
li 
10 KOIl. l 

r-

r: I 

-\ oti 1J eli. MHeHHbl H;' 

MHCTMlYTI'): I 
1 j RAe pHbl1 

,li MCCJleAOBaHM~• I 

,li
, 

JJ.YÜHa 
I 

, \M 
I 

II E4-86-179
,I 
.f 

V.A.Kuzmin 

ny6Ha MOCKOBCKOH 06naCTH. 

t j 

I 
ENERGY-WEIGHTED MOMENTS 

11 
j'
\,\

I; 
IN THE PROBLEMS OF FRAGMENTATION 

~i 

Subrnitted to "TM~" 

PeAaKTOp 3.B.HBarnKeBH~. MaKeT P •.n.~OMHHOH. 

'H3AaTenbCKHH OTAen 06~eAHHeHHoro ~HcT~TyTa RAepHWX HccneAoBaHH~. 

nOAnHcaHO B neve r s 04. OL•• 36. 
~opMaT 60x90/16. O$ceTHaR ne4aTb. Y4.-H3A.nHcToB 0,69. 

THpalll 445. 3aKa3 37508. 

'1 
1 

,:t _ . 1986 



' .. 
....'H 

~/ 

Investigation of the lnteraotion between siMple nuclear 

exoitations (for example, one-qua~iparticle or one-phonon states) 

and more oomplex states (quasiparticle-plus-phonon or two-phonon 

II	 ones) ia essential for describing quantitatively the nuclear 

resonance width, expla1.ning the- quenching of the spin-lso8pin 

trans1tion strength and 50 on. The mod1fioations in the energet1­

cal speotrum and transition strength caused by the 1nteraction 

between s1mple and complex states consume the ma1n efforts in such 

calculat10ns. It 15 oonvenient to' express the integral characte­

ristio8 of the strength distributions through their energy­

-weighted moments 

5 r; 2: E)J1(/<0/B/flv »/2. ( i) 
-y 

",here (0/8 /cív) 15 the amplitude of trans1 tion from the gro und 

I O> to excited state / t/-y) w1th exci t.at í.on energy E y due to 

the' ao t í.on af the trans1t1on operator B > k 1s nonnegat1ve 

1nteger. The sum 1a ta~en through alI t~e states ?iy 
The met:hod of oalculation of the energy-we1ghted moments for 

the fragmentat10n task to solve 1t in the quas1particle-phonon 

nuclear model (QPNM)[ lJ 18 de5cr1bed. Simple states (one-quasi­

pa.ccí.cl.e , one-sphonon , etc.) that are the eigenstat as of the 

vibrational ham11ton1an descr1b1ng superconduct1ng-type quas1­

part1cles and separable mult1pole-multipole and sp1n-rnult1pole­

-sp1n-mult1pole 1nteract1ons between them are naturally selected 

1n this madel, and more complex states (quas1part1ole-PIus-phonon, 

two-phonon, etc.) are connected with them by the quaslpart1ole­

-phonon 1nteraot1on, 1.e. rI' 

Jl~ JI~ -fli"Vj' . 
1 __	 _ "_ 
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JllJL . 1a the v1brational haml1 ton1an, J/U} 1a the ham11ton1an 

of quaa1part1cle-phonon 1nteract10n. E1genfunct1ons of the JL~ 

11'1-,> =-0 ~ (2) 

are ohosen 1n the form of 

E nJ)J ~;I;, =:E, c; f/m -f Cn % , (3) 
m fi 

where are e1genstates of llzj­~ 

.4 ~ = t4nib 
~ 

and ~ are m~re oomplex states, And be1ngPm ~ 
mutually' o~thogo nal . 

Let us def1ne the proJeot1on operators J? and Q 
by 

pyCv = E em))%J 
/l7 

and 

"I ) "')),..."Q r-v = L.- cn % 
17 

It 1'5 ev1dent that 

PQ~ :QP;6 =0 
and 

(P + Q) f» = ~ • 

Us1ng those relat10ns (2) mar be rewr1tten as 

(PJl~P + PJ!~f Q) 7fv = ~))PJi 
(2') 

(QtfvJP + QJlQ) ~y =E)) Qfv, 

2 

( 

Invest1gat1on of the 1nteraot1on between simple nuclear 

exo1tations (for example, one-quas1part1cle or one-phonon states) 
~ 

and more oomplex states (quasipart1cle-plus-phonon or two-phonont·
\. li! ones) 1a essential for descr1bi~g quantitat1vely the nuclear 

I 
resonance width, explain1ng the quench1ng of the sp1n-1sosp1n 

trans1tion strength and 80 on. The modifications in the energeti­

cal speotrum and transition strength caused by the 1nteraction 

between simple and complex states con5~e the main ,efforts in such 

calculat1ons. It 1a o~nven1ent to expreas the integral chaxacte­

r1stica of the atrength distribution5 through their energy­

-we1ghted moments 

5 k'= ~ E./{/<O/B/lv »/2. (i) 
"Y 

"here (O/B/f~> 15 the amplitude of trans1tion from the gro und 

10> to exc1ted state ItI») with exc1tation energy E-y due to 

the action of the trans1 t í.on operator B >!< t s nonnegat1ve 

integer. The sum 1s t~~en through alI t~e states y?y 

n 

Th~ met:hod of oalculation of the energy-we1ghted moments for 

the fragmentation task to solve 1t in the quas1particle-phonon 

nuclear madel (OPNM)[ lJ ia descr1bed. SimpIe states (one-quasi­

part1cle, one-phonon, etc.) that are the e1genstates of the 

vibrational -ham1lton1an descr1b1ng superconduct1ng-type quas1­

part1cles nnd separable mult1pole-multipole nnd spin-multipole­

-spin-rnult1pole 1nteractlons between them are naturally selected 

1n th1s model, an~ more complex states (quasipartiole-plus-phonon, 

two-phonon, etc.) are connected w1th them by ,the quasipart1cle­

-phonon 1nteraction, i.e., 

Jl~ Ht-!" +JlVj 
1 



Ji(,p- Ls the vibrational hamil tonian, J/Uj is the hamil ton1.an 

of quasiparticle-phonon interaction. Eigenfunctions of the jL~ 

Jl7f-y =-E: Iv (2) 

ar~ ohosen in the form of 

~/. P v ~~v~ 
T-.; =-r.; em flm + L <» % (3) 

.In /l 

where ~ are 'eigenstates ..oi /1zJ­

Uv % =ú}nfb 
"V 

and fIj.; are more complex states, fPm and ~ being 

mutually orthogo~al . 

Let us define the projeotlon operators j? and Li 
by 

p y?)) 
)T v 

=L.J em Pm 
m 

and 

jQro> = 
) »v s: 

L-- <. % 
11 

It ia evident that 

PQ </,; =QpJ6 =0 
and 

(P+Q)y.y = ~ • 

Using those relat10ns (2) may be rewritten as 

(PJl~P + PJ-l~1 Q) ~ = E))pl;; 
(2j 

(OlIv,P + QJIQ) 0~ == s; Qri;; 

2 

becauae 

PlIPly :=: pJl2JP ~ 

Pjl~Q~ = o. 
Therefore, the problem is reduoed t~ the a1genvalue problem for 

the real symMetrical matr1x JI
A 

I:j~! 
PJ-ll}P Pl-Ilf1QPi" I=;'" IIPl-"j = p,fv I1H Ql-Iz71P Q1-1Q IIQ oh E" Qi" IQt~ 1I 

or in detail 

Y ')' I '" ",y ~ 
úJm 0" f- LJ ('ffn/'JIz,r;/%,:> ~I ~ e::, em 

/l' / 

) ""; / Y ) ""/ I ""Y "-vL <'Ih JjzJf fm'>~' +L <'fp Jj Cfn,>Cn, =- F)} <. . 
m' li' 

v ~~ ~ 
For each"V the unknowns em and c/) set the matrix 1-1 
e1genvector correaponding to the eigenvalue t:y • The norm of 

this vector is defined by 

J7 v Z )? ,.".y2
<'f}) / Iv''> = L..4 C/71 -f 6 c;, :: .1 , 

m /7 

the amplitude of transit10n irom the gr~und lo> to the exc1ted 

state (J) ia equal to 

<O/B/1-v> :::; E Cm))çO/B/fJn> + E S~oIBIfJ,). 
m n 

r'OJ 

In m~ taska the direot transition to the atate 9.h 
oan be'neglected, i.e.,,1t may be assumed that <O/8/~>:::-O. 

'In thie case 
~ I \1 t·1 > <OIB/~ >=-E c;:<'{)/B/~m> ~ z:c~I'h; 

m In 

3 



where !jn::: <'0/8 It/k> and 

i! k)" v :» » 11.s zx: E E)) L- Cm em, t}n Im' ~ 
")) In,m' 

r "~.J!y)J 
= L- l t I L.., .~ ~ C.m~ 

I m (J? ym,m 

Based	 on the properties of the eigenvectors and eigenvalues 

of the real symmetrical matrix or more exactly on the speotral 

decomposition of the real symmetrical matrix ([2] and eq. (2) 

trom "the appennix), it can be shown that 

A" Y'Y (Ak"L.	 C).l CmC/J'}'= l-I )mm l , 
),)	 I 

~K	 A 

where Jl is the k-th degree of the matrix J/ . Rence, 

"'K -"1/

s~E (JI)I1l./Ii,4n4n, = <'()/BPJ-jkp B+/IJ>. (~) 
mIm' ~ 

B.Y using this formula and the rules of multiplication of the 

block	 matrioes, it ia easy to get 

SrJ::;:: «O/BP B+jO> = L /!m/2. 
rn 

5 1=<O/BPYy.PB-+jo> = E tJm/~7/2 
m 

·S~ <O/BP!n: -I-J!;,;r9t2l1v/j.PE"'!o;> ::: 

== E 4n~1 
11IáJr;2 ~ml ~<%,/4fl/i)(ft,/~éJ/%/> 1. 

m,m'	 /l / / J 
It is seen from those expressions that in the fragmenta.tion tasks, 

if one does not take into account a possibility of a direct 
rv' 

transition from the ground to complex states ~ ,the ~uasi-

part~cle-phonon interaction altera neither the total transition 
/) {li

strength nor 'the energy centroid (independenoe of S and,::::> 

of J/'lJf ) but inoreases the seoond moment, i.e., Lead s to the 

growth of the strength d1str1but1on w1dth. 

'r
 
I Of special interest ia the cas~ when among % th-ere are
 

states that are not direotly coupled with simple ones, i~e.
 

l'
" descr1bed <1m/f./zJj/if,>- =-0 ar 
'I 

I,	 ai)) = (~ -f0z)/vI 
I~) 

and 

9z Jb, PJ!i; =: P.Y'7~ ~" . 
\l	 " e 

j In thts case matrix ~ appears as•I:. 
.. 

PllvP Pl-lv1Qi O 
A 

H== II QJ1.,P QJ. I-J ai QJ-IQz 

o Q~HQj Q21-102 

Evidently, 

s~ <01 BPtJ.I~ +].J,,~ Q, 0.1-11111PB+}o > 

3"3= <01 BP [1-l~ +J-IryQ, Q)-I~1PP1-[t> + 

+u~ Qj ~ WQj Qj~I1J~ -t 1-JZ'-PPlll1~ Q1 Q1J.IV~ Jp 8+)0), 
2 rr 3 

i.e., S and ~ do not depend on the interaction between aub­

spaces QJ.?J . and Q2 ~ • It follows that the total w1dth of 

strength distr1bution is defined by those oomplex states that are 

d1rectly coupled w1th simple ones. 

Limit1ng ourselves to one simple state ~ and assuming 

~-:: Sm,t' ' we cen reoeive the resul t of pape r [J] which has been 

obtained in the seoand pertl~bat1on order. 

While	 oalculating fragmentat1an one has stron~ly to limit 
I	 

~ 

I duo to teohn1cal reasons a number of oomplex states 9,h taken 

into ao?ount. The influence of neglected configurations may be 

estimated by using the energy-we1ghted moments; the1r def1nition ~ 
11 
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I' 
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I. 

by formula (4) does not need d1agonalizing of the large-o-rder 
2 S3matrix. The table shows the energy-weighted moments g and
0

of the Gamov - Teller states strength distribution on 9 Zr [ 4J 
def1ned for d1fferent number of two-phonon states. In all, more 

than 11000 two-phonon states were used. The states were chosen 

from them for whieh the matrix element of the interaction 

hamiltonian with one-phonon atates exoeed a oertain threshold given 

in the f1rst oolumn of the table.The table shows that the main 

oontribution to g2 and S3 comes from less than 3~ of two­

-phonon states, i.e., two-phonon basis may strongly be truncated 

without great 1055. 

r 2 . • S3
Table. Dependence of ~ and for the Gamov-Teller 

states on 90Zr on the number of two-phonon states t.aken- into account 

Th;;;hoí~;~-~~be;-~f-t;~=------EÇ2---~----------g~--~ 
lue of matrix phonon state in in * 
element ~ in * of the maximal 
in * of the of the maximal of the maximal . value 
~!!~l-2~~ ~~	 !~lU~ ~ 

o 100	 100 100 

0.001 94	 100 100 

0.01 70 99.9 99.8
 

·0.1 29 98.5 96.3
 

93.6 84.71.0 4 

10 0.27	 86 ..6 69. O 

'0 0.036 83.3 61.3 

:;~~t;ibU:;O~~z: ~2-tm !;------~:-S2::::-to-;~*. --­
3 

b) Contribution of 

{TI

E w:%t: ' to S amounts to 52%. 
m 

If the amplitudes <O/l3/~) cannc>t be neglected in the 

calc..u1ation of <0/B/yr..,> amplitude, the expre's aí.cn 

S J< J -- K,.., + 
-=: <O BP 1J PB /0> 

6 

L

I 

. i 
~ . 
11 

~,
 
I'.1. ! 
~ 
l
I

ahou1d be uaed instead of (4). Here J5 is the projeotion 
-	 "'V 

operator onto those stat es <rrn and o/n ' the amplitude .o r 

transition to·which from the gro-und state is not equal to zero. 

Therefore, based on the speotral decomposition of symmetrical 

real	 matrix, one can construct an economica1 (from the computing 

point of view) method to determine the energy-weighted moments 

which can be used to study the integral characteristics of 

strength distributions to control the errors caused by trunoation 

of the comp1ex states basis. 

In cono1usion I should like to express my deep gratitude to 

Prof.V.G.S o1oviev and Dr s • N.Yu.Shirikova~ A.I~Vdovin, V.V.Voro­

nov	 and L.A.Ma1ov for reading thls paper and making critica1 

remarks. 

Appendlx 

It is known(2] that the real symmetrica1. matrix A
7\ 

w1th
 

dimension .N~lV has }/ 1inearly-independent eigenvectors which
 

can be orthonormalized, i.e.,
 
11	 • _. 

A X(~ fi, :::c c l' ",1. • IV
 
and
 

(x;' xi)= S tj', 

#' 

wbere (~i) = L. clt I; _ t-j_ i5 the scalar product of the 

vectors a anti ! . Sinoe an arbitrary N-dimensioned vector 
-, .

can	 be decomposed in AI l.inearly lndependent vectors ri. 
J\ AI . K , 

A ~ = ÂE (X~;)Xi=?,~_ x"{X,tj) 
(J td /' ta.! 

and the matrix A oan be expressed as 
,~ AV ~ . 

(1)A :=: E l/E t
) 

i::J 

7 



.	 ~
 
I 

Ai ~l / 
where ( E )t',e' " xI Xf' · Defined in such a manner

."" .~ 
matrice5~' satisfy 

A" •	 A • ,. "" • 

E'EJ= S'JE' 

and 
.AI	 A. A 

Ec'--J, 
''=-1 

A,
"" ri
where J i8 the unit matrix. Matrix ~ i5 ca11ed the projec­

tion matrix [21 and (1) i5 ca1Ied the spectral decompo8ition of 

the real symm-etrica1 matrix (2]. Bas ed, on the properties of Ê i 
matrices, it i8 ~asy to 5how that 

A AI "" 

A k' - ~ 'J k' r/
-. L/li c:., , :./ 

here ~ i5 a non-negative integer. 
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should be used lnstead of (4). Here ,15 i3 the projection 
"'V 

'Operator onto thoS6 states o/rn .and o/n , the amplitude of 

transition to which from the ground state i5 not equal to zer~. 

Theref~re, based on the speotral decomposition of symmetricalI 
real matrix, one can construct an economica1 (from the computing 

point of v1ew) method to determine the energy-weighted moments 

:.1', which can be used to study the integral characteristics of 

strength d~str1butions to contro1 the errors caused by trunoation 

\ of the comp1ex states basia. 
~ In oon~1.uslon I should 11ke to express m,y d~ep gratitude to
 
1
 PrOf.Y.G.Soloviev and Drs. N.Yu.Shirikav~ A.r.Vdovin, V.V.Voro_
! 

nov	 and L.A.Malov for reading th~s pape~ and making criticaI 

I remarks. 
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Appendix

I	 A 
It ia known(2] that the real symmetrical matrix A with 

( 
dimension #Ji}/ has N 1inearly-independent elgenvectors which 

I can ,ba orthonorma1ized, i.e.,. 

A _' _.

A	 X t ... .íI,' :r' j -: J, ... , IV 
and 

(r;' ri) S 'J",c 

AI 

wllera (~ /) =L. flt 4 ia the scalar product of the - /-, 1 
vectors a and • ainoa an arbitrary N-dimensioned vector 

~ . 
can bo dooompoBod in IV linearly ã.ndep endent vectors r l. 

/I 1./ AI'. 

A~ -= ÂZ" (x(j)xt"=?~. Xi(X"7'~) 
(J '.I/> , •.[
 

and the matr1x A oan bo oxpreBsed as
 
A IV 1\. 

A;:EJ.·Et 
,	 (1) ,.,. ( 

7 



; " 

: 1 

""/ ~l c' 
where ( E )~t' = xI Xf' • Defined in such a manner • t 

matrice,s L-" satis:fy 

.... '	 ,f • " ~ • 

E(EJ= J'JE' 

and 
.A(	 A A

E	 I=/-I, 
/=1 

A, f"" where J	 F t
Ls the unit mat r í,x, Matrix is oalled the projec- 11 

tion matr1x [2] and (1) is cal1ed the spectral decomposition of .'
~ , 
f 

the r-eaf, symmetr1aal matrí,x [2]. :&.sed on the properties of Ê i
 
matrioes, it 15 easy to show that
 

/\ ;(/ .-1

A	 k' zz: L ;l/~:'F/ 
, ='1

here Ir! i8 a non-negative integer. 
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KY3bMHH B.A. E4-86-179 
3HepreTH"leCKH-B3BeUleHHble MOMeHTbl B s anaxax <pparMeHTaIJ,11H 

3a,o:aqa <pparMeHTaIJ;1111 rrpOCTbIX anepusrx COCTOJlH11H no õonee 
cnoncHblM CBOP;11TC5I K Ha.XOlK,lJ;eH11lO COÔCTBeHHhIX BeKTopOB 11 COÕCT­
BeHHhlX 3Ha'-IeHI-IH Bern;eCTBeHHGH c11MMeTp11QHOH MaTp11IJ,bI. Ha OCHOBe 
crrex'rp anenor-o pa3nO:lKeH115I 3TOH. MaTpHIJ,hI norryxen npoc-roü 11 3KOHO­
M11'-I.HhIH C Bhl.t.IHCn11TenbHoH TO'-IKH 3peH11J1 arrrop11TM ortpene.nenaa 
3HepreT11t.IeCK11-B3BellIeHHbIX MOMeHTOB CHnOBOH cPYHKIJ,1111. 3TO rr03BO­
n11no 11ccnegoBaTb '-IYBCTB11TenbHOCTb pemeH115I 3ap,aQ11 <pparMeHTaIJ,11H 
K OrpaHH'-IeH11lO 6a3Hca CrrO)KHWX COCTOJlH11H. IToKa3aHo, t.ITO rrOnHaJl 
llI11p11Ha C11rrOBOH ~YHKIJ,1111 onpenerrae-r ca TonbKO TeMl1 CnO:lKHhlMl1 co­
CT05IHHJlMl1, xo r opsre uerrocpenc-raeano CBJl3aHbl C npoc-rsn-ta , 

PaÕOTa BblTIOnHeHa B Jlaõop a'r opnn TeOpeT11'-IecI<OH <P11311K11 üIDIH. 

Ilpenpaxr Oõsennaeaaoro HHCTHTYTa anepasrx uccnenoaaaxâ. Ilyõua 1986 

Kuzmin V.A. E4-86-179 

Energy-Woightcd Moments in the Problems 
of	 Frogmcnt:l1t ion 

Tho problom o.f ft"agmentation of simple nuclear states 
on tho t.:omplox unoe ia reduced to real s.yrnmetrical matrix 
eigenvnluo problam. Doaed on spectral decomposition of this 
matrix chu s mp rc anel economical from computing point o f viewí 

a í tum 'to ato emergetically-weighted strength func­l go r cal cul 

tioo mfJmC'l\ts ia obtoillCd. This permitte.<;l. one to investigate 
tho oaoRitivity of aolving the fragmentation problem to re­
duc í ng ~h(\ bus ia o E complex s ta tes. I t is shown tha t the full 
widt:h of Bt:rangt:h function 1s determined only by the complex 
stotCH connactcd clircctly with the simple ·ones. 

'l'hn Lnvo s t Lgu t i on has been performed at the Laboratory 

o f 'J'hco ru t l cn l Phy s i cs , JINR. 

1'1CI'rllll DI' lhe Join: lnstítutc for Nuclear Rcscarch. Dubna '1986 


