
14 KUII . 

PeQ03KT OP J. U . ltU.1UI t( t> Hl f 4. Ha ll(r"T r. , (. tfloMl1tt LJII . 

nOIl~c aHO e ne 4a Tb 6 . 12.85 r. 
CSlOPHiH 60;11;<]0116. OGIc.t'T ... alll ne ~" fb . Y"'. - H3.Q . f1 Io11 C'OO O,Qt.. 

rMpa. 4 /.5 . 3i1M.l.l J7037 . 

HJ.Qa T rI1IbC K '.1I~ Ol ,Qetl 06,.etl.l4 ... e ..' l oro ~"C:'H'yf3 fII,oep ...... ~c:;(J'~.Qo.. \JIIo!" i1. 
Av6H ~ MoC~08~ftOH 06naC ~H . 

OtibeAIIH eHH bl ~ 
MHCTNTH 
RAe PHblX 

IIccneAouaRllii 

AYtiHa 

E·' ·II!)·H!)(, 

V.O.NCSlc·." ;·n ko, 
~.Yu.Shiriko", 

V.G.Soloviev, A. V. SuHhkov, 

BEX AUF.( :AI' O tE ST ATES 

IN HEFORVl EI> Nl l(; LEI 

Subm i l Led t o " RllepHoA ¢t.13t.1 Ka" 

1985 


http:c:;(J'~.Qo
http:06,.etl.l4
http:rI1IbCK'.1I


1. Introduction 

The quadrupol e and oct upole vib ration~l ctat e s are the moat cor­
roctly described i n the r andom phaae approximat ion (RPA) and we ll 
.Ludied experimentally among tb~ low- lyina state s i n doubly even nuc­
1e1 /1 - 5 /. There are numerous experimnntaJ. dat a on t}:e low- lying Xn-:: 

~). and 4+ etates (X i g moaentum project ion onto the nuclea r s ymme t­
ry ~a) in tbe rare· " ~artb reg1 0n/4 ,6-2J/. Tbe otat eo with X l" =4 + i n 

Gd ond Dy isotopes have large two-qu8s1par-tic le cOlilponents/4 ,6-B /. 

Th. mixiug of neutron and proton two-quasipar ticle components in the 
)+ ~t8 te8 has be eD observ ed in Yb isotopes in transfer reoct~ona 
/12 , 1)/. In some nuclei i n the r egion A~170 the stat e . 1~X.4+) are 

exeited with large cros~ sec tions in the r euction (d.d,)/12/. Acco r­
dIng to the experimental da t a/20/ there are strong E4 transitions in 

the excitation of I JtX=4+4 states in Os isotopes i n (~,~') reaction. 
They indicete the h('xadecapole atruct1Jf'e of theal!' states. 

Tbe available experimental data necessitate stud i es of hexade ca­

pole states in deformed nuclei. 'rhe present p UP!!l" i s a.:1med at calcu­
l a ting the energies and B(S4)-valY':J fo r the l o ...... l.y i,ng nonrotational 
Xff. J+ and 4+ statee and elucidating to wbat extent t h eee etate s are 

co llective. We also consider the influence of hexade capole forces on 
~".2+ states . which is concluded from the erperimentPl data of (p,p') 
reac ti on f or 168lr/26/. 

It is necessary t o investigate hexadecapole state D for solving 
t be probl em of ex istence of two-phonon collec tive 810t.8 in deformed 

Duclei. A Correct inclusion of the Pauli princi ple in two-phonon co~ 

ponents of tbe W8~e funetion enabled one t o make a concl usion about 
t he absence of collective two-pbonon etates in deformed nuc l el/27 , 2B t 
Tbe study of KK.~+ and )+ atates enables one to compare / 29 / the re­

sul ts of calculat ions .1th~n the quasiparticle-phonon nuclear model 
(QPWI ) and the interacting boaon model (IBM) ( part i cularly, in t he 
case of i ntroduction of g-b080n into the DJI) /2)- 25 /. 

1fny-l!IiU~!lliHlI "rmr. 
~ ~ 




2. Detail.a of calcul.ation~ 

Tbe HomiltoIlian of the qU6 oJparticle-pbonon nuclear model (Q,PW) 

consie Le of an aver age f i eld or the neutr on and pro ton sy 9te~B a8 tbe 

Saxon- Woods poten t ial, uuperconducting pai r ing correl a tions and l h ,e 

mlll ti pole iso s ca1ar fiUU i~ovec t.or f'orce 9. A. phonon busis is construc­
l ed in the Rl'A . Usl ng- t hen t.be RP A. secular equaL ions the QI1UIIl Hamil­

t oninn i.s l ronDfQ~d t o 

(1)H "~[1J.. ;6 .(q. + I-Il .. Hl ~ 
conta.1n!ng f ree qU.llai'par t icleB and phononB and the qua.a1partlclo-pho­

non i.nt.eraction Hl1 . Her e E" is the qUASipartic l e eneru, ..( ;0 and 

d.,,6 nl'"C the QlLfl..eipart.lcl e c r ea tion and absor pt i on o perators , 96 a r e 

q ua.ntum n umbortJ of aingle- par Uele s t ate~ t 6=-±.1, 

He~arl ~eapole Donrotet ional sta tos with K~~ J+ and 4~ are gene r u­

ted by mult i pole ! sosealur nnd i s ov eeLo r -t"oreea with ;\ -4 . However, 

os tbe calculat1ono Bbowed , ths role of i DOvecto r forc~s io negligib­
10 and one can u~e ro~u1ne given in re~./281 [or the iaos cal ar case. 

the wave function or n nonr o t at i onel exc~ied ntaLc ot u doubly 
even nucleus is 

w (. .T) _IE. R"n" '- '} 'f17S~~: ~ F n+n+] III (2)
To K6 - , ' ¥:J6 L. } lr)'.••, ... .... ,.g.l1.•. '1'." 1;, 


' 81 ~' 7 
$/1. 6 ..1.. 

wi t h t he Dorma11~8tion condition 

)' n ~ [, 1 ' J~..'.{D " )'/ j ~i/ /( 1 ­L(R, ) +- ;Z (fif.~. t'" :! 'J,." Jl (M, /M·) r - i (JJ 

, + ~.9, 
Here 0

9
6 18 thtt phonon creation operator, 9,," ¥t I i "",2, .•. are 

numbera o~ the roots of secular equations in th~ aPA, Vlo 1a the gro­

und state wave fun c tion of a doubly even nucl eus, n ~',2J." i o number 
of the atate with given K.The notation and equationa tor tbe energies 

of excited ststes m:::I.4 the ampl it udes R ~ 8Ild F!.: are «1'f'en in re~.
/ 28 / • • .••

• I t should be no ted that these equat10DD wore derived by tak~ 
strict a ccount of the Jauli principle i n the two-phonon compo nents 

of the wa. e f unc t ion (2 ) . 
The calculations have been performed with the para.et~r8 of the 

Saxon-Wooda po t entiBl from refs. / )O,)2/ . The s ingle- parti cle s pectrum 

was taken from t he bo t tom of the po t~'ial .ell up to +5 M@V. ~e pa­

iri ng int eract ion cons tants were chosen sccor din£ t o pa1rins energies 
and the cons t ants of r esidual s ul \ ipole-mult i pole t ore•• • er~ a djus­

ted so as to reproduce of experimen t al energie s of tbe l o.est nonro­

2 

tation81 states using the wave function (2), for the isovector forces 
I.l..t" ) u,....'130/

)/.1 __ 1. 2~.. • Tbevr;adia1 dependence of residual forces was ta­

ken i n the form R(""t)= i-crtJ where Vi -r ) is tbe spherical Saxon-Woods 

potent i al . Th~ multipolerities ~~ =20,22.30,31,32,43.44 were taken 
into 6ccOunt. 10 RPA-phoDODS were u s ed for each multipolarity. The 
:reduc (!'d E/\ transition probabilities were calculated in t he adiabatic 

approx1mati on with eeff=0.1. The two-quasiparticle state oDcr e ies we­
re cel cu]~t ed taking account of the blocking effect and the Gallughcr­

IIIollluow8,k.i correctioDs. Tbe latter wsa calculated by formul a .::H ·H .= 
-%ocrd'" <lf jCTzlq.)('I'laz1q!} ..here XCTCT "" O. 26IleV is t he cons t ant of the iso­
vec tor spin-spin interac tion/311 und <rtlO"zl cy) is the s ingle- po.:M icle 

IIlDtrix element. 
To + + + +Tho energies and wave functi on~ of Kn ~31' 32 , 41 and 42 s tates 

hava ba en calculated with the conat flIlts :1t:u ""O.01 5 ~ and X;"" . 
f. l 1'1 .. j t~l,r)

.0.022 ~V' The difference in values of t ho CQ ne t ants 3t,'U and :i!. is 
cau80d by the inclusion of only particle-hol e exc f tationo in t he cal­

cul~tions of bexsdecapole states and by that number of matrix ele­
.(tOt- 1l of the particle-hol e type at J,t1 =44 i s les8 t han at "}./4 =4 3 (~or 

mnLrix elements of the particle-particle type we hnv e an inver e u case ). 

The .single-parti cle matrix elements of bexadecapole f OTc es are close 
in value at different values of r but on the average t h e particle le­
vels have larger values of K than the hole ones. The calculations have 
llbotm that tbe use of an incomplete single-parti cl.e b e.ai 3 (E,~ +5 MeV) 

r e:1ul t s in J(~f"l )<.)f~H). If the calculations are performed with the 

f o r cen Rn)"" '2' 11 the relevant value of "K..(4
Q we use d turns out t o be 

larger than in ref,/JO/ in describing the giant hexadecapole reson8D­

ceo 

3. Properties of K" J+ and 1" states 

Now we consider the low-lying s t a teD with K·a)+ and 4+. The re­
s ul ts of culculatio Ds and experimental data/4, 6-2)/ are ehown in 

t able 1. I t includes t he experimental ener gie s , nta t e struc t ure and 
contribution of one-pbonon component8 as wel l a~ t he val ues c Bl cula­

ted within the QPNY, namely reduced probabi l i t io. o f S4 l ~ansi t1 ona 

to 4+K states from the ground one t contributions 01' onG-phonon cont'i ­
g urations, the largest two-quasiparticl e componen ts. In t he t llble pho­

1"·, DS are denoted by ),t i • their contribution to the wave function 
normalization 1s given in per c ent. To denote the neutron (nn) aDd 

proLan (pp) compo;l.:.: ,!te the asymptotic quantum numbers J\fnI.A(tfor K= 

""A+ 1- and -1-for K.. j\- f ) were u.aed. 
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In the Gd and Dy isotopes there are ooe or two K~:4+ states with 
an energy leaa than 2 Mev/4 ,6-8/. According to the calculatioos these 

stateo are slightly collectivized, for which B(E4)= O. 1~O.4 spu. The 

two-quasi partic l e neutron configuration nn52J++521~ appears in the 
ox~it ntlon o f K"=4+ s ta t es in ( d,p), (d,t) reac t ions and ~ -decay of 

the au t ype . ot gr eat importan~e is the proton configuration pp41)~+ 
-t 41 " i n ( t,,,O r eac tions. It. should be no ted. that 164Dy and 166:& 

hav e 	 aJ.mont f our- QuDs .ipnrti cle K1(=)+ and 4+ s tates (for inat8lJ.c e the 
4+ s tat e in 164 ny shown i n t able 1) /4/. 

1 In 1Gb , 16aET t-heo c al cul a t ions wi l b. '1(.~.") =0. 022 fm2/1dcV provide 

enorgieD by 0. 5 ~eV higher tban t he exper imental values and B( E4 )<0.1 
168 	 . (""" 2 apu. In Er tlccording to the cal.culat1ous w~t:h ~.. =0.022 f'm /McV 

there aroL~o states 4~ and 4~ with energies 2.57 and 2.59 MeV. For 
their wave Eunc t iona the c alculations givo m1x1ng of phonone 441 and 

442 with s tructuro 4.41 : nn5141+521.- 99 . a~ nnd 4~ 2 : 1Ul512'+5211 -99.7~. 

In or der the energy of tbe 4+ state in 16aEr be equal to 2 ME V. one 
14<w 2

has to take X~ ~Op OJ5 f'm /MeV. In this case t he col l oQt iv1ty of the 
4+ ~t6te wi ll uxplici tly be overestimated (see table 1). 

I n t he Sm, Gd and Dy isotopes there are no rel i able data on Kff~ 
=J+ stateD with on energy less than 2 MeV. The analye1B of (d,d') re­
ac t ion with e%citat~on of IffKc4+J states allowed one to make a con­
clusion on the exi stence of collec tive hexadecapole ).~ states in 
nucl ei with N=98- 104 and z=6S-7 ~12/. Our calculaUona performed with 
fix ed value of t he constant X}"J}=O. 0 15 fm2/MeV confin the conclu­

sion on the colle ct i vi t y of J + states in these nuclei . It 1s seen 

from t able 1 t hat t he eaergies of J~ and J~ stat OB are qualitatively 
described in the Er, Yb and Hf isotopea. It in 166Hr B( ~ ) t ~ equal 
to 0. 8 epu, in lb8-174 Yb and 174,176,178Ht it t akes the valuee f~om 
1.0 	Lo 1. 7 spu. 

In 172,174 Yb there are two K~=J+ states wit h the wav e functions 

consis ting of the mixing of two-quasiparticle neutron and proton 
configurations. This ia shown in table 1. The miI~ of tbe neutron 

nn5'2~5 2 1~ and proton pp40~-411~ coafiguratiooB in J+ st6 t es iD 
172Yb has experimentally been observed in ref./1) / . The value of the 

neutron compoaent has been confirmed in ref./ 12 /. 1he r e sult s of cal­

culations of the contribution of neutron and pro t on configurations 
to the J+ state s in 172Yb coincide .ith the exper imenta l data/12 ,1)/. 

The hexadecapole collec tive K~a4+ states have been observed e%­
perimentally/20,21 / in Os isotopes. The reaults of calcula:t1ons pre­

sented in table 1 indicate that beginning from 178ar t he collectiv1ty 

of 4+ atate s increases. In 186, 1880s we have B(E4)-4 spu that are 
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probably ov&ruttaaLetl . lor a better descript10n of the experimental 
data one ehould. red.uce K~f4}by (5-10)%. Mote that 18S 09 is e. transi­

;::e~ :;:~::: ~: :~e.::::r~~t~:: :~r~::~il::~i!: :::t:~l:ei:e~:_ 
ribad a uftlGiently _el~. 

ThU8 . t bo general picture of hexadecapole )+ and 4+ states 1n 

tb.e reg ion l S8$.A.~188 18 the following. The Cd and Dy isotopes COD­

tain almost two-quasiparticle 4+ states with an energy from 1.1. to 
2. 2 MeV. The nuclei 168.17°Er , 168 1 170,'72,1 74 Yb and 174, 176 , 178H! 

have collective )+ states with B(E4)=O.~1.7 apu. In heavy Hf and W 

isotopes the collectivity of 4+ states increases and it appears to 
be large in Os isotopes. The hexadecapole states can correctly be de­
scribed with the fixed values of the constants X!\ .J) and )(,," 'J. 

'fhe calculations reproduce the dominating two-quasiparticle COM­

ponents of );4+etatee obtained e~perimentally as well as the mixing 
of neutron and proton two-quasiparticlc components of )T s t ates in 
Yb i80topea/12 ,1)/. It should be noted that in those nuclei where the 

low-lying )+ and 4+ statea have not been observed ezp.r~entally the 
calculated energies of the lowest two-quasiparticle sLntea with K'z 
=)+ and 4+ ere usually higher than 2 MeV. 

All the calculated states 4; and 42 have small two-phonon compo­o 
nents, especially {221,221}. The present calculations confirm the con­
clusion made in refs./27 ,2B/ about the absence of collective two-pho­

non states in deformed nuclei. 

4. Influence of hexadecapole forces on the states with K a2+ 

Hexadecepole forces witb ~r c42 may contribute to tbe 8t 8~ eu 
with K.II"=2+. 

In the calculations for the states with K~=2+ we have simultane­
ously taken into account both the quadrupole ~r =22 and hexadecapole 
Af =42 forces. The stat e energies were found from the secular equa­
tiOn ot the fourth order, the amplitudes of the two- quasiparticle 
components of one-phonon ststee comprise quadrupole and be~ecapole 

parts as it is sho..:o in table 2. Since value of the conatan t X!1t2)is 
unknown the calculations were made for some values of X;'l)1.n the ro­

. ~l) 2 .gl.on 0.s:;}eo ~0. 015 tlIl /JJ.eV (as baa been mentl.oned above . one ahou1d 
( fl) ('1) ( fj) 2

expect tbat X. <. Xo I "here ~o =0.015 fm /lIlaY) .Tbe constant 
,..g (2'J) , + 
~p wes chosed by fitting the Kn =2 f state energy. 

The results of calculations for the K~ c2; Bt a te in 168,&r are 
shown in .table 2. It is aeen that with 1ncreasing hexadecapole cons­

(U) .
tant 'iJl~ , the collectivity of states decreases and lots structure 
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Tabl e 2 . 	 Contribution of hexadecapole forces with A~ 0::42 to K~ =2~ 
s t. ll t e in HiaEr • The B(E2,O+Ol- 2+2 )-valuee, con tributions1
to the stute normalization of the dominating neutron 

nn523J. -52U and proton pp411t+411" components, :.j\wurupole 

( 7+.r ",,22) 	 and hexadc capole (7+.r =42) parts of the amplitudes 

of tr.e s e 	 component s 

B( E2 ) nn523.-521. PP4 llt +411J. 
(L,21(2) ) spu . 

£0 Contrib. Contrib.at::o 
22 to 22 to42 42 

normal ,., normal % 

0. 02) 1 -0 15.9 20%- 48:10 
0.0100. 020 4 .5 0.65 0.80 0.2028:10 42:100·35 

0. 019 0. 01 2 4. 0 0.51 o. )00.4J 0.10 41:1031:10 
0.)9 0.610.016 0.01 5 2.9 0.51)4:10 0 . 49 31:10 

(.1) 2 
chances. At ;Ie.. >O.. OlO :fm /Mev hexsdeccpolc .forceo contribute greatly 

to th~ ampli tudes of t wo- quaa1particle compoDenta. 

Recently, it has been shown that experimental results on tbe 
excitation of the IKK ",4+2 state of f-vsbrc.lional band in 168Er in 

(P.P') reaction can be explained oDly if hexsd e capole forces are in­

troduced/26 /, ThfHH~ duts may be cODsidered (UI o.n experimental evidence 

of the influence of hexadecapole forc~s on t ho properties of K 1fc2+ 

states. The resuJ ta of our cslcula.tions ob to.1ned b.. t r C01i:o.t1i11ble values 

of £/~lJfire i n ctluLli.t a tive agreement with e~er:La:le"t/26/. 

~ . 	 Concl usion 

The l ow- l ying nonro1. e t ioDal hexsdecapole stat e,e with KJt"=3+ and 

4+ in the r egion l 5~A'1 88 are desc r ibed within t he QPNK at fi xed va-
I _} I 

1 1ll~~ of the connt an ta of the bexa dec i!lpole lnLe:rac tion X , :0. 0 15 
2 ( HJ 2 

tm /IIe V 8J'ld X. =0 .. 022 fm !MeV. The oescr1.ption i e i n q ualit a tive 

agreem~nl wi.th ovallab}o &xper imetn t oJ. d llt4~ It iat shown that 1n 4~ 

and 4~ .I;Itet es lbe t wo- phonon component3 , i n par\lcular (22 1 , 221} , 
are small. TbiB confirms the conclusion made 10 re~a ~ /27. 2e/ on th8 
absence of collect ! •• t wo-phonon ata t eo in d ero~ed nucle i. Tb~ re ­

sults of calcul a t i ons to r ~=2~ attl. \ea in 16B Er r in wh Leh t he forcee 

wi th ".r =>22 and 42 have sinlul toneousl,. b een t.ake n into &<ccount, are 

lD qualitative agreement wi t h experimental data/26/ OD a cOn81d~rubl. 
cont r i bution of hbxadc ospole for cvo to K~.2· ~t 6te8 . 
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I(OMIIUlIl'll1l" H.lJIW / '- t Uf I. nl)UAl!HOHCTPIfPOI;l.oHO, 4'ro rCKC::J.AC.KanOnb 

IU.U' C IUU", MOI 'y l Jli'lH;)1' I . i;:L"ICTIIJ.Ilfi DItIlLU\ }J K" -2 t - CO CTORtlHR , 

Pa[)OTOI DWllonllC:.na B JJaOopaToplUl TC!opcTH 4ecKoil Ij)K3JtKit OIUUI . 

npenpHHT" 061teAH HeHlloro "HCTHTYTa lIl.QepHWX Hcc:n~O Il &)Ud' . aydH. 1985 

~~~trrrnko V.O. et A1 , 	 E4 - 8S- 8% 

Hcxndccapolc States in Deformed Nuclei 

'n,e low- lying nunrQtatiunat hexadecapole stales ..... ilh K" =1+ 
a nd 4' i n the 158 $ A ~ 188 region "r~ descd bed wi Lh i.n the 
qUlJsiparticle-phonon model At f i xed val ue s of t he hexndecapole 
iD leraction constants. The description lS in qualItatIve aRre~ 
rnent with the avai lable exper imencal d~tn . [t Is shown that 
the two-phonon component s arc smiSll « 10'%) i n 4t 'md 4~ 
states. [t is found t hat hexadec3pole forces consider.lhly 
influence the propert ies of K" -2+ states. 

rtw invc'Oligalion ha s been performed .1 t th e Lahuralo r 
III 'l"1I1'lIfl " i ca l rhysicn , J1N~. 
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