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1. Introduction 

The pro blem of two-phonon collective states in doubly even de
formod nu clei is atill tmclear. The Born-Mo-ttelson model implies two
phonoD collo ctive states in deformed nuclei; this has been poiDted 
out once more: i n ref./ 1/-. According to the interacting boson model, 
t h e low-ly~ states should include those with large two-boson compo
nenta12/ . The study of two-pbonon states within the quasiparticle-pho
non nuclear model has sbown/41 that the Pauli principle, i.e. the io
cl~ion ot e%aet commutation relations between phonons, sn i fts t he 
two-pbonon pal es towards larger excitation energies a The relevant se
cul ar equations have been solved in ref . /5/ . The Paul i principle 
sh1~to the centroid ene rgi es of collective two-phonon sta t es by 1-2 

M~V. A\ exci tat i on energies of ) -4 MeV the collective two-phonon 
s t r ength should be dis t r i bu ted Over many nuclear levels. On thi s ba
sis i t bas heen concluded/SI that there are no collective two-phonon 
states io doubly even deformed nuclei. In deacr i bine the two-phonon 
collective states in deformed nucle i the quasiparticle-phonon nuclear 
model i& in contradiction with the Bohr-Mottelson and i nteracting ba
con models . J. disagreement between t he qW'l.s i par 't l clp.-phonon nuclear 
mod el and the interac ting boson model has been reported/61 i n descri
bi ng o ther nonrotation8l states i n deforzcd nuclei. According to 
rer. / 1/ , in doubly even nucl~1 the fnuli principle does not shif t 
considerably the ener&ie a or two-phonon ot a tee, which is in a greement 
wjtb experiment al data on the t wo- phonon collective states i n apher i 
cal nuclei. 

Tn e analysis of exper~ontal date/ S/ haa provided evidence f or 
the aheence of two-phonon col l e c t 1vu states 1n deformed nucl e i. As 
f ol l owo f rom recent exper~eD tal dota on 16 9,101 the l evels tha t• 
hav~ been t r eated as two-phonon OneB have A domi nating on~-pbooon com
ponent. The s buence of two- phonon q~drupole states wi th an energy 
1088 tban 2 MeV in 1 6~r is expl a ined/ 1 ,111 by a large anbarmonicit, 

ot p - and o--v1br a t i ons due to a thr ee-axiS ellips oid torm of a 



nucleus. The absence of two-phonon octupole states in some isotopes 

of Ra, Th and U/ 12/is at tribut ed in m~ pnpe rs to the existence of a 

s table octupole deformation . It is to be n ot ed tha t the new experimen
/ 9 •1tal da t a on 16~r of r etn. )/ a r c in good agreement witb the calcu

~u L ions within t he quasiparticle- phonon nuclear ~odel and with tbose 
of the 6truc~e of one-phon on e t atce{ 141 and di2sgree with the cal
culations wilhi n t he iQ t OTQct1ng boaaD mo~ol. 

Since the probl~m or two-phonon collee l ive Btates in doubl y even 
de Cormed nuclei io very ~portant . it ia n~ceseary to study the beha
vi our 01' two- phon,on otBteo by utilizing nnothcr l18~hematice.l forma

lism. Am importan t role of the Paul~ prjnciplo in two-phonon compo
Dent a of the wave func tions necelluitnlo8 cole\il.u.LioDa with phon ono 

constructe/j of the opera t or s of " truo U bOllona . Whether a l a rge shift 
of two- phonon poles OCCUTA in thIs statemont Qt tho problec i s t~e 

a im of the p resent p~per . 

2. )lod('l Rwniltonian 

We consider dou bly avon defor.e~ nucle1. r bo Hamil t onian of the 

quasiparticle-phonon nuc l enr modol contnino on av~rage field (Saxon
Woods potential), pa i r ins int oractIon, ~ Ljpolc-mult1pole and spin

multipol e - spi n-multipole iaoscalar and ioovQctor for ces . For simp

l i city we shall use the multipole-ault1pole looe calar forces . After 
.Hogolubov t 8 U, V""-tranaformati on the model Jfo:mil t.oninn expr essed 
through the quasiparticle opera t ors is 

- . . t- IJp) .. 
H=-L U1Jdalfcl.'1{; -E.&:0 Q'W6QA ' ~/L ' (1)

"(] I A UQ I 
7 (>'II J ,. 

wher e ·Xo i s the constant of isosclll a r .ul.t1pole forces . E(q) a r e 
one-qUll81par \ icl e energies, qff a r e quantum numbers of a ine1e-pll.rt l. c 
Ie .o tate9 , c{qo(o(q(f)are the quasipart ic.lc crl!ation (arwlhil!. t1on) ope-
r ntOrn. 

Tho lII.u1tipole .momont operator .x. wi t h projec Li on J,l and the pr o
j ection sis;n () bas t.he foru/ 15/: 

OAJiO = iii (t;((9,9,)lI;:-9~ (.II'fr;,'lL'llIO) l-

I )IJ -;-)'JA- If-I (-f ) 
+- JI{ CVlLJjI-lf 'I + f (919.L)U'l,'l" /I «PkJ)'6" + 

(2)+ f )...M-(q, q.1J B(Cf,q", , po)) , 
{+J 

where iI~'1" ~ Uq, v;;~ • Lq,Uq,"; -z..q,(q~ 0 U q, U'l... - V;;, 1'9"-.- ' 
rY-' - N< 
-r (Q1'l.t ) I t (Q1t]1.)are tbe single-part icle matrix elements. The ope• I ' rat oTB A . . 8 and B are expressed through the operators d.q~ , 
oI q" ' 

Jtlq,q:. ;f0) == f, %'(I(,-~U,6)i o'd~ (j,o/;",-,(Y, () 

() , )Jl +(q, q2;jJO) = f.-~'{K,+K,J.6J< d ~.. (j' cl. q,6" 

(4 )B (q, q,. ,)AO) = f.- J'(j'(J(, _IC>. ), ~.Lf oI~, (j' d '1>- ()' 
(4' )

B (q, q.. ,1°)= f. ~'(I(,'i(:,),6)< 'O'd;,{;' d q>--6" 

). Boson transformation of the Hamiltonian 

By analogy with the two-quasiparticle operators we shall conai
der tho i deal bODen operators 

~ + 

q, G, . q~ 0,,- ~q, 0, , '1.. 0 ... , 


sat isfying tbe iollowing commutation T~1ations: 

[Bq Q q rs: gq+'6:' q' 6:') = £ q' 60.: 6:' £ a I t~ '" I (5 )
1 l' ,1. .1...) 1 1, 3,., ).. f1 1 1 1 13-1J... VJ.."J.1 

-£ " ' ~o. ' 6:q Il' J'~ -0-' 
(6)-"1.2.. 1 J- L -/1 v..l v, 

Uq,o, ,q,o... , &q'6:''1' 6',J: rcq'-o. 0(1 81~''''' ",,, ,j= 0
'1).t1. [l,1 ' 11.'.t. J lU"7~ u..l

and the conditi on ~ 

890, q '0 ' = - t9'6 ', 90. (7) 

Analogously to (), (JI). (4) and (4') we may introduce the i de 

al boeon operators wi th an appropriate ~lgn of the momentum pro j ec
• tion 

+(1,11- ,),O)=f,Oo'(K, -K.. J, 0jJ .O'~,+(); '3. - 0' (8)Ji(q, 91,} )I -0')) t- J11,(9~ (/tq, 1J-) B(17~ ' po )t 
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(8 ' )t~fc;'iJL' Jlo) =Ld~,(v <I( ) OM to'"el ' 0'/J/ 6' "" .l,. ' / - /.1. .. 71 

It followD f rom (5 ) and (6) that the operutoro (8) and (8 ' ) saL i s fy 
the f oli o_iDe co~utat1on relat 1ons : 

[6(1,12, ,;0), 679,'r;,.',/tf~}=t%o,J;J' ,(if,q,' ~'l.' '~9~ %$) (9) 

U~, 0.,)If/ !t;:'l'/''o')J=~tf'~!I''(4,'1:(~ 'h ' -iz: d9:7'j9') 

- I- -f

tiow we fi.Dd tbe boson images or the opere. t ora ..II, 11 • Ji I .J/ 13 
and 8 sat1afYJUG the comttitotion relations tor theBe operet oTB up 

f 

toI +-- -,
the \;eru:::i! qua4ratic in (J • t . t and G • The relevant boson images 

have the tO nD 

Ji +(1&/0) =t~, C;J.. i/O) -t- T,t fft;T~ .J/t)) P -t

.,. 1'!..2, 8(f'(K, .K,.) 6)10', R. "(9,(!'. 9" -S) ': ', ( , 0 ) 

.Jt(q, fL ,fO) Jf~9t. 'fr5) f 20, 1 '1'1,'1""jlo) P + 

•~ f. O()'(K, " (;,. ), 0)-< R.. ~(1, 0', q, 0) • . , (11 ) 

/3 (cj,t)f.. ,)10) =:. f,- J6"'(K"K~},6J< BIf,< '/;.6' ') ( 12) 

(1 3 ) gft!19~ , )t5") = f.-J;y,(}(, 'K, ), O"), .6'8 (t?,tJ; 0.'0) 
where 

p = 2. I +"(9,1,-, / 1 ~H (rM, 1)10) t 
Md'~ 

.,. T l+f?,~ /)lo) t-(tjTf.t1 ///0) , 
'1,9>-110 

'/1 ' /5:' 0'(5:'{( + (q,0;. CJ 0;.)"=:9.~6"/r~(J" q; 6"; ' '9~ 
+ 

6... ,9... '6,;.' 7 ' ,j 7.l , ~ 
7 ' ~ , 4. 

Mrp,q'O') =/i. f.;, 1,5", t(!'~' , 91~' 
7' 1 

Tbe coerr1cientn 2':, and XL are dctcrntined from the roquiresenL 
that the commutation relat ions be~ween bilinear combinut1on~ of fer
mion oper~toru are fulfiled. It in these ·commu tat i on relations the 
te I'lllfl quadratic in tE. , and I.t. are retained, t hen X 1 =-1 { 1 - v.f} 1 

21.. :=. -J. I.f only the linear terms are cons i dered, .then 2", " ~ and 

0-1 .

I . 4. tbe RPA phonons 

Now.e p..... ~ro,. tho oper.toro 6+(q,q,. ,f!t;) . l'0.9.1.-./IO) to 
the opertlotortJ Q)')l io ditlgono..lizing 8 part of the H.a.ailtoni an quadra
tic i n Lbe bOOOD oper~ t ora . POr tbis purpoge we use the lInear trans-

Corma tion 

f /1i/9" " I ) " 'if,1:.;/1 -tr ) QA,JlIO = La .T1, '1J.. vftjttlJ..j/O - ~:~ 
( 14)- ~/(i - - AI" - f 

+ tfa,?~ t (tMJ..' JID) - S9,?~ t o/f~1 ~ -(})), 
+ 

where tho boaon operators Q;o' Qj 6' satisfy the c or:.mutation re-

a U.oM 

[OjO, O/oI' ~J ' ~IY', [~s: Cjs.J=!ajo,()/r.)=t; (1 5 ) 

~ -= ..l.Ji i 
T-be commutation relatione (15) resu.lto in tbo known witb:1n the 

llPA. rele.t1ons of orthogonal1 ty to-:r the 8J!lplitucloD tf, q;, Cf and if · 
Ueins the latter one can eaaU)' express the oporators t~ t I r'" 

IlDd '[ t.hrough tbe ope rators aTand a . Subeti tu ting th~ge express i 

ona i nto H~~ton1an (1), we obtain tbe s,a tem Ham11 toninD given in 
Lerma o f ideal bouon operators ~d oontaining th~ second, third nnd 

tou-rth order terms the boaon oper.. tor1Jin a//1 ' ~o: 

H :0If' j f e(r) (~; 1r;" ~ ~~;,' -,t})p 1}'~I"}fI;~!J 

1 'Ii,j~, E(9)~/ ~t-Dj Df' x~j(O/t}~ +0;,0;) r 

I 
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T f ffff1 (£).f<-])~ D'J'.!I (t/9') t(fA';1 ])#.])3' .!t(9: 9))((r~'+ 

+ °iO;, + Qj,~) + zfljj~'9L a?'y.(])<jDj,(k~j;jj,)+ 

+ k-(9d; 3,9))(0/, ~L + L~) f 	 (16) 

... t L (X).uDq D4,IC.{939~'~,r}J + a')..J11. DC) ])41 K ~, Q- " 9J:7))
79'j,943 1 - d If 	 'l ' liJ... dL J'" 

'0[, 0; O~, OJ - ~/iJ~Ug.9.J~)(QJ: Q; OJ th_ c) 

~) L. ~>'J<JJ3 [/1~.~/9) 1((~Jj,J"9t.)+6J"'~ J(~3j, :7,j'l) r 
!M·13~. 

+f':,q'~'iK(9.9;9'9,-)j(O:'O;Oq +/'C)+iL ZAj-<Dq x 
q 	 7 1"- J-' J'1'14,j. a 

>[~'9/9)J((9"~JMI)'%jL91/9)/(~ljlj~jJ)J({);' 0iq,J .h. ~}J 
where 

- ('Aft/ ,) 
D't =fq, t (91 

If)

Uqcl' 
~ rqq' (17 ) 

- .A)<
60. a (a) " L f(qq')lr l-;(~~Ir.tlj~ tIfJ'1f.9~) 

O'dl d qQ'1, 1'1 111 9'Q, 1'1, 99, ' 
V() - L r'fI(. a'J v: I,) IV 'a' If) tj~
a~,g.L 9 1'1'Q, 97 9'1' T191 19'9, ) 

(1S) 

( 19) 

U9'9J. (9) = tlfi xV'fDj J'j'j.t fjJ + D1, !J fJ:1L~'}) (20) 

n/ ) - " " 
"'(9 '~1 ;iti: t (tt. 9 _/1'1 )'1' -z ,?, u-!", t/' /.t...

'I?' Tf'l' 0t'l, 79,f,' 'M,' 
f 

(21 ) 

... (P?J...7j'(PiJ... + (pjL{l/jLlf'j I f =0? flftj 
7991 ~9'tJ; 7M: '99. ''1'9: '1''1; , 1f' - '11' lff" 

6 

For ~ ompactneDB , only t he main terms of the tbird ~~d fourth 

order in Qi' Qaare gi y'!D i n (16). With the same aim, Llle tenns COD
ta1..n1.ng the ampli tudes ijI and tf' are omitted in (17)-(21) siD~e the 

general B~ruc t~G of the coet!lcient~ is obvious from the above exp
ressj,on.a and th. quantum number 6 is not singled out explici tly ~ 
Ir!ore over, . 0 hnve uaed :t1cOand ~:::-l ~ 

the tir.t t wo terma in (16) are the RJlA Hamiltoni an . Requiring 
it diag~t we obtaJn tho we~l-known expressions for· the ~litude3 

~ ~ aDd ¥ff{' /~ In our CaDe t .the terms quadratic in the operators 0;. 
'HQ, are aluo g.i vim i n t.he 'thi rd an d fourth tems of (16) ~ They have 
bejn ob h..1.nerJ .in rotlu.c.1ng t o the DominI form the third and i;ourtb or
cler t.el'Dlll in U. Their, considerati on brings us beyond' the scope of 

t he RPA . In tho Ill'A ~. go t Dg =z>~ ~ and 

t.E(q){~,r ~:, + ~;, '-0~', )-}. D~ D9" X ~ =(Jj ~f' 
Tbe fiftb term in (,6) describes the energy shift of tbe two

phonon pole . It 18 i nteresting to compare the result s of this paper 
wi th thO&e at ret8~ /4, 5/ in which the effect of the Pauli pri nciple 
on the propertiea of two-phonon states WaB taken into account in a 
dif~erent way~ The comparison sbows that up to the main terms conta
in.iJlg only the ampli ~u~eB tfq~ the rasul.ts of both t.b." considera
tion. rOr ;f{(~'9,)~,jJ coiIlcide . 

The diagonal part of the four-boson term in (16) leads to the 
foll owing expression for the energy shift of the two-pllonon pole 

66JJ'JL' 
(j (J = - 1 L I J{(9,,-~j),,/!t ,'92.) r

~'9,- Ii{1 t o~iJ i' ZA,jI, Y, Y, , (22) 
~/, 	 ~ ~~ l ... all;c),),t-&.t '9.1.9,) J 
z L}I" y,: y: . , 

where ~'- ~.)i,-t ) 

;X(~19~1~1q,):: ' 0.'!)h K.o ~ [if/9.;7';;~ IjJ' ll;i'jx 
, '1,1",9,9. I ' > I"" 1.'h .1.7> (23) 

y efj!')1'- ; k, .I:;.k'3 4} + 7 
plua 	 Lbe ~eTmh contai ning small ampLitudes ~q' . 

flel"o &()t:J1L 'K141(, ~)compriS8ea ; he sum of the Kronecker sym

bola , Tho /leneral' f Orll of :/{.o/:r;;'9.j,) 1a given in ".r • .l5, 15/. The 
compariuon of expreaoion (22) wi th the relevant rormulo from ref. ' " 

7 



indic~tes that both the methods or calculation provide similar cxprnn

:ionc for the two-phonon energy shift. 
The present investigation has confirmed the canclua10n about the 

absence of colle ctive two-phonon states in deformed nucle1~ 
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,[bK:onoc P. B. , H J ~P ' E4-85-728 
H3YQeHUe CADu ra ,u,9 yx4K>HOHllbIX nOfDOCOB B p;e4lopMHpOBaHHbIX 
HApax HeTo,nOH G030JU lhiX paSflO)ICeHHH 

Ha oC f-Iooe MC TOA3 6030l-lHbTX pa3nOJKeHIDf nOCTpoeHbl HOBble ~O
HOHbl . raHl Ulh1'O Ihf Oil MOAe.nH BWJ)aJlCeH t{epe3 onepaTopbl HOBblX 4loHO
HOB BMOTb no "UtCHon qeTBepToro nOPRAKa. PaCCt{HTaH CABl1r P;BYX 
¢QHoHHoro no~cn . C TOqHOCTb~ AO rnaBHbm qneHOB OH COBnap;aeT 
C O CAD Hr OH t pOCC4U ,.:HIIII,f,.. C RPA 4>OHOHaMH npH CTporOH ytieTe 
npH Ul.\Jrn a nnymt . reM CO.HbIH f10ATB e:p~eHO 3aKmOtleH.H.e of) OTCYTCT 
DtrH IC01UleKT}tllll blX .n,nyx¢Kluolmux COCTORHHH: B t{eTHo-t{eTHblX Ae4lop
MHp OB8HHNX RJl lHl X . 

Pa60Tll Obl llOfla e l-iO 0 JlaGo paTOpl1H TeopeTHt{ecKOH: IPH3HKH Ol1.IDi 

nperrpHHT Oebe~HeHHoro HHCTHTYTa RQepawx HCcneAOB8HHA. nyeua 1985 

J0108 R.V. et al. E4-85-728 
I nvesti gat ion of the Two-Phonon Pole Shift in Deformed 
Nuclei by the Boson Expansion Method 

New phonons are constructed by the boson expansion me
tbod. The model Hamiltonian is expressed through the new pho
non operators up to the fourth order terms. The two-phonon 
pol e sbift is ca l culated. It coincide s up to the main terms 
wi t h t hat calculated with the RPA phonons and strict inclu
s i on of the Pauli principle. 

Th~ investigation has been performed at th e Laboratory 
o f nlcorc ti ca l Physics, JINR. 
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