra. 

Pa6oTa 8WnonHeHa 8 na6opaTopMM TeopeTM4eCKOH ~M3MKM OHRH. 

Coo6WeHHe 06t.eJumeHHoro HHCTIIT)'T8 ll,llepllbiX HCCnCAOBaHHii • .llyliHa 1986 

Afanasiev G.N., Galperin A.G. E4-86-242 
T~e One-Dimensional Anharmonic Oscillator 

We have obtained, in a closed form, the energy levels of a one-dimen
sional anharmonic oscillator (a.o.) ax2 + {Jx4 using the 1st order of the 
so-called modified perturbation theory (HPT) as well as WKB method. The 
calculations were performed for a broad range of the anharmonic constant 
fJ and energies. We prove that Inaccuracy of the 1st order HPT for positive 
harmonic constant is not worse than 1-2%. We note that MPT final expres
sions are much simpler. Contrary to the WKB method there is no need in 
the preliminary solution of the transcendental equation. A particularly 
simple formula is obtained for the energy levels of the pure quartic os-

- cillator. It is found that for a <0 and negative energies HPT is not sa
tisfactory. On the other hand WKB·method reasonably describes the energy 
levels and their splitting at the bottom of the potential well. We con
clude that these methods complement each other. 

The investigation has been performed at the Laboratory of Theoretical 
Physics, JINR. 
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