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In ref. /1/ a total ~eduction is made Df the classical problem 
of thrêe particles wi th arbitrary maaaea m 1,2.,?J (rn, + ríI,!." m~ ""- M) 
which move al9ng a fixed straight line and inte~act with each other 
by two-particle potentials \(. of the gravitational or electric 
type. There, a useful tool tu;ned Dut to be a modification of the 
Delves hyperspherical coordinates /2-4/: jE: [0,00) , ~E:lO,2TJ. Upon 
eliminating the motion of the center of masses the Hamiltonian in 
these coordinates reads: 

\-1 =(1/2..f)( Py2 -+- r-2~2) + gcxC ,+,) J-i (1) 

where 

3 -i 
fX(\fi='E d-- K IsLI1('P -I.{' .. o()\ (2 ) 

1<.: i '::l" 
and 

ifl :.(1/.3)(V-'II") +-'JT/C? ~ ::{1/3J(t-t-,,)r5Ji/~, lf. :(t /.3}('V-1f.1) +- 9;J;/ 6 j't'13,1 13 'f::J. '31,1. -1.1 ,z.p L 

are angles of two-body collisions, for the gravitation problem 
~-:::fMf% , o(.K='C~S~2.; for particles with charges e f .2.. ,3 • 

we bave ~~Ce,el.e~)2{3~~ ,o<./(,::.(eLe,j/e:/~s:1 ; the angles 'Y"1(E:[O,2.Jí] 

are detennined by ~tl(:=.ml(/J<;~+-tz.4-'l';=di" and SI(.=sL()YI(,c:.I(=(.OS~ 
The reduced mass of a three-particle system is given by /2,3/: 
}l-= ~ m,mJ.111 ~ / 1"\ i 

As a result of the reductión, the study of dynamics is reduced 
to the etudy of the ays t em trajectory }lCIp) =[R,~(Ip) , wbere ~ 

ie a length scale. The law of motion f~ obtained by the quadrature: 

t -to =-.! Id.1{) Jty/2)('p'~+ p2.)([ - g cx./ffí· ,
where s>'= df/dlf 

~ 

• For l; (Ip) we have the second-order equation 

(l:~C;)'-(l/l)(l+~/:l./ç;')[i-(o('/o()(e'/')- 2e;~/o(J(i-EÇ/o(ri= O. (J) 

where _€ = EcÍ2/8 is the dimensionlesB total energy of the ays t em, 

From (3) it ie Been that it 1e sufficient to solve the prob~ern for ·1 
two values of the dí.menaí onLeae total energy: é:1. and é.-::.O 

---- ·l--~-
@bUllhol.. w.4~ld ~UlCMyl I l"
ImJttm~ Bt"cEeJ!tlaunQ I' 
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In our opinion, the case é ",O should be considered comple
tely integrable: equation (3) reduces to a first-order equation for 
tJ"(4') = (,1ç ,in terms of which ç(<.p) ia expressed as f{)llows: 

ç (4)) z: C;c exp [f
~ 

cLt4J lJ(IP. IR,)] ;) 
(4 )

'f'" 

where C;o and i.f'. are ini tial condi t íona , Se t t ng f<'fl) -::. o< '/0<í 

we arrive at the equation for 1J"CIP) : 

lcr I - (1/1) (1 ...tr )Li- f( \(JJ tJ".1 = O, (5 ) 

At é =- C there exists an extra first integral expLí c í tly 

independent of the time: 

\.fio ·~<P(rPrp;\~)· (6), 

Here \,Ço c:.cP(tJJ\f» is an inverse in 1)" function for the sólu
tion /)-=. lJ(tP.LYoJ to equation (5), and it obeys the equation 

dlpcP + (1/1)( i t- l)"l-)[i - (('li) lJ"r(l~<P "=- O, 
with the	 aid of which it is easy to calculate the Poiaaon bracket: 

[epJlJ =1-iP/(1.+'ff~ ~-1)()lJ-<P . 
(7 ) 

It ia seen that the system ia not completely Liouville-integ
rable /5-8/. By the Birkhoff terminology CD ia a conditional 
firat :j.ntegral since [1?)~I] =-0 only at ~l:.f x: O 

~ccording to our conception of complete integrability, when 
é=-O ,the:e occurs separation of variablea in the Hamilton

Jacobi equation of the problem 

C1/2Jd Vdf W)2. + p-ZCdlpWtJ • ~O«(lfI) fl- 1 =E. (8) 

This proceeds not in a standard manner, but just via the facto

rization of the action ~(P,~) • Indeed, aetting 

VV(f}~)=f2J\~191f(~) (9 ) 

we obtain from (2) and (8) the equation 

/2 Z..f +(1/L/)f =± 0«4») 
(10 ) 

2 

where z L =- -si.gng • Knowing t he solution }('fI,4?v) to this 
equation ,we may find the trajectory from the relation d~úW-:: const=

{2jtl~I:R,~c dip)(4V-Pc ) in the form 

t: (\{)) = C;o [Of.t( 'P(J, IflJ ;o'P"fte ,e. )J2. (11 ) 

W
Comparison of (4) with (11) leada to the relation 

.p 

dlp f (lP .',.po ) -::. olj)j(lf?v J lPo ) ex p [ - (1/2.) fd 'P \.t( IP, \Ç,,) ] 

.)1 

ç	 ~ 

The peculiari ties we bave analysed for the case é. =-0 give, 
aa we think, enough grounda for considering it completely integrab

le. ThuB we arrive at a more general conception of complete integ
rability of dynamic systems. It is based only on the possibility of 

lowering the order of differential equations down to one. The con
ventional notion of complete integrability according to Liouville
Arnol'd theorem /5-8/ also implies a concrete procedure of lowering 

the order of equations of a given problem and leads to their solu
tion in quadratures. 

Equations (5) and (10) cannot be solved in quadratures. We 
shall investigate their solutions and carefully examine the above 
problems of complete integrability of dynamic eJetem elsewhere. 
Here we only note that the case G -=-0 at zeroth total momentum of 

the eyste, corresponds to an invariant manifold of the phase flux 
of the general three-body problem, which representa a 8ubmanifold of 
its bifurcation manifold /6,9/_ It can be ahown that it ie diffeomor
phic to a two-dimensional torus. 

'Phe author is very grateful to Ba r baah ov B.M., Matveenko A. V., 
Fizieva Ts.Ya., Don~ov A_D., Nikolov P.A., Mescheryakov V.A., f~r. 

help, remarks and Bupport, and to Delyaev V.B., Smorodinski Ya.A., 
Melnikov V.K. and Chirikov B.V. for userul discussions. 
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$H3HeB n.n. E4-86-227 
rronHa~ HH1'erpHpyeMoc1'b B KnaccH4ecKoH 3a~aqe 1'P€X 4aC1'H~ 

Ha npHMoH nHHHH 

Pac cno-rpeau vp aaneana 1'paeKTopma: Knacc114ecKoH 3a,rJ,a4H 
Tpex 4aCTHIJ; na npHMoH nHHHH c )];BYX4aC1'H4HbIM rpaSH1'aIJ;HOHHblM 
HnH 9neK1'pH4ecKHM B3aHMogeHc1'sHeM. TIpe,rJ,rronarae1'cH paccMa1'pH
Ba1'b crry-raã rryrte aoü nornroã 9HeprHH CHC1'eMbl KaK nonnoc-r sro 
HHTerpHpyeMblH B oõoõmernro» cMblcne, 1'aK KaK B HeM nOHHJKaeTCH 
nopanox ,rJ;mpcPepeHI.J;HaJIbHOrO yp aaneaaa 'rp ae x'ro pnu , HMee1'CH 
AononHHTenbHblH nep asrü aarer-p an H paaztertmo'rca nep exennue 
B ypaBHeHHH raMHn~ToHa - HKOÕH, HeCMOTpH Ha TO, 41'0 CHC1'eMa 
He HsnHeTCH rronH~CTblO HHTerpHpyeMoH no flHYBHnnlO. 

PaÕOTa BwnonHeHa B naõopaTopHH 1'eopeTH4eCKOH ~H3HKH 

OHHH. 

Ilpenpmrr Oõsenaneaaoro HHcTHTYTa JlJJ.epJlbIX uccnenosaaaâ. lly6Ha 1986 

Fiziev P.P. E4-86-227 
Complete Integrabílity in the Classical Problem 
of Three Particles on a Straight Line 

,We analyse equations of the traj €ctory of the classical 
problem of three particles on a straight line with the two
body gravitational or electric interaction. He propose to 
consider the case of the zeroth total energy of the systern 
completely integrable in a .generalized sense: in this case 
the order of a differential equation of the trajectory is 
lowered, an extra first integral exists, and variables in 
the Hamilton - Jacobi equation can be separated despi te that 
the system is not completely L~ouville-integrable. 

The ínvestigation has been performed at the Laboratory 
of Theoretícal Physics, JINR. 
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