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1. Introduction 

The aim of this paper is to obtain for the semisimple Lie al geb
ras of types Bn' Cn and Dn a list of pairs of irreducible represen
at~ons which have the property that the Kronecker product of the 

el ements of a given pair decomposes into a direct sum of two irredu
cible representations. 

IIIUsing a procedure due to Okubo these results prove to be 
consistent with our previous results in which, after determining the 
second-degree polynomial identities which can be satisfied by linear 

12 )1representations r of a Lie algebra ' ,the representations $ 
(satisfying the identities) have been obtained for the sernis1mple 
Lie algebras C (n71'2) and Dn (n 9 5)14,5/.n 

2. ~ne procedure of Okubo 
IIIOkubo has proved that there exists a direct connection 

between the polynomial identities satisfied by finite-dimensional 
representations of Lie algebras and the Clebsch-Gordan series of the 
direct products of these representations with other finite-dimensio
nal representations. This oonneotion results in the following way: 

For any two finite-dimensional representations f", end fS"L 

(of maximal weights A and ...!L respectively) of a reductive Lie 
algebra L act inG in the linear space s ~ and V,-, I an opera
tor A acting on VA @ V--,,

A ~ f'" (e ,) 0 fJ'l.. ( e. ;.) (2.1) 
~=" 

may be defined. In formula (2.1) f ed::, is a basis in the Lie 

algebra L and is another basis in L having the{~} \~< 
property 

( e.: ~ d- ) r~ (2.2) 

if we denote by ( ) a nondegenernte bilinear form on L (the 
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L to be reduoti existence of which is ensured by the property of 

ve). 
The operator A oommutes with the operator's of the direct pro

duct of the repre sentations fA and FrL 
(2. 3) 

I (8) p C=J
fA Lx-) @ LJL T /'\. 1-"2

f or any xe L • Hence , by Schur's lemllJa, 1n any i r reducible sub
3pace of VA @ V..!2- the operator A is proport:1.o rull wi Lh i ne 

unity operator. Thus , if ... 
( ? . 4) 

fA ® 	 fJ2. 8 F2 ....
~=" 

and (2 .5)VA @ V.lL e V ,--. 
~~ .. LJR, 

we ohtain for A the spectral decomllosi t.ion 

-.., 

(2. 6 ) 
Ak PC' ' A L '---'It 
k=< 

where r;; i s the projector on the subspa ce V,=,
~, 	 ~, 

The polynomial of mini.mal degree, whioh vanishes if its 1.n.deter

min.ate i s replaoed by the operator A , generat es the pOl ryomi a1 
identities satisfied by the represent ations e.. or Fn_ 1/ : 
the polynomial identities for f/\ ( P...a. ) are obtained if in the 
polynomial satisfied by the operator ~ in expr ession ( 2. 1) of 


A P..n.. ( e") ( fA (e,)) are replaoed by matrices of these 


operators in a f i x ed basis in V..n. C \.0- ) . 
Equati ons (2. 4) , (2. 6) t ell us that the mini.mllm degree of the 

polynomial equation g:; ( A ) = 0 satisfi ed by A is equal to 
the number of distinot eigenvalues ~k. of A ( or, what amoun t s 
to the same, t o the number of distinot eigenvalues of the Casimir 
operator) i .e.,to the number of distinot terms in the Cl eb8eh-~or-

dan serie s (2.4). 

prooedure dev eloped in /2,J/ andJ. 	The 
subsequent r e sults 

In paper /21 i t has been proved that the polynOmial identit i es 
k which are satisfied by- the generators of a Poi s son of degr ee 

L oan be obtained by equatingbraoket realization of a Li e algebra 

t o zer o the basis vectors of subrepresentations of the symmetrio 

part (ad ® k 1 of the direot k.- th power of the adjoint 


representat10n of L 

2 

The polynomial identities satisfied by linear representations 
of 1- are obtained by symmetrization IJI from the polynomial iden
t i t i es sati s/ i ed by the corresponding Poisson bracket realizations. 

In paper / J/ we deduced the exp re s sions of the second-degree 
polynomial identities f or t he non-exoeptional semisimple Lie algebr as 
An (n 4 J ), Bn(n # ~, Cnen ~ 2) and Dn(n ~ 5) . ( These identities are 
obtained by t h e vanishi ng of s eoond-degr ee tensor operat ors whi oh 
t r ans form under subrepresent a t i ons of (ad Q9 ad)s ). 

In or der to be an i n t r insio property of the Lie algebra 
a set of polynomial identitie s has to be invariant under the aut o
mo r phisms of L ,hence under the ad joint group. I ntrinsio pol y
nomial ident i t ies can be thus prov i ded only by subr epre s ent a tions 
of the extension of t he ad j oint repre sentation to t he symmetric or 
jO the univer sal enveloping algebr as: the prooedure developed in 

2,JI al l ows thus the det ermi nation of all int rinsic polynomial 

1dent 1t ie s. 
Subsequent papers / 4, 5 ,6/ wer e a imed to extraot the informa

tion conta1ned in the pol ynomial identities deri ved in I J/ • In pa
per s /4,5/ it was proved that the tenso T operators deduced i n7J/ 
for the algebras -¥ ( 2n, C) (n -:;- 2) and so (2n,C) (n ~ 5) determine 
the weights of the linear representations of these algebras for 
(the states of) whioh the s e tensor operators vanish. 

The Clebsoh-Gordan series of (ad @ ad1 for the semisimple 
Lie algebras C and Dn are the following:n 

faT Cn(n ). 2): (ad®ad~ . ( 0 )8 ( "' ,..)8( 4/\,)8(2. /\:>.). (J.l ) 

f o rDn(n	 ~5): ( ad ®ad).. - (0 )0( 2. /\.) 0 (/\4)0 (2 /1. ,.) . (J.2) 

whereby /\..:, i-1 , ••• , n we denoted the fundamental weight system 
of a Lie algebr a of rank n and by ( /\~ ) the oorresponding re
presentat ions. 

Let us denote a t ensor op erator as sooi a t e, w~th repre s enta t ion 
<:J by- T~ . The fol l owing re sults hol d / 4 ,5 : 

For sp (2n,e): 

a) The only r epr esentations ~ for (the s tates of) whioh 
the seoond-d egree operat or 7(" ..) van1 shes are f '" ( " /\ ~) 

b) The only represent at i on f for whioh the second-degree 
tensor operator 7(41\,) vaniehes 1s $ = ( /\.) 

c) There are no repr eeentations S of sp C2n, C) for 
which the ten so r operator 7(:>.,0\ ...) van1shes. 

:~ 
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For ~~ (2n,C): 
a) The only representations ~ for which the second-degree 

tensor operator Tc.2JI"f) vanishes are .f = (-k /\n-d and 
f ~ Ck /1~ ) 

b) The only representations for whioh the second-degree tensor 

operator f(A. ) vani shes are ; ' - ( k /\ . ) 
c) There exists a representation, S' == (A,,),Of .50 (2n,C) for which 

the tensor operator 7(,,-A.~) vanishes. 

4. 	 Representat10ns t he Kronecker product of which ha s 
a Clebsch-Gordan series composed of t wo terms 

To determine, using Okubo's prooedure, all fin1te-dimensiona1 
r epr esentations which satisfy se oond-degree pol ynomial 1dentities 
we haTe to find (keeping the same notation a s i n seotion ) all the 
pairs of repre sentations ( A ) and ( ~ ) suoh that the Clebsch
Gor dan series of t heir Krone oker product contains only two terms 

(/\) @(..IL) (/\ +-f2. ) G (8). (4.1) 

We shall give solutions of this problem f or algebra~ of types En 
C and D • 
n n 	 /8/

The following result due to Dynkin all OWS t he calculation 
of a seoond te2'ln ( 2 ) in the Clebs ch-Gordan ser 18s of (,A) @C.n.). 

Let L be a semisimple Lie algebra an.d let ( /\ ) and ( -0.. ) 

be two irreducible representations of L labelled by their 
maximum weights A and fl 

Let 0(...." 0("1.,. , ••• ~ 0.:: ... be a minimal chain of simple r oot s 
connecting the weights A and I2 ,1.e.,a set of simple roots 
such that 

( 	 /\,0(..)-1= 0 ( <X,. > ..D..) '* 0 
(4.2) 

= I'. 0(....... ) 0(.c... ..,... A) * 0 ( .(. (> . ... k- ~) 

and suoh that no proper subset of { «"" > ...) 0(Ire. 3 having the 
eame properties exist s. Then 

'=" 	( 0(1. "i'a , ••• ~ 0(,. ) .1\ -+- .Q - ( 0(.. ... o(~ ...... ~ 0(",) (4.J)L.J 

is the m~um weight for one and only one of the irreducible oom
ponents (¢.) . ( 4>.. ) J • •• , ( ~ ) in t he d eoomposi tion of the Kroneoker 
product 

,t 

( A ) ® ( fl.) = (q,.) 8 ( cP ) 8 '" e ( ¢e ) . 2 

Let us appl y Dynk1n t s theorem to the algebras Bn ,e and Dn 
n 


1) Alg ebras of t ype Bn 


Let us denote by ( /\... ), i .. 1 , ••• , n the fundamental representa

tions and oonsider for algebras ot t ype En the Kronecker product 

( ........ I\,) ® ( A ..... ); t hi s product admits as a fi rst term in its 

Clebsch-Gordan deoomposit i on t he representation ( ...... 1\ • ... /\ ... ) . 


We shall deduce a second t erm by using Dynkint s theorem and 

then prove oalcUlat ing the dimensionalities of the r epre sentat ions 

i nvolved tha t no ot her t erms exis t . The same procedure wil l be 

f ol lowed for the algebras of t ypes C and Dn 


n 
Expressed in t erms of t h e basi s vectors E.:, ~ = " '2., ••• , "' 

in 	R- , the baSi s composed ot s imple roots i n Bn is 

0(..,.. £.., - i. =a) of'J.. - (l.. - E. 3) -.. ~ 0( 1'1._ f E,,_, - f"~ ) e<~ 1111 En (4 .4) 

and the fundamental weight s of Bn have the expressions /9/ 

/\~ £'1 + E~ -I- .- . + E.~ (1~.t.<'",,) 
(4.5) 

1\ :!. (£ ... £.. .,. ... .,. £~) L 	 ( a(., ...,.. 2..~ ..... . . . -t- n 0(,., •1 • }"" 2. I 

The m:ln1.mal chain between 

1\ -1 -=- £.., 0<'1 ...,.. 0(...... ..... • . • - "',.. ( 4.6) 

and /\ .. is ~ "'•• 01 .... I '" ) o("'} • Hence, a second term in the Clebsch_ 
-Gordan series of ( ..... 1\. ) @ (/\~) has the maximum weight: 

,.., A, ~ /\~ E, ( ,." - '1) /\ -1 .,. A..... • (4.7 ) 

Applying Wey1 's dimension form ula, we get 

(~.., ... .2..",,-,,) (2. .. ~ "., - 2. )1~ ( ....... A, ) 

( 2.,.., - of )! m.l 


04,.-, ( 1\,,) 2-" 
(4.8 ) 

2."" ( 2." ... "., - -1 ) ! 
0-/.:"" ( ....... 1\ 1 + 1\..,) '" 


( 2" - ~ ).1 "O'Y'\.! 


;; 



and the equality 
( n _ "-) ! (,., - ( ) ! ( 2.,., -r 2".., ) 

d;rn(rnll ... ) t
~,.., ( ....... /l.) oL..""., ( /l ~ ) 0/;,.., ( .... 11, +/lM) -t- ""'''''' ((,.,., - ,)11• .,.11..J ) (2.""' ... 1)! 


1'1:4.9 (4.16)
~ f Lin ( ... -2.)1 nf (2. ... + z""';.'

~,-"., (1\,,-, ... (rn -,) 1\,.. ) --leads to the result 

(n-t-2.rn-r4) (2."""''')-' 
(4.1 0)

( "" 1\ ) ® ( /\..... ) = ("., /l • ... 1\~)6 ~,.,- 4) A, ? I\M) (2." ... 2,., .. 2.) n l ("'- 2.) !(2.." ..2.".,)! 
"" ,"rn ( 1\ . ... n-. 1\,,) =: f. (,., .. 2rn+1) (Zrn-r-4)! 

whi oh had to be pr oved. 
whenoe 

ii) Algebr a s of t rPe en 

Let us consider the Kroneoker produot d i,." ( II,,) cl,,,,,, ('Y> /I .... ) d.;.,.... (II,-.-rnll ... ) ... d'~(l\n_;(""-I)/I .. ) 
(4.17)

(4.11)(I\)@ ( ",, 1\ .. ) = (A,+ ... I\ ,, ) 8 ... 

t ollows and thusand determine a s eoond term in the Clebsoh-Gordan series of the 
r.h.B~ ( I\~ ) ® ( In A " ) ( A • ... IT> I\n) 8 (1\" ... ~ (", -,) 1\").( 4 . 18) 

!%pressed in terms of the bas1s vectors £~" (i. ~". 2., """ .... ) 

in R" , a basis oomposed of simple roots of e n is 

(4.12) iii) Algebras of type Dn 
0(. a f, - E ... DI"'a. :c E~ - £s > • ~ . .I 0( n - I lI:Io E:.,,_, - E., ~ 0(,," 2 E,., 


Denoting again the basis vectors in R" by E..: (i=1,2, ... n) 


the basis in D~ has the expression 
and the fundamental we1ghts of en have the expression 19/: 

(4.13) 0<, E, - E>.. , 0(. - E~ - f", ":1(",_, ~ £,,_.- E...., ) 0(' ....... ~_, ... (" • (4.19) 


1\.,: E, ... l ... -+- E... (-1~~ ... n). 

i'he fundBlllental weights are 191 
The m1n1Jnal chain between 1\. and 1\" is again { <t" "' .. , """' a( ... } 

and a second t erm in the Clebsch-Gordan series (4.,11) has the A.; £. -+ ( .... "T'" E.' ( 1 ~ .; ~ n - 2..) 

maxiaum wsight (4.20) 

+ f. + " - -+ L ,, _ :a.. ~ ["-1 - Enf ( f./\"-1A" ~ ,... II" - (0(" ... " -" ~ 0(") - 1\, .. .-.-. /l~ - (E,'" E~0( ... .... (4,14 ) , ... En) . 
( rn - • ) ~ .. 1\.._. ( £, + E.... "T" .. • ~ £"" _ 1.. ~ £" ...1\ " 2: 

The miuimal chain between /\. and A .._. is f 0(. , 0(.. , ." " ) 0(..",- , ~},
We have dim 1\ , .: 2.n appl ying again Wey1 t a t ormula and denoting 

the minimal chain between 1\, and ;\'" is o{"~o(l JI "') oI"'-'L., of", } ,by f. the f aotor 
.la 

., -, 
oi., T ~~ -+ - -+ G(" _"I.. .... "", - 1 E, - E., (4.21 )TT ( v, +- 2rY> -+- L -i. --.I ) .TTz. ( n -. ... .-1_.:/ 4 • 15 )f= Tlci-'-) 

• - 2. and
1 < ,- <-J <. n 1< ':"-J"" 

t.:1 -+ E."0(,. - 1 ~ Q(.,0(, "?' q ........ . .. 
 ( 4 .22) 

we obtain 

76 



\~ can write the expressions fo r the following Kronecker product s, 
the validity of which will re sult f rom Dynkin'B theorem and from a 
calculation of dimensional1t1es 

( rn- /l. ) ® (/\,,-,) ~ ( 1)../\,...- A., - .) 8 ("" -,) I".'+"',, ) ( 4. 23) 

( ,.., 1\. ) ~ ( 1\•• ) '= (,.,..,I1 , "/'..., ) 8(C,."., - 4)/'I,..,. A,,_,) (4.24) 

( II, )© ( ...... 1\,, -.) =; ( /I ... ,..,/I,, ~)0{t"' -'JI\,, -, + 1\,, ) 
(4.25 ) 

( 1"., ) ® (", 1\") ( 1\ , r"; /l,, ) 8 (/1,,_, -+- (,.,.,- 1) I\~). (4.26 ) 

The dimensions involved in these oalculat i ons are 

d ,;""(I\. ) 2." d;~ ( /\ ...~ )" dl;" (/\" J == 2. " -1 
( 4. 27) 

d/~ (h-. "". ) ( no + 2." - :3 )! (,..., ... n _ ,) 


,.,.,! . ("2. n - 3 ( ,., - .) 


d /rn (r,., 1\ + /l ) c/,',.., (rn A " ) 2. ,, - .. ( ..... T" 2.. ,., - 2.)!
I "'- I /I, ...,.. /\,., 

m! (2-" - 3) ! (,,_~) 

Also, deno t ing by r the factor 

"., -,t 
(4.28 )~ 2.." -Lf T7 

1 <t...' <'J.c.n 2..,., -i- _j 
we 	 haTe 

dl"n, (".., A ,, --. ) d,·....... ("'" /l,, ) :::: f 	 ( rn .. 2.,., - :3) ! 

,..,! (Z,, - 3 ) ! 


(4. 29 )
eli"" ( II ... ".,1\ )1 'l-, 01;,... ( "",""'A") ,,, 

f ("""+ 2.., -2.. ) f7 

r.-./ (2"-3) .' C""' +n- ~) 

-:II ..... ( 1"1" _1 ... ("., - ~) 1\ ... ) eli,., (/I" -#- (rn _l ) /'1 .. _,) 

ern,.. ,,, - 3).1 '7:f 
u -n-fJ.' ("l..n-3)-'(rn~1) 

8 

Taking into account Eqs. (4.18) and (4.2J)-(4.26), and using 
OkUbo's procedure maY. lead to a verification of part of the results 
obtained in /4/ and 15/ and reminded in Section J. Indeed, the in
spection of these equations points out that for semi simple Lie al 
gebras of type C only representations ~ of the tYlles ( /1. )n 
and ( k 1\" ) ( k '" positive integer) can verify second-degree 
polynomial identities and that, similarly, for algebras of type Dn' 
only the representations ( k /\, ), ( k /I n -. ), ( k /I.., ) 

( k:: positive integer) can have this property. 
This verification gives however no information concerning the 

representation ( 1\ ) under which transforms the tensor operator 
l(A) which vanishes on (the states of) the representation ~ 
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HocH<!JecKy M. ,_ CKyTapy X. E4-S5-527 
KpoHeKeposCKHe nPQH3BeAeHHR, pacnaAa~~HecR Ha ABa HenpHBOAHM~e 
npe,AcTaeneHHR 

tteflbiO pa6oTbt RBnReTcR nony4eHHe AnR nonynpocThtx anre6p n~ n-1na B n , C n H Dn 
MHO*eCTBa nap HenpHBOAHMbtX npeACTaBJleHHH TaKHX, 4TO KpoHeKepoBCKOe npOH3Be~ 
AeHHe npeACT8BJleHHK K8*AOH napbt pacnaAaeTCR 8 npRMY~ CYMMY ABYX HenpHBOAHMbtX 
OP-eACTaBJleHHH. 

nnR OPOBepKH HCOOllbayeTCR TeOpeMa abtHKHHa H B~4HCJ1R~TCR pa3MepHOCTH npeA
CTaene~ntH. 

napbl npeACTaBJleHHH, nolly4eHHble TaKHM o6pa30M, ClleAYIOIJlHe: J(mA
1
), (A

0
)! 

AllR anre6p H<na B0 ,I(A 1 }.(mA 0 )1 AJ1R a.nre6p THna C0 , l(mA 1 ), (A 0 _,)! , 
l(mA 1),(A 0 )!,1(A1).(mA0 _ 1 )!Hi(A 1),(mA

0
)!AllR anre6p nma D

0 
irAeAi o6o3Ka4aeT 

HaH60JlbWHH Bee ~YHAaMeHTaJlbHOrO npeACTaBneHHR (At) , a m -npOH3BOJlbHOe 
OOilO*HTeJlbHOe 4HCJlO/. 

Pa6oTa BbtnOJlHeHa ~ na6opaTOPHH TeopeTH4eCKOH ~H3HKH O~HH. 

Coo6111eHHe 015-beAHHeHHOf'O HHCTHTyTa RAepHbiX HCCneAOBaJOdl, Jly!5Ha 1985 

losifescu ~., Scutaru H. 

Kronecker - Products which Decompose into Twa- Irreducible 
Representations 

E4-85-527 

The aim of the work is to determine, for the semisimple Lie algebras of 
types Bn, Cn and D0 sets of pairs of irreducible representations havinq the 
property that the Kronecker product of the representations of each pair de
composes into a direct sum of two irreduci-ble rer>resentation.s. 

The proof uses a theorem due to Dynkin and a calculation of dimensionali
ties. 

The pairs of representations obtafned in this way are l(mA 1), (.'\
0
)1 for 

a I gebras of type D n , I (A ),(mi\
0

) I for a I qebras of type C n , and l(m.\
1
) ,(.'\

0
_

1
) I 

i(mA 1 },(A
0
)! ,i(A 1 ),(mA 0 _ 1)1 , I(A 1).(mA

0
)f for al~ebras of type D

0
./where.\

1 
joenotes the highest weight of the_ fundamental representation(.\ i} and m 
is a-n arbitrary positive i-nteg-er / . 

The investigation has been performed at the· Laboratory of Theoretical 
.,hysics, JINR. 
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