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1. Introduction 

Kethodв based on the ideaв of вuperstaЬ111ty eвtimateв вrе 
com~ng to play more and more importвnt role both in the вtudieв of 
the ultraviolet and infrared вtability proЬlemв in the constructive 
field theoryl1 •21. 

Тhе original area where the superstвbility estimвtes have been 
discovered in the fundamentвl peper Ьу Ruelle/З/ вnd for the firвt 
во fruitfully applied is the theory of claвeical geeee (вее а1во re
cent paper on the quantum gавев/41). The fundamental рареrв of Ruelle 
deal with the exiвtence queвtionв for the infinite volume free ener
gy and the infinite volume Gibbs measureв. However, during the вtudy 
of these fundвmental questions the effects coming from the nontri
vial boundary conditions were not taken into account. It is our вim 
to provide в detвiled вtudy of the pose1Ьle role plsyed Ьу nontrivial 
boundsry conditions. 

We will вtudy general multibody вuperвtaЬle and regulsr inter
actionв from the point of view of the analysis'of the corresponding 
Dobruвhin-Lвnford-Ruelle equвtionв/51. Here in the firet paper on 
theвe topic•, we prove the generвl vereion of the vвn Hove theorem 
including independence of the (reaeonaЬle) largв claee of boundary 
conditione. In tha forthooming раре~6/ we will deal with the gene
ral exiatence and uniquenesв queetiona for the correвponding intinite 
volume Gibbs шeasuree. The question about independence of thв free 
energy of the boundary condition had вrised in our раре~7/ wh•re 
we · formulsted new oriterion for the uniqueness of the inflnite volu.. 
Gibba measurea for the olasa of neutral aystama ol particleв interao
ting via two-body interaction of the poeitive type. Applicationв of 
the reeults obtained here to the .problem considered in /7/ will ap
pear ln another puЬlioation. 

Ве:оrе atarting the work let uв explain brieflY tbe main idea 
of wbat tbe вuperstaЬ111ty eatimatee are. Let ЧР~ denote the confi
guration of воше phyeical вystem like вpin вувtеm; olaesical lattioe 
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of continu8l gвв, euclide8n field, etc. enclosed in tbe finite volume 
Л..<:Rd • Let ;)g.л(.Ч'.л.) Ье the Нam1ltoni8n function of the system 8nd 
let .Л. (.л) Ье the corresl?onding в расе of configurвtions of tbe sys
tem under consideration. We s8y tb8t 8 system is therшodynamic8lly 
well behaved when we h8ve the equality: 

- ·- ~ ( "' ) (>(.(..л.) t.л.l 1,... е :л ТА. =е 
Л (л) 

(1.1) 

with 3-..""Р 10( (А)\ <оо • The main proЬlem is to obt8in an identity 
like (1.1) and thiв is а рlзсе where tbe essence of the superet8Ьi-
lity estimates comes in • Let .Л"' .Л.v.Л.., with..Л. .'"1.Л.-'"" ф. ., "'- ... .2 

Then, obviously we can write: 

~ ..... lfл) .. ~ Сч>.л) t-~ СЧ'з. )т~:~ Сер .л.:> <r.л..2 ) • 
(1.2) 

1 ~ ::L 1.) .2. "' 
where the terш Jе.л _.).л expresses the energy of interвc-

> .2 
tions in between tbe regions ../\.."' and .Лz. In formul8 ( 1.1) the trece 
is taken over the spsce !1~)· In m8ny c8ses we bave 8n obvious fao
toris8tinn property .n. (А)= .11 (IL.,) ~ ... (2, {.Л..2.) • Assume now th8t we 
8re 8Ьlе to find some subset R~Ч(.л.,.>А.2 ) of ..{1~) sucb that . 

ТГR{.л)(А.>А.~,)е-~..л.(<Рл)') .:1. (1.З) 
Т,.. .n,(.л) е<}GлС<Рл) 2..J 

8nd we c8n find 8 bound 1 • 
(f....) /l(l,r\o) 

~n? Q\..) -~.Л~<Р~)Ч'.л)2 :Ж: (.fi..1 :>A:J..), 
~ ~ <Рл Е. 'R (А ,л ... ) 1:> 

(1.4) 

1 J. 

where ~~)~f\~J fulfills ·some require .. ~ts to 8chieve the existence. 
of the tberшodyn8mic limit for «(JL) expleined briefly below (see 
forшuls 1.6). Using (1.З) 8nd (1.4) we eaaily conclude th8ta 

/г е- ~.лСЧ'..л..) < et.n 2. e-'W ~)с.л • .).л2) 
~~) - ~ 

- --:Jвл..(~) .- ,.,.- ~с~). 
lг е. ., 1 . ,,.. -=-- ~ 

..Q. (J\) .DJ(Az..) 
(1.5) 

Тhis le8ds to some extended notion of sub8dditivity for ~(JL) 1 

.,., ~) . 
::z: (Л, Лz.) j.Л. 1 ' А / . .) t- _1_ еА.(.Л)t- ~"'(.л.) 

(.Л 1 I.LL/ .f /...Л.I '2 

/ .2. -
о(. (А) ~ 1::: 1 

from which (eventu8lly 8fter iterв-1ons) we 8re often 8Ьlе to oonc
lude tbe existence of the unique therшodyn8mic 11m1 t for о'- ( ..IL) 
wbenever A'f' Rd in 8 suit8Ьle sense. 

Thua, the core of tbe whole metbod consistв in finding an арр-
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ropri8te decomposition of the configurational space ..Q, (.л.) -::::.sf!;-J 
u (...Q.(Л)-:R(.Л) ) on which (1.З) and (1.4) 8re v811d. 

Pin8lly, we comment on the org8nis8tion of this paper. In the 
next section we collect some b8sic definitions 8nd forшul8te some 
prelimin8ry techn1c8l results whieb we will need in the following. 
Also tbe preoise formul8tion of the main result of thie p8per ie con
t81ned in section 2. Section З ie entirely devoted to the proof of 
the main reeult n8med 88 generel van Hove theorem. In the 8ppendix 
we elaborate the proof of the вo-c8lled вuperst8Ьility eetim8tee 
working exclueively in the l8ngu8ge of the configuration81 ерасе and 
the Poisson integretion. 

2. Introdнctory Definitionв 8nd Reeulte 

2.1. Configuretion врасе /В/ 
Let ,Z; Ье eome Borel eubeet of воmе raal, finite-dimeneional 

в расе R do. Tha веt 2J. will Ье са lled the е расе of chargee. On the 
Borel cr -algebra of веtе of ~ there ie given а regular meaвure 
~ suchth8t ~(L)<cO • 

In the вetвlRd~E)~ 1<. let uв introduce t he following equivalence 
relation c-..:J • We will еау that <..:>>w1 Е <.. Rc ~Е )g~ k are aquivalent 
iff they differ only Ьу the permutatinn of the elemente compoeing them. 
Por 8 given....;\.. С f<do let w(.л) Ье the reetriction of c.J to the 
eet А • Тhе eubeet S1 ot ~ (F.dODz) having the property that 
ccu-dl(..o.)(.A)/"' ~(А)/ <c;<J (counting with the multiplicitiee) for every 
bounded ЛcRdie called the configurational врасе of t he syetem. The 
вuЬвеt ...Q, (.л) of .(1 iв defined Ьу: ел:: Е . . ..>"?,(.л.}~'(..) =- с.::> (А). Then, for 
every regular А с 1<d we have natural decompoeition ..0.. -= S1(A) ~ . .\21(::.'\S) 
which correeponds to the notation: t..;.':! = ~ (А)"' С-:) (л_<:.. ) where we 
denoted voV (...) \ 88 ~ union of the е lements composing u 8nd w \. 
We have аlво ..fl:.CЛ}==n\foJ"2J"(A.) where .n, n(A) = [wE.I2{A)I/c..:>/ =n} 
lloreover, the веt д~< (.л) c8n Ье 1dent1fied with lRd~.L)taD'/~· 
Therefore, it is poss1Ьle to tranвform me8sureЬle and topolog1c8l 
вtruotures ot ( R.se.z")• '/~ into the set ~!)}'(.А) 8nd then 8lso into 
lf1(A). Тhе correвponding (5 -algвbraв 8re denoted Ьу "З-(л). \fe re
mark th8t tbe measure and the topological вtructureв coincide. Ву ~ 
we denote the CJ -8lgebra 'З-( f<d) • 

Let а number 6) О Ье given. Then, we define S" -l8ttice 
Z"ъ-.:'{xcRd\')(,:•n;i ;)L..•-1, .Jd} where Q~ ara integere, ~- -

cube: S ~ 
о~ l ~) = { х Е. 1< d 1 n~ & - 2 ~ ~~ < n~ 6 + ~ } 

and Ь -covere: 
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C&(R 0 ) <;f Os; (~) ~ 

с ь(.л.) "' "'L.,- Ot;C.c) 
d 0~(1)_)".1.\.-t-ф 

А вuЬвеt ../\- of R. will Ье called the regular ~ -polygon iff ..А. 
iв connected, one connected a nd _/\..= '{_OJ,(J2) • P'or а given '-' E-S2J 
we denote Ьу c..Jt, С!:!) the reвtriction of ~ to D ( Q ) and Ьу '1(с..>_,!;!) 
the cardinality of ~(.С) • 6 

2.2. P'ree ayвtemв/S/ 
Let uв conвider а вувtеm of cylindrical веtв с; ,. t wE ._Q, 1 

u (..11.")-,с n} where rt runs over integera and _л_ over bounded re

gular вuЬвеtв of ~ .Thiв вувtеm of setв with fixed А generateв 
then воmе tS - algebra of веtв 3-'(Л.). On the generatorв Cn ot thiв 

:л. 
а -elgebra we then define а meaвure 

:.Лоул.lс:) = *"' /'.(А)ГL ( ~ f-t-(do~))rz.. <2.2.1) 

where "}-. 1в воmе Borel and regular measure on Rd • ТЬе вystem 
{~'(Л) ?\ 0 л} defineв the projective family of measura арасев 
whoвe p;ojec~ive 11m1t can Ье defined on воmе l J4 'J' ?\о} • It 
i в easy to вее that one can 1dentify ~'СА) w itь> ~(.л.). Тhе measur e 

~;:.Л has the remarkaЬle propelty1 1f LicA then?l 0 >л.=Лq,z::.'l!9:>..0 
л-д • Тhе moвt popular choice of 'Л 1в the Lebeвque 1118вsure mui-

t iplied Ьу воmе poв1t1ve constant -х. called chemical aot1v1ty. ТЬ1в 

са в е we denote ав 1Г ~.л • The differant choice of ?'1 leadв to t he 
) 

deвcription of the nonint eracting syвtem 1n воmе external tield. ТЬе 
вувtеm{.!'l..>...>~(.л')J'Э-(..л.)~?\о.).л.} will Ье called t be free syst'all . 
P'or the oompleteneвs of our expos1t1on let uв note 

/\0уА ( .fl.(A)) ::: е X_f ~(А)( ~d~(ot))) 
which follows easily via tbe 1118nt1oned 1dent1:f1cat1ons. • In t his ра -- ~ . 
per •• сЬоове 7\о_уЛ as equal to 11 О ;А-. However, our reвultв are va-
lid for t he more general ohoice of ::;>. ав well. 

2.3. Interaotionв 
Any measuraЬla function fЬ ·. Д -7(- оо~+ се) will Ье oalled 1n

te raot1on and value of g at the given (..)Е S2. will Ье oalled tbe 
energy of tbe oonf1gurat1on ~ • P'or tbe stat1вt1oal 118cban1cs tbe 
moвt 1nterest1ng 1nteract1onв are tboee whicb are staЬle. 
Det. 2.).1. 
а) An 1nteraot1on ~ 

:3-
.ВЕ.R 

v-
c.) € ..0.. 

1в вtable <-=~ 

~ ((.L)) 2 -\с..:>\ · :В 
<г.з.1> 
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Ь) An 1nteract1on 8;, iв вuperвta Ьlе 

v =r- v-
.5 Аъ'>О ._.-:~(..Q. 

- 2 - у -) 6 (с..)) 2 L А о fт.д (c..J).n j-L.J '86 n6 ( '--)Г(2. 3. 2) 

B,sE R 
_!' (:- Сь(R~) !: & ~(i<~) 

Remark 2. 3.1. 

Тhе conвtant A_s iв 1n general de pendent on 6 . However, when 
е 1е вuperetaЬle on воmе ecale cS the n 1t iв euperetaЬle on any 
всаlе 6' >0. Forexample , taking6""'1. and 6'-= к-n where k J n E N". 

Th en, af!euming вupereta Ь111 ty of the gi ve n interaction t:, with the 
conвtantв А-1 and 81. , we obtain: 

С (_w) :2 

Def. 2.3.2. 

- n d 
k А .., 2_ n ~ ( wJ с) -t 2_ В., n 6 ( (..) J _с) (2. 3.3) 

~ ECsC•<d) !: f с6 ( Qc) 

А given int eraction ~ iв reguler i ff t he r e exietв а continuouв, 
poвitive and d e creaвing func tion 1±! : (о,се) -:> [01 vo) вuch thet 

S('O d -:1. 

о 
1 fdl(r-)d r- ("со (2 .3 .4) 

and for a ny t wo c onfigurationв .._..; w с [1 their interection e ne r gy 
'1J ,{ 

t';~1 )w:;!) def i ned Ьу : 

[lc.v,)w2 / == t{~"~.z)- €r~;i)-c ( w.:<) 
cen Ье eet i meted ав follow в : 

1 e rc , ""'~ /<' 1.. :>' Т 11; _ '( 'L 1 (2. 3. 5 ) С,~-', ::> c...J_.. 1 - 2- L........! l(ll - ~ 1 J n (w _c)t- 11 (w s )) 
( z; S( 2 t ' J S <,~ 

! ~~ - ~ 
Remerk 2.3. 2. ~ 

- -гnk 
Having in mind decompoeition [);= \...Ju..u we ce n often wri t e: 

~ - k "' C' t: ~v!) = .z__ ~ ~ с~ \ . 
. к. = о (...,:к с~) IL...:~oot1 =""'- с....._ ~ J 

Then the functionв ~к are celled 1< -perticle interec tionв. Th e k-
..Дk part i cle. interaction ~<с: cen Ье defined on the ерасе (Rdo3L.J 7"' a nd 

then can Ье naturally extended to the врасе (J<d ~JE:f""'. Тhеве exten
вionв are cel l ed 1< - pertic le pote:1tialв. It iв en intereвting end 
lergely ope n (up to the author'в preвent knowledge) to deвcribe е 
е рас е of regular a nd euperetaЬl e k -potentia l e with k > 2 • For char
ge lевв вувtеmв and k = 2. воmе cri terie for the ( lower) regulari ty 
and вupereteЬ111ty are known /9/, 
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Rem8rk 2.3.3. 
For the ch8rgeleвв вувtеmв the concept of the lower regul8rity 

вhould Ье вufficient for tЬв рurровев of the preвent p8per. However, 
it ie bec8use of our роввiЬlе 8pplic8tionв th8t we uee here tbe more 
reвtrictive notion of the regul8rity. 

Remark 2.3.4. 
In tbe case wben the function ·~ from the definitinn 1.3.2. 

has 8SYmptotic like г-сl- Е with some Е ')О 8В r 1'оа , tben we вау 
th8t tbe interectinn G iв вtrongly regular. ТЬе вtrong regularity 
will Ье needed for tbe proof of tbe main reвult of tbe preвent p8per 
(вее 1.7). 

Definition 2.3.3. 
Define the (meaвuraЬle) 8ction of the trans18tional group Е ( d) on 

'-'1 

ТЬе 

byl 

Тч"" : (...)"" - ( ( ~_, rQ ~ t><,)) - ..) ( х"+- ~ :>()/" )J . . . ) 
interection ~ is tranel8tion811y invariant itf 1 

~ (uC\.) = ё{С<J) 
Similarly we can datine tbe other вyшmetrieв ot tbe given interac
tion ~ 

2.4. Finite volume eguilibrium Gibbs meaвures 8nd 
вuperstaЬility estimates 

ТЬе tinite volume equilibrium Gibbs me8eure ~ correвponding 
to tbe interaction ~ iв defined on { .О,(Л)J <:=1-(л.)} Ьу tbe tor-
mul8 

V' tclt.J) =(Z (z))-~ е><:_е(: ~('-")) ~~~,. (dw)· (2.4.1) 
л\: :л. .) .... 

For at leaвt staЬle intersctions ~ this forшula Ьав well detined 
веnв~. Here 2.л_ (z) is tbe tinite volume partition tunct~on 

S z. С -с~) p(z)J..Л-\ Z (_z) = тr dw)e =е .л. • (2.4.2) 
Л Jl[.Л) ОJЛ. 

where -5l(z) 1в tbe tree energy denвity of the finite volume system. 
For any regular д ел we can detine 8 tinite volume meaвure -rjf'-) 

( dw(A)) ав а projection ot V'""л_ onto {..О.(~)., <J-(1:!.)} Ьу 
the forшula 1 

(Л-} с ). 
'Г' tlw 6) = 
д 

-.d..~ -ё_(c..J(A)Vc..J{л-A)) 
(Z (z)) _ 11-z. (dw)e. .{2.4.3) 

L\. ОА 

tO. (л-.ь) 

6 

{А) 
The me8sure "~ iв tben 8bвolutely continuouв with reepect to the 
meaвure j\~~ with the correeponding Radon-Nikodym derivative: 

(л.) d lA ( -z: -{ (._L-:)(A)v <-J(Л-А)) 
3 (w(A))= v~ ~(А)).:: z- LJ j\cJл-11 w(Л-д))е (2.4.4) 

4 d ifc>"'~ .Д (kд) 
The Ь8е1с technical reвulte ueed in thie 8nd the tollowing papere 
are the eetimateв called 8fter Ruelle as euperetaЬility eetimateв. 

Тheorem 2 .4.1. 
Let the interaction /!Ь Ье вuperetaЬle and regula1•. Тhen, there 
exiвt conet8nte ~) О , 6 l: R. euch that for every regul8r Ll C.l\. 
and Df.Д(л) we have1 

!'"-)("-'(А)) ~ е ;_р- ( Z 0 п.5z.с_с.:,("д.))~ )·r-s:'Ln.;s (u{д) 
1 
с))- (2.4.5) 

4 г(:с{..с..) r(Съ(А) 
~--\ .- ""( 

ТЬе tunction ~А ( <-J(д) ) meaвureв 

te volume вувtеm in а вt8te ~~(~) 

Agein tbe conвt8ntв ( and .f 
to вее tb8t lj ~о а в е ./.с. 
theorem are the following оnев. 

the probaЬility of finding а fini 
whotever the вtate c.J (.t\. -А) iв. 

are h -dependent. It 1в not hard 
Тhе obviouв corollarieв of thiв 

Corollary 2.4.2. 
Let the interaction ~ Ье вuperstaЬle and regular. Define the 

веt 1 

J1 (/L)д) = { wE- .... rь{д.)( L_ n~ (~.) С)?. N 2 161} 
_N" r: Е с& С.с) 

(2.4. 6) 

with ff integer. 
There exiet conet8nte ~ 1 ">0 and .f;E-Q вuch that 

"Л ({~(~)д)})~ е)(_е(- (tr'N'+p')/дl) . (2.4.7) 

Corollery 2.4.3. 
If additionally to 

that tbe interaction ~ 

t8nte 1Ьi'f') f' 8nd р 1 
rate tha proofs of theвe 

the hypotheeie of Тheorem 2.4.1 we аввumе 
is tranвlationally invartant, then tQe cons
can Ье choвen independent ot~. We el8bo
reвultв in tbe appendix to thiв paper. 

2.5. Intinite volume Gibbs meaвureв 
Of вpecial interest iв weak (eub) limit t..:,ТJ VA - v-~ of the 

111'~d 
finite volume Gibbs meaвure VA • It is an obvious oonвequence of 
Cor. 2.4.2 and Cor. 2.4.3 that tbe intinite volume meaвure r 00 (wbe
never existв) ie tben supported on the веt 
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со 

')< ... 1_r R N 
"'•t 

wbere 

р "'{wES1J ~n2(....,..>r)~N[2L+i)d] (2.5.1) 
tf \St.{f.. 

Тhis enaЬlee ue to define the conditioned Ьу c,.j Е- R finite vo1ume 

Gibbв meaвureв. For а given bounded А с f<d 1et ~(л) Ье 
а sequence of bounded вuЬвеtв of гzd-.1\. whicb tendв to F< d-JL mono

tonically and Ьу incluвion. If the interaction ё, iв вuреrвtаЫе 
and regu1ar tben for any cS~ .Q.(л) we can define: 

t_ ( ~ с..)(лt·)) =. LLrn 8'(8-> '-V(An )) 
:> n1'e<> 

ев а meaвuraЫe function on the веt R • After Dobruвhin (вее a1so 
/З/) we then define а conditioned (Ьу ~ ) Gibbв meaвure in the fi-

nite vo1ume А on tbe врасе {Sl(л...):13[.л.)} Ьу: 

'1(-1.:.:>) =(Z' (...,1}--ie- с(-) e-e(-/w(.Л.'))IГz (-) 
.Л.. А с _,.л: .:> 

z (dJ ~ S тr 2 с (i,., )е с( 'У(_) е- с С t' 1 (.jp.n) (2.5.2> 
,Л О).Л ' 

..а (А) _г 
The веt !J(~,Ло) of probaЬilietic Bore1 meaвureв on l...Q) ~} 
вuch that tbeir conditioned вt tbe J -a1gebraв :1-(../IS.) variants wbere 

...}... runв over the bounded and regu1ar вubвets of R d are given 
exact1y Ьу formu1a (2.5.2) is ca11ed tbe set of infinite vo1ume Gibbs 

G and (ground canonica1) measures correвponding to tbe interaction 

free density ~о • The subset _j'T( t=/Лс) of ~(е.) 5\-о) 
sed of the Gibbв measures whicb are supported on tbe set Г-< 

ca11ed the set of tempored infinite vo1ume Gibbs meaвureв. 

compo
is 

2.6. Boundary conditions 
ТЬе full веt оgт( ~.:>/\о") can Ье obtained Ьу taking the ther-

modynamio 11mits of certain convex вuperpoвitions of the oondit1oned 

fini te vo1ume Gi bbs measureв ~ (- 1 • ) • 
In particu1ar, tbe 11mi ts 11m v:л_ (- 1 (....)) (whenever they exist) 

be1ong to the set ~ (e',3i-o) • тhiв corresponds in our termino1ogy to 
the pure boundary севе of which а вubcase ~- ~ф iв ca1led the empty 

boundary condition севе. 

Let А 0 с Ье а Bore1 probaЬility measure 

1) the projections ~"(d(..о)(Л)) on 
abвo1utely continuouв w1th reвpect to 

on [Jl 1 "f! } вuch 
{..ас.л.).:> -э-r.л)} 
тr "Z • 
о,А' 

ii) the correвponding Radon-N1kodym derivat1veв !j'Л оЬеу 
.'1'\.. 

вuperstaЬi1ity eвtimate of tbe Тheorem 2.4.1. 
Any measure ?\ьс w1th the propertieв 1) and ii) realizeв 

1ar, tempered boundary condition in the fo11owing msnner• 

8 

that 1 

are 

the 

regu-

о ("'ос\ _ - _L (' .- ь с 7"; 17 ,... 
1 л. /\ J - l.л.. / ~) / \ (.з <...:) ) е п LJ l L.) ) < 2 . б • 1 ) 

t.O.(M ) А 
end 

(л) . ( ь с. (-Л '-, 
f L ( {ь.) 1 А lrC) ~ ~ > /1 (l~t-.>) f (((.6)/(.)(1{- )\ . ( 2. 6 . 2 ) 
А li2 (ЛС) ' ~ J 

Тhе detвiled вtudy of the thermodynemic limi t в .1.-<..-rYI р ~) wi ll 
.Л-tRd .6 

Ье presented in the forthooming peper. In thi s peper we will concent-

rete on the free energy denвity r (л l.:>c) • 
А 

2.7. Мв1n reвult ' 

The reвult we prove i n thiв peper iв formнlated 1n the fo1low
ing theorem. 

Ven Hove Тheorem 

Let ~ Ье вuperвtaЬle, вtrongly , regн ler end trenвletionвlly 
invariant interaction. Let /\ьс reвliвe the regula r вnd tempered 

boundery condition. Let ~ Лn "J Ье е eeque nc e of 6 -polygone1 boнn
ded regionв in f<d end внсh thet . ,Л." 1' Qd i n the веnве of ven Hove . 
Then, the unique thermodynemic 11mit: 

Ll.n, - d.. р ('А i:к) 
1'11'ОО IAn\ А,..., 

ех1вtв end 1s equa1 to 11m 

А..<: n..., ~ :1_ Р. ("z.) 
f' 100 /Л.; 1 .л. Т) 

з. Proof of the Van Hove Тheorem 

3.1. Introductory remarkв 
Let а regu1ar ~ -po1ygonie1 reginn ..А Ье given.Aввume thet 

Л=L\_,• . ..'L\2 end L:::, _,,.,D, 2 -=ф ,where .6~ вreegeinsome с-
polygonal веtв. Then, we define inductively the following веtв. Let 

'г (А) { ' ""> <U·· ) } v (6.1 )~2).,.mAX L- '\...\.[-~\ ;_:t-CJ(6.__,) 
-1 ~ t съ {р-1) 

then е веt ~(6,)Ь2} 1~ defined Ьу 

(З.1.1) 

- .г~ } \J1(f).1::J.6.:2.)={re:L\ 1 2._ '1:'(1.[-~t)==-v-:1.. (ь,)А2) 
Е"-) ~ иsс~ .. ) 

Having defined У n end ;j n. we define 

(З.-1.2) 

V (А) ( 4_, ~ 6 2 } :: mл х { 2._ lfJ ( 1r- ~ 1 ) ;:, [" (- .6 - v-п } 
n t-~ ,. с С ) _, 

~" ';) c.t: 

(З.1.З) 

end then 
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t.Yn+ (c.~ )д.._)=={r<:-Ll. 1 L lf.J(!-.!02-y{л.)(L162)} (З.1.4) " s Е с Ge;. '\ n-+л J • 
- 6 2) 

Prom thiв definition 1t followв: 
1) ·у (л.) (D. д " >У (л) (6. t:,2\ ) 

1 ~ ) .l J .2 · ! .) } 

н> ~1 с~ ... > !:::,2.) .f' L"2 с~~,~)~ 
111> 1 ~,, (..6_, ;) l:1.1.) 1 2 n . 

~ .6 , 

iv) for bounded ~..., ~duct1on 1в f1n1te and endв when '-" =LJ • 
S1m11arly we can define -~-)(д2 ,.1_, ) and~n(A2,A" ). Тhе sets n:;-,: 
then induce def1n1tions of some nonzero ~ -measure subвets of ДVI;j 

, ) 
.[1ft.. (6 д j = 5(...)E':.Q.(л.)) L nZ{w(L) )c)~N 2 /l' (д 6)17 
Яn "' l l f""{&(t:\ L\) Г\. •.> 2 J (З.1.5) 
) "'-1 n u 

and similarly for !1 (д Ll 1 ) • 
N ~> . 

P1nally, we def1ne Jn 

L(1c-.-) с~ · д ) ·<=(n.a~) )п (n[1~)n)· (3.1.6) 
N ., :J .z Г1 -'", n 'il.' , 

Тhе above definitionв reвult 1n the follow1ng Lemma. 

Lemma 3.1.1. 
Let the 1nteract1on ~ Ье regular. Тhen the follow1ng es.timatee 

are valid. (.л) 

1) for any (..)Е [h.JГ (D.1 i~•2 ) we bave: 

2 
g (C-J lд1 )Jc..) (6.z)) ~ ~ L L Ч! CJг-J 1) 

_с(~ [с..,)~ ·Ес~~2 ) 
( з. 1. 7) 

l.z\ У. z -+ z. . ~ 'l:P~r-s 1) nJ{Ц,_t:..)::>s). 
<А) s Е с6 ~ ... ') ~ f с0 c~L) 

2) tor any с,:. Е .Q ~ · ь;; we ьаvе: 
к 1} 

t с~ сь.1 ъ с.) с .6.2.)) < N 2L / , ч, (_\!" -1 1) . 

Proof: 
ad 1) 

~2_ 
.[fC:.(L::._., } 

.r ~ С~ (~.., ) J Е С tf-L::.
2

) 

L Wer-~J)Т'I~ \~с~ .. \г) 
! fCZI (о2) 
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(3.1.8) 

< ~ 2._ v (.Л)(l:J . ~ "\ L n;('-J(D ,) L) т 2.J 1~ /vr~rь л ) 
- ..._ k 1 ) 2 J - ~ .') -1 1 ,г 

ic:=i lfL.Т 
к 

( Nz(''~) - i z (л) - ) - Z V К (Ь. _,JjJ)L:J;, 1 + 2 k V k (.6 , /'>.:z ))\Ук / 

/ 1\1 2 '>' 1 11 . :'1 
~ '.2. L._j ':1.: li.C -~ 1;. 

~ Е с& (~:z) 
Тhе casa of 2 then followв 1mmed1ately. Тhе follow1ng Lemma w111 
play а crucial rola 1n tha follow1ng. 

Lemma з.з.2. 

Let t Ье superataЬle a.nd regular 1nteract1on def1ne d on .f1{;l) 
Let А'= A..,v~2 Ье ае above. Then, there ex1ete an 1nteger ..N"' i n

dependent of D~ and д2 вuch thвt: 

\[" ( {J2 {j.)(-6 . .6 )} ) .> "3 
.1\ "J z .i 

Proof: 
. Pr om the euperataЬili t y ев t ima te в ( Th . 'L 4 .1) it f o ll ow в : 

\]""" с 1 .. nJt-·) с L\ Ll ,_) } ) 
.А :> 

~ 2 'V ( {J1 (А? (6 ~ ) }) 
• ..1\. .1-Г J " .) 2 
~ J • 

~ ~ ех.е (: ( 0 '.1\Г~ Ь \)j) <оо .. 
.j 

Moreover, the laвt вum tendв to zero when N-~c;(). 
q.a.d. 

З.2.Empty bound!ry cond1tion саве 

Не вtart w1tb the proof of the ex1вtence of 1nf1n1te volume 
free anergy 1n the empty boundary севе. Тhiв 1в esвant1al~y provad 
alreedy in the Ruelle paperfЗI • 

Theorem 3.2.1. 
Let ~ Ье а superataЬle, trenslat1onally 1nvari ant and regular 

1nteract1on. Let 1_л",} Ье а sequance of regular d -polygonal вuЬвеtв 
ot f<d sucb that -"-п 1'f<d in the sanse of van Hove • 

Тhen, the unique tberшodynam1c 11m1t ax1sts 

-р cz) =- М:m - 1~ 1 ln Z.л (z) . 
. (;о nroo .., ,., 
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Proof: 

Le t us decompose А =,6 \J~.2 into two r egular, disjoint cS -poly-n ~ . 
gonal regions . Choose the integer ..N such that Lemma 3.1.1. holds. 
Then we have: 

Z (:z.)"' S iТ:>' '- (w (л))е t l(.) (Л)) l -с (w( лv 
+ __) 11~1'-{d<-.)(.6) е 

LО.VЧ-.аР'"\ь -~" 
.N 1) 2/ 

(.л) . . 
..Q...l'l с .6.., ;) t:..2 ) 

N2 ~? 
~ е .r<=-61 L l}Jctr-~ i) r ·тr2 с r )~ - t{<-.:>[6.)) - E(~ 

~ Е- 6~ . l) 0 .>"- cii.,)Lл 1 е е. 

+ 1 zl\_ 
~)(61.)t'Jz_) 

Тhis leads to t he upper bound of t he fo rm: 

Z(?) ~ 2. Z.ь · ZL:I ex.e(_r-rzz_ ?- Ф(!!"-~1) . 
А ... 2 r~.д .SEA 

- 1 - z 
То obtain а lower bound on ZL\_ we proceed вimilarlyz 

Zл(z) > S тrJ>л(clt.:{л))e- f. ~СА>) 
..(1~)(61 .;Dz) 

-N 2 L -> е .г Е-А.,~~ 4-'Qr-,щ 

(3.2.1) 

(3.2.2) 

~ 

·~ .
11

2. r · r )) -Е~СА~))_ er;_ G (3.2.3) 
C)L\ Ldw\..L\. е с е Ь.,)) 

lflл) 1 t. 6 ) е 
N L •:> :1. 

> - N
2 L - е гс-

L~~-lt).z .-z . 
~ (Az. :6-t ~ .2 - А1 

- ~ 11:~ (dw[A))e

( J},.A (А ·А )\С 
N 1) z. J 

tlc.vv\ ))-t(с4_6г;)) -N:Z L.f,c-
1

1) 
е е Г(;::G/1:-~, 

(from the Lemma 1 ) 

'> z .z ёN.zz. L'tt,-~,) 1Г7z -N2;;z_ш,.-.. н\ 
- ~ · . л [Е-А1 J''-6 . - 2. ~ • е .I<=-Lfj S tA '\:' '.J 

'1 I-J2. l- 1- z. 
А., A..z. 
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1 
J 

f r om which we get lower bound of t he form z 
2 - / ( ) z > 2- ' Z . z - N _2.. L. ':t{' ;::- ~ ' ) 

л _ ~ :t~ е _. <:А , ~ ""~ 
1 2 ~ 

(3 .2.4 ) 

Now we i t e rete the above procedureв . Let now ./L Ье decompos ed into 
!\. disj oint , r egula r d -polygona l reginns .д.~ s uch t ha t-(; ~ :=c-.f\... • 

Then Ьу а s imple induction we get: • ' 
z. - 1 r1. Nt- - · 

n _ 1 - N_ 2 2_ ~{[-jl) Z - 2 2. ?_ Ч-11['- }.;) 
n~ z е 1 Н\.1~, .s ~ Jl2 z _е ,.t6,· .SI\~ · ' (.! . 
. 6' .л ~ ~ 1 ~ . ~ (3 . 2.5 ) 
L"·1 ~ 

From t l1ie estimate t he proof then f ollo;vs immediately. 

q.e.d. 

Remark 3.2. 2 . 
It seeme to Ье poвsiЬle t o exte nd t h iв result t o the вituation , 

where tJln } is an arЬitrary sequence of bounded вubsetв вuch tha t . 
V .Л n are integraЬle a nd moreover .Ал 1'R. d in t he eense of van Hove. 
'.Phe i dea is the following . For any rz.. l e t 8h Ье а 8"_ -cover of 

А • Let then ..л:-<5 !'( (5 о ~ ( 1 where Ч· " с .1\... n a nd л~< ~ u О, (Q) 
" 1 ~ ,_ ·- .... , !(. .о ., 

whe r e a t l east .Рд (С) п ~n 'f jZS. Тhen , we have tw o sequences or the re-
gula r , 6n -polygona l regions {.л:5 1 11 1 and U1=," } which both tend · 
to !( с\ in t he se nse of van Hove. I n applying the arguments used to 
prove Th. 3.1 . we need some c ontrol of t he N' which now became to 

Ье n -dependent ( see rema r k 1. 3.1). It i s plausiliЬle to сhоове such 
d n. that the proof can Ье applied to both sequences {А-;, ~} end 

1 " {..1\...,.,., ,&'n} • Then t he "three-sequ.ence Lemma~ will give а proof for 
the s e quence tl.l."?f, but we have not checked the deteils yet. 

3.3. Pure boundary c ond i tion севе 
Now we proceed t o the proof of van Hove theorem in the севе of 

pure bounda r y condi tion. Por th i s we choose (...)Е J2. (а) where the 
set ~(q) defined below iв of measure one with respect to eny Gibbs 
meesure which fulfills supersteЬi11ty estimstes. Por а given regular, 
h -polygonal bounded region .Л we define its .В -boundary ав: 

д (А) :: { х ~.л 1 2- Ч(! r- xl) < 2 в} . 
р, гЕ Сь(С~uё\(А)~) 

This definition dоев not determine ~ -boundery uniquely. However, 
when we ha ve вequence {Л.")-оf the regular, 6 -polygonel, bounded 

subsets, then we oen define sequence of В -boundarieв { ЭE>{IL..,) '11n 
suob е way thet ц_,,.Jur,(A,.,))/.л: о and {о (л,...)} ere cS -poly-

• n-too n 8 
gonals. Тhе proof goes essentielly ев in the empty boundery севе. We 
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are looking for the appropriate lower and upper boundв for Z (<.:)) • 
.(\. 

Upper bound 
Сhоове В< А where ·-A iв the вuperвtaЬility conвtant. 

z (~)""е Е (t-:~Сов(.л)))-е(с.о(и8 с41))z С'-") 
л е :л. 

:: е t (c..:J('U,_,LA)))__\ .?\op..(d'?)e- t("}vt..:)~(.л.))~~(?;,~~ 
1.[2,(л.) - t( '? с.)(.:'\. с)) 

. е :> • (З.З.1) 

Let .А1 
=Avup,(A). Then on { {){л1 ) , c.=r(./1.!)} we cen define а new 

meaвure 'f":"t".>IЪ (indexed Ьу <:..:)(u (:Л.)\) Ьу: ·'-
А. р, /' - t_ '(:о;(А!.)) 

~ 1'> т - i. - с с ):'1 (;:) ~.)(с\ ( (~)) ==(~ (~?) /\<)_/\~0~ "{(~(А) l)e_ ,(З.З.2) 

where 6'"" iв the s -meaвure co~centrated at '2 ( ов(л..))== (..) @&(A}),i.e., 
for any "".:! @ (.л)) meaвuraЬle and integreЬle function F we have: 

С'> 

S 6 (., ( ZI (А)~("2 ).::: r= t..:) (о (LL)) · <з.з.з> 
r.J L 8 1

) f> ..) 
.Q Cq" (-Л.)) 

~~ iв the new interaction on J1 (fi) (now А) В and с..) 
dependent) defined Ьу: 

& : с2 с л')) = Е Ст (.л..') ) -Е' (7 с А)) 2 с эб с -Л.)) -t t (t r 11).) ч~) J 
== t l'"'ZCA')) ·t-G(y(л)_,c.,:,(~ с)) (З.З.4) 

an~+(tJ) = 5 ./\c>лld1(A))~~tz(~Jл_))eE~('?(~';~з.s> 
.Л. Л(~) . ~т 

It iв еаву to obвerve thet the new interaction С>~ 1в вuperвtaЬle 
and regular on йlл.'). Por example, let uв check the вuperвtaЬil1 ty 

of 8~ 1 

tt'2.l~)) 2 А L n~('?(.t()Jr) rBL_ nь(((~).)t) 
rн.ьСЛ.') r~сьс~) 

i L_ LJ ,ll!ur-~l)n~~(л~)c) 
.[Е. с6 (А.) ~ Ес~J.л. '-) 
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- i L ~ .!f!<,r- ~ 1) n.~ (§о,(.)(.л!С:)) 
,! Е. СЬ (А) ~Е С.\,~) 

2 lA -В) 2_ n z, ( nz (.Jt).;~!:) +-ZJ cons.t{ c..)(л.c.))n/-z{~~ r:;), 
ГЕСь(А1 ) _rE:C.\(1\!) (З.З.б) 

where we have uвed to asвume regularity of ~ and the definit1on 

оf'С>(л'). ". 
в . + о 
. 'Ne conclude that to the meaвure -.r;.._ -> 

metes of the Тhaorem 1.1.1 with воmа oonstantв 

Por the given_л! let uв define <lb../'1'" (~ :> А1 с) 
sufficiently largeJNГ we have: 

е-:-С (rA(O!>l.Л))) • 

the вuperstaЫlity eвti-
6 + and 5'+ apply. 

ав in~1.З. Тhen, for 

. z..л' l"") 

{(s + s ) - . с· 
dl$ (л1 _; .л' с) ;::.. с G , :\.>~doz С.л.))~Б ( W1 (А.'-.л.)·'~ е- wC2 (-А:.)) ~"r.~ ..Л:_;А~) с..:> . (.. 'J 

< ~ с-- '" ' лоул.(d"1(л)ра CA.-.л)\e-E(:zC-A))-ё~C.JL)c..:>C~c') 
,Q,. (.._;А<) "' 1 б , 

1 

+ 1.. z t- _ <з.з.7> 

Вut on ~ (A.~c)we have 
N J 

.2. :л. (с.,:,) . 

1 с fz (.tt)/ '""~с)!~- ~,22__ z::; ( Ф('!-.f 1) +-}2. Z 4f!(j'?з~~)fЛ{s). 
_rЕс&[.лН'сь(~-с) _rб c6C.tV! 

Тhareforв, uaing rвgularity ot ~ we obtain 

Z (~) ~ е с С(,..) ('С)ь(.л))) ~~ Z 6 1J! Q.c --? 1) 
.л. е .!'~'ъ<А) Sfcьc,tc) <з.З.9) 

1- 6 ~ 'I.J}r1 ~- S' 1) nt с (...(с) :"~ . е r Е С r ) , l:_..., - h ~ ;, S;L. ·z 1 
- 6L.Л. ~ € С€,(4.С) ·· ../\.. GJ 

+.i.z+ 
2 -"'-

Prom wh1oh it tollowв that: 
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l L~) 
А. 

/ с \с..:: ( г (Л))) ti_l L / ' ч-tс -~ ~ ._ '2. Е. ,.., ~ ~ .: t <ъ (л) s <. tь (.А') 
- - ( J . 3.1 0) 

.! L ~ 'yj (!.!:- ~ 1 }'> z ( I..)(Jl С) ~) ? z 1 ' е. L.: ~ ,.ь(л.) ~и~ rл: <) ., • :л.. ~ 
where 

Z' 
w 

- t: с(.) (с; с..л. ) ) ) ~ t ~ Z:J ч ' Gr -1 1) · 
1'> . - <) = е е . .rt-c~ (Л) ~ е: с~(л. 0.3.1 1> 

LO'IIer Bound 

Now let А =A'u ~ (л' ) • Lct ·у. l>e а cheracterJвt ic functi on 

of eome event J п S1 \.. -ИI'>(;<._')) to Ье defined below. Then, we !Jave: 

z с~) 2 \ ~ 1 (d'1) (л!)) ~ ·:\ (d'>? ftL-.II..'))e·- t(?(лe)._ f&~~~)) 
_.). - с уЛ: \,.' { • v J /\:- А' L 1.:' J у 

ЛЩ · -r 

> ( - G )) - Е{"?.( А!)) -[("z(л).ufг'l Сл!)) _ ,) л ...-i.-n(-'1..' · 'У е · е.. .) l 't'> 
, D/" :-- i j'-

.SЪ(Л) e-f G (А -.11..')) е- С(;? (А)_>с."(лС)) · (3. 3.12) 

Ch о о ее nO'II 

'/- СzСА --~))~{гЕ .16(-Л.- Л')/ v- п:c-rz:Jr)~N_}==X-
г (( (А:- А.') ff_ 

Тhen, we have ~ 6 

z ~<.;)) .2 \ ~ f ld "'J ел)) е ~~ С?[.А.)) =z-- cL.)) · о.3.13) 
л. - о l -А - ,.{2 (.л') у\. 

where а new meeвure 

~ i- ( d1 (-л.)) = ~ (d'((.<L)).-y -
о ~.л <> ).л. • ]'~._ (3.3.14) 

ia defined .on i ..(1 (Л), ~(Л.)} end е new interaction : 

Е: ez (л) )}=(t' (z (.А}) t с Cz (А).) '-'(А с)))''{, (d 7 И---А!j). 3. 3.15) 
N-

The яеw interaction t,- ~ iв aga i n вuperetaЫe в пd regular. Тherefore, 
'-'-' 

the procedure anelogi cal ев i n Б 3.2 cen Ье applied. Тhie leade to 
the followi ng lower bound : <. 

lf> 

z с~) 2 
.Л v~(A.) 

z z_ .L.J 'Y:!Qr- ~ 1) 1 е- N .r ~ С(. (Л) ~ Е: С& ел. с) 
_ ~L L: ~ "j!(l_!'-~ 1) ._ 

· е t'f С:&(~ ~Е(~ (л с) • zi)t. (Ju). z .л.. 
- tt '1. 2_ 6 !'(r- s 1) • _N" - ..1'Г 

·е 2 rc сьСI\!) !Есе(л-л.') ~ .) -- ' <з.з.16) 

where 

z- (' - -с(~~ (л)р 
':).С ')(9) = ,) ?\о~С) (-A!)(ci~):X (А-:~) е . <з.з'.н> 
с;В л; ..а (i\., ( .N)) в N_ 

То finish the рюооf we note two eimple obвervations. 

Lemma з. 3.1. Let the meaвure ?\ 0 1_1 [д,"j J Ье tempered and regular 

in the ееnве ofl? 2.6. 
Тhen, there ехiвtв CI)O such that the веt 

L!1(a J ·= { '-' Е ..r11 \1 ( f Z~ ·. n '( c..J.) r-') ~ o.LC;_<;r-

for вuff. large Q} hвв 'Л meaвure equal 1. 

Proof: Тhis iв а вimple application of the Тchebyвhev inequality 
-- /10/ 
comЫned with the superвt~Ыlity estimates of Тh. 2.4.1. See вlво • 

Lвmma з.з.2. \Vhenever {.л_,., '!т вequence of regular, ~ -polygonal re
gionв tends to Rd in the в е nае of van Hove, then: 

~т /~ 
1 

( 6 ~ Y:J(I!- ~ 1) = О · 0.3.18) 
n-"? c-C n ~Е C,s(/1") ~ECJCA;) 
If moreover pCr-)ov ,а -Е for воmе <='>О then вlво: 

\1 : ,iim L L..J ( /1 l.c_g /slol Ч!(j[ -_i l))=d}·З.19) 
ci>v n 1'00 1-Лn 1 [Е С0 (,л,..) .! ЕС6(-АС") 
Prom thiв two obвervationв, the upper bound (З.3.10) and ( З. З.16) 

and the Тheorem З.1.1., there eaвily followв 

~т s~ f'A (~) 5_ L.:m f. (z) ~ QJ.т inf fл_ {.G<:>) (З.з. 2о) 
n -) оо n n->c..a 'An n -) 

00 
n 

wbenever h tends to Rd in tbe веnве of Van Hove and ~с i2{a). 
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3.4. General regular and tempered boundary condition 
For а given <--=' E;._Q (о.) we proceed as in the case of pure bounda

ry condition and we obtain for Z (.~) upper (3.3.10) and lower 
.л. 

(3.3.16) boundв. After taking the logarithmв of all and d1v1s1on Ьу 
).Л.,\ we integrate with the given regular and tempered measure /\"'С. 
This leads to the upper bound 

t:c 
J-i, n-., s '-"-:~? (' l '/\ ) · 

n-"> со лn 

< . -1 / 
- 4 ,,., s '""f Г 

1 
Рл. l z.) 

n -> GO л.,, - " 

t N.z .Lл:m sl.<f -1.- 1 S "Лье (d'-"(.л.())Z /' 'li!(ic -~J) 
п ~ с<) 1-'\, ..._ !" f с6 (~) ~ н6 С-'\'~) . 

+ }: t.См '~ l~nl ~ 71 "(d~(A'J) Z:: ?_; Щ,;; ->l)n'~,'-'(AJ) 
Г!-'::> DC r' (С (А ) S Е-' сс(л.С) 

- d n ~ О " 

. ..L S ьс с? 171 . )) -+ ~ ~ ~Uf /л,., 1 \. 1\ (d.....,(лс)) G (Q f'r, GA,.) 

i- t.i. ,..,., ~ "'1: 
\'1 -::> с.о 

N2. L 
/А"/ 6 . . z ~ 'tl' (![-~ 1) 

_г Е Се (.Лn C.J с~ (А"))~ ~5~п+<1, (.tln))c) 

< p"'(z.), 
(3.4.1) 

when taking account of the definition of /\Ьс, Lemma 3.3.2 and 
Lemma 3.3.2. 

IИ 

q.e.d. 

Appendix 

ТЬе text below should Ье compared with that of the original 
Rulle papers/3/, especially ot§2. All tbe notation iв that of ( ~2, 
/3/) but the difference iв that we will work on tbe conf1gurat1onal 
врасе ..О., 1nstead of /3/ where tbe ерасев Uл0•..., are used. 

n 
Def1ni tion А.1. 

о . 
For G.l Е .fl.(.Л.) we define tbe f1n1te volume correlation functiona 

(.А) 

f (c,j) 

Lemma А.1. 

Proofs 

-1 ( - - ~ ~У сЗ) 
= (_ Z ) J /\0 .л(d~) е . 

.л ..Q (.Л) J 

There ex1sts а number S )0 вuch that 1 

(А.1) 

fсл.) (u) 5 $ '~'. (А.2) 

- Г\ '' ( "\ 0\ о Let <N, Е. о.н .. А1 then we define u = с...з V w~ • Assume that for 
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Lemma А.2. 
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