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1. Introduotion 

It i s known (l( that if the enveloping algebra of a Lie algebra 
L acts on (states of) a degenerate representation of thi s algebra 

( i . e., a representation for which one or more Dynkin indices vanish) 
t h en the generators are not independent but sati9fy polynomial rel a
tions or Sy.Zygie s in addition to the commutation relations 
(cf. also 72, ( ) • 

In previous papers /4,5/ we proved that polynomial relations 
satisfi ed' by the generators of representations of a Lie algebra can 
be cbtained by equating to zero the symmetr i z ed basis vectors of 
subrepresentations of the symmetrio part of direct powers of the 
adjoint representation. 

Such polynomial rel~tions which are obtained by the vanishing 
of tensor operators T~ which transform under a subrepresentation 

" of (<< d® ad).. S83, contain inf'ormation about the representation 
~ on (the states of) which 7;- ~ <:> holds; otherwise stated it is 

to expected that tenso yial syzygi es spec ify t he r epresenta t i ons on 
which they are valid. 

In previous papers /2,J,6( we started to extract the inf'orma _ 

tion contained in second.degree tensor .Lal syzygies 7,;=. = 0 a ssooiated 
with subrepresentations .,.- of (ad @ ad)5 • In particul ar , in 
paper /6( ( which, in the following , will be designed by (I) we 
considered this pr oblem for second-degree tensor operat ors Tc Z-A.) 

which transform under the representation ( 2./1,) of /.1",1", C) and 7(,...) 
which transform under the representation (I'i) of 4t {2-", c.) • We pro
ved that 

i ) The representations g of --<l~ (z-n, c ) on (the s t a t es of ) 
which rca A,) vanishes are either .f' - (J.-t,,)or f - { ,( .-1.. ) 

ii) The representations .f' of..6p ( 2 '" c ) on (the state s 
of) which TClfo) vanishes are f' - ( k A.) 

II 
(We d enot ed by ( /\,") (i '" 1 , rank L ) the fUIldaJllent e.1 repre s en
tations of the Lie algebra L ). 

In the present paper we oontinue to ext ract i nformation from 
the relations 7;- ~ 0 associated with the other subrepresentations 
(}"C (ad @ ad ) • Taking into aooount that /7/:© 06t.e"umeHIIIIiA BBCTKTYT J(Aepm.a: HC~O.amdt Jb'tS-. 1985 ~ 



for .40 L 2.", c ) (~@ a..J.)S = ( 0 ) (£)(z/I,) e (/\~) (f) CZ/l~) 

( a...d@ a4.)" .c: (O)@ (/I.J 0 (+-/'I, ) @ ( Z-/f~) for .." ( z..., c ) 

it rema.1ns to deterDline the r epresentations f (if an,y) on which 

the tensor operators 7( /1 ~) and 7tLA1.) of so [z- '" C) and ?C~'1,) 
and Tc:"A~) of /.J~ ( :z.n, c..) van:1sh. 

This will be done 1n t he subs equent s eotion s. 
Throughout the present paper we use the notation i n troduoed 

in (1). 

2. 	 Representations for whioh the tensor op erator 
Ie /\,1 of -Oo ("Z.-", C ) vanishes 

Expressions for second-degree tensor operators AV ) transfor
Dl1ng under the subrepresentation ( .I\ ~) c ( ",-4 @ a,p{).s of ,4., (Z-'I, c) 
(n ;r 5 ) have been obta.1ned in /5/ in terms of tho gener ators of 

.(Jo ( :z.", c) defined by the Lie relations 

[ M-0) f11u J: & Mel*- -;- Sj'<. M.;.e - £.. Ha:e - rliL~;'" (2.1) 

The expressions of the components of the tensor operator 7(~) 
are 

t;A ~ / p, y '; tt, -j, j l Mpt- /'14 <1 ... { ':,... 1<1.,.- J ... { '1>r> 1L1~r.- j ~ (2.2) 

where i, 1 designate the anti commutat or. 
It is easy to prove that the opera tors of the natur41 r epresen

tation ( 1\.. ) defi ned by 

M	 e· - e~' ~ == d <F 0 

nth ( e 
'J
")

.~ 
= d .... ' L # satisfy the 1l1 entit.r =" 

¥-	
7(", .. ) 

We shall prove in t his section t hat (as a sort of oonverse of 

t his stat~ent) we can state 
Theorem I. The representations l' of the algebra ,do (2..'" C) 

(n ~ 5) on ( t he states of ) which 7; /1.,) .0 are 5' = ( " /I~) . 
The highest-weight veotor ~ satisf ies the equations 

- ~ e v.t = C'4 L t.t ~ A.u., '1 = " /r.-...~ .-t "? I.. '> -f • ( 2.J) 

Proof. ~ »olnted out in (I) in or der to prove that t he tensor 

operator 7(11..) vani shes on (the states of) the repre sentation f 
it is suffioient to proTe that 7;",,) ~ = 0 for the highest weight 

2 

vector Vf of representation ~ • we shall use now this property to 
det ermJ.ne the highest weight of 5' 

In order to do that we shall consider the component 
[Ay) ( ;z. ..~ 2-<: - f ; "'J- ) ~,-,,) ( ....;:i ~ -n. ) and express it in terms of 
the Cartan- Weyl basis defined in (I). We get 

(2.4)T. ( 2.-<', z..L--t . .zJ~ L.'-.. ) = - 2 A..;: A.,:.. -[ B';' I S·) ..- { Aj· ... Aer" .
(J'f. ) -' <1" / u 	 } 

Rem1.nding 	 that in the Cartan-Weyl basis A ...; are generators' of 
the Cartan subalgebra of so ( Ln , c) 

L \ . . v-: =/- . =-	 (2.5)r-_ ~ • ( 

and that 	 A~. ( ':<,j) and B..;; · (any .~; i ) are raising operators 

A·· ~ 0: 0 ( ,, ' <: -1..' ) 
.) B ·· t.r ~ cJ 	 (~.6 )

'd .! 0 ':J s 

while A-.J· ( "·>J) and ~i' (a".J~j) are lowering operators we get 
from (2.4) 

T (2. ",,' 2.<.' -1' 2.,,· z/,-,1 = - 2.1,.. ( t · ... -t ) -u-. (2.7 ) 
( J'f,, ) I 'u' 0 / , r 

Assuming .A- <J , taking .<. = 1 and asking that 

(2.8 )T ~ o
( A, ) f 

we obtain the following solution for the weight of the representa
tion f 

(2.9)I oF 0 I,. .. ~ ~ .,{ = o . 
4 

(The same 	 result is obtained assuming ~ "71 	 for icj, equation 
(2.8) is identically satisfied). 

Thus f '" ( -£. ~..,) • 
Let us now deduce from relation (2.8) the information concerning the 
highest weight Tector ~. 

To do that, we shall calculate the explioit expressions of 
equation (2.8) for different component s of the tensor operator 1(A~) 
Taking again into account relations (2 . 5), (2.6 ) , we obtain 

1(,1~J( 2.'· -'; 2 <- j 2 '£, 2R o,)"j=" = (l.: .. ,) { c,e + Au..) ~= 0 (2.10) 
and 

~A~) (2..... _.." L(.." ) z.,,L..,,zz?_..,) :;. ,,- .,;Ci (L .....) ( t;... _~,,)~S2.11) 
oif we assume, in both relations, that -f/' "",,4 .<. ~ 

Equations (2.1 0), (2.11) prove condition (2.3). 

:~ 
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Co nsider now the following equalities valid for £ <' L <: -& 
T(A .. )(Z---:--1>LV..;2.~, zt-'I)-r.:r == 

(2.12) 

= [ z /.." ( C;I!. - A.e.,... ) - {A..i ~J -+ { A 4, L4 -j ] ~ =- 0
l 

T(/I~) (Z.';-~J2-<."; 21.-'11 z.e-1) &'j 
(2. 1).::: r: [z/c. (C;e -A,!;;) + .1 A.~ I Cit,." J - ( A ..i.) CL...-J):; = o. 

Subtraction of (2 . 1 J) f ro= (2.12) give s 

(2.14)
[A~J4..' J1J f A...e/ ~}1} . 

If -" 4 1 both members vanish as a consequen ce of (2 . J) • Let -i =4. 

From (2.14) and (2 .J) we get C".; A..;{ 1f : Ad ~:,. V; whence, using 
(2.14) 

- [,44 C~.]-v::- = [A.n C, ] -V- (2.15) 
I <- ~ -""' J """ r 

which, 	using the Lie relations of 4<7 (2-", c) ( of. (I) ) gives 

- CJe 	 v:t CRt j; 

which is satisfied due to the anti symmetry of the generators C~ 

of JO (l,n.,C). This is a confirmation:for the fact that the 

ollly generators of /oJc (;411 c ) which applied to ~ lead to a non
vanishing resul t are 

and c C" for any ;}Af{ .f:J- ,I'" 

J. 	Representat~ons for whioh the tensor operator 


'(-'flit) of ~ (Z.", c) vanishes 


The express~on of the secom-degree tensor operators Tr 4 A, ) 

whioh transform under the representation (, 4"" '1) c: (" <'l@ -..()s 

of 4p (z.."" c) (""- "'7/2) has been obtained ~n /5/ ~n terms of 

the generators 5,,;[' - 5~' C ":, i = "2) , .. ,~n) whi oh satisfy the 
Lie relations 

[ S~. 5 u ] = J,., Sd - ~'d- S"J' - 'J<* Sit' -t- lif!' S'k.,'. (J.I)J 

where q .' s-. - I;.; ...... , j C...; j ~ '1,2..> ''', Z,., ) •"'1 	 ""'r'~ 

In terms of these generators the components of the tensor opera

tor ~ 't /I, ) have the expression 
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T S J 	 (J.2) 
{It,",} (1» t- j /l/» '" { 1-1-' ,..., r f {~J S"l- J .,. I Sr' Sis}, 

The generators of the Cartan-Weyl basis are related to the gene

rators 51" by the formulae 

B "" _ 	 5. C ". _ 5 . . ( )
':J -<-"""i"~) 'J ~j (~/ ~{'"'"J")' J.JAi" 5.;,.", i 

Their Lie relations are given i n ( I). Remind that like for 

Alo 1.2'}, G) > A..;; are generators of the Ca:rtan subalgebra of 

4p L z.", c) whil e A-:j" (.; ,/) and 13~ are rai sing and 

A "j 	 (A: ?',/) and C.;/ are lowering operators so that rela. 
tions (2.5), (2.6) keep valid for 4p (a", c) > 

Expressed ill terms of the generators A-!j ~ 8~ / C.:'J the compo_ 

nents of the tensor operator 7C~A,) have no more a unique expres
sion. They are 

7f4A{) (p'1 Ir,s) l CPt' C~.s] + [ c;, .., e~t} + (c"rJ Ct~ j ~~ (3.4) 
...p, 't ,r, s .c:. '9'L 

TcfA,) C,., t; Ys) = { ~t) As_, ~J ~ f A.s-~' f J c...;.. J .,. {Cr ..> A.s..... 1-- f (3.5) 

~ 1', f-' ,. <... ~' ~? ..... 

(J.6) 
,,{<fA, ) (1"'I; .... ,S) = /$'1-) 8,....",>_l')j -r {AS-,\f} A"""'1- J .,.. 

~ { A r .. ",-" -> As- ..,tJ 
t't- .:::. .......... """",d..., h., ~ ?-n-~ 

T(Lt/\.)(1>·t ;/t..-,~ ) L A r'I; P , B ...~.s .. ~} -+- { A ......./> ) B....., ,-~ i
-

(J.7 ).:f.o..,.. 1- <,.. ">.f1+ l A,_n,,. ) B'1_" , .-" J a,.. ') 1. ,., ..s 

T,'tll<) (1">'i»" s) i 8/>~, '1_~> B. __ ,,_"J ... [B,.." .4 "" > B~~'7_~} 
(J.8 ) 

"t B~_", r-r'1 B'_~I S-h J .fer 1>. '1- . ... 5 '::> n • 

Because of the propertiss (2. 5) (2.6), t he components (J.7) and 

(J.8) vanish identioally when applied to the highest weight vectorvr 
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The whole information concerning the representation ) is 

thus contained in the following three relations: 


CJ.9){{ CJ.1 . C..4 j { C ,.$, c..
1
J + {C,,, C, .J ] ~ = 0T 

CJ.IO)
[ { Crt , A._~ . ~ J ... f As~ ,1' ' C,,£- J -+ {C,.~ , As-",,/- J] ~ = 0 

[ j C 
1'1..' Br_~ .< -~J ' -r {As -'I .,» A .- ... ,,. } -+- IL A .--n'f'J A .I-..~ 1]t;z.o(J.ll) 

Theorem 2. The only representation ~ of the algebra 

~~ cz~.c) on (the states of ) which T, "'A, ) = 0 is the represen
tation f (II.) having the weight t, - f, fL. I" ~ ... = t. - " , 
C 

i.e., the natural representation. 

The highest weight vector ~ satisfies the equations 


A ij Vr = Cj v = 0 (J.12) for all ~.( i for which f.: -I) - " . 

f 

Proof. Let us oonsider sq. (J.ll) and take 

(J.IJ )-p j, ... -,... s-,., ""i. 

we get 

I.: (I.- -~) v, = c> , CJ.14) 

1. e. t :(., oan take only the values 0 or 1 • Let us take in Eq.(3.II) 

t .. ,.- - " =- <- 1, '" 5 -n ~J CJ.15) 

aJl,d let ... <. J • we obtain 
CJ.l6)

I- ( 'A - 1 ) 1j- % " 
( ':<.. j). 

d-

Let us now prove that only the representa tion A, satisfies all 
the equations ( J.9- 11) • 

To do that let us take in eq. CJ.ll) 

(3 . 17)
l' ~ 1- '2. r - ....... a-. ~ $ n -d-

'/fe get for .i. .,. J 
U .1 8 ) ( .:f , _ I ';\ A .. "r """ 0 .. :JL 

whioh is identioally verified for I <Z but leads for J. ~ .<. 

to the condition 

co: for any :J- ~ '- if /.: ~ 0 0.1 9 ) A~ .. 'Vf 0 

(, 

Let us now admit in E~. CJ.ll) the following values for the 

labels of the generator: 

p > 't- & r-n !>-" =J l i *i) 

In this case eq. CJoll) leads to 
D . 20 ) 

t-} 
A/,' V; = 0 

whence 
(3. 2 1 ) Aj<'!If ,,0 for any ..; <'<1' ,if :f.J. 1 ' 

Conditions D .1 9 ), 0 . 21 ) lead to 

for any <4<1- D .22)A ' v:=<>j" J 

unless 
D . 23 ) I. = / t~ - l, =t:,=l> 

Indeed, in this case relations (3.18) (3.20) are both verified 

without any supplementary assumption concerning Ap 'I'J . 
A similar result holds for the generators C'j- , ' Let !.IS consi

der Eq. CJ.IO) in which 1':.:. and t E,"" 5 - " - J- • In this case, 

we get for ~ ~i 

(Ij -.,) c?' v;. = 01 
D . 24) 

i.e., for any "'-;J- for which f-.; t = '" we have C i :'j - ~ .2 ~
Let us consider now Eq. (J.IO) with ~ '" 1 and t = r ~ s-".j 

C J ~.i ). This case leads for ;} '7': to the relation 

U . 25 ) [4- [Ij - -1) C'j .... 2.. en, Aj" ] ry = 0 • 

Assume nOli aga.:ln 1,;' ~ .:J • 

We have already proved that unless :f, - -1, I ... ~ :f3 = - -' = f,. ~ 
we have A.f'1'( = 0 I whenoe f rom Eq. (3 .25) we get ~ fJ =- 0 

unless i =- -of. 

In conclusion, unl ess t =- 1 and f,..=/:" f.. '= 0 

we have 

C A ''I "'f : 011J 
wh1.ch is inadmi s sible if "e remind t hat for any ...>; we have 

B!J. v =-0 • The only representation whi oh satis f i es .r;qs. CJ . 9) ,
f 

( 3 . 10) , (J . ll) is the natural representation .I\~ 

7 
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Theorem J. a) There exist no representations f of the algeb

ra ~ ( Z-n, c) , n 7, 2... on the states of which the second~egree 

4-p ( z. ..., C)- tensor operator T, "L/\ ~) vanishes. 
b) The re erlst s a representation ~ =(;\)of the algebra ..... 0 (z..n ,e) 

/?\- ?,5 on the states of which the second-degre e 

""'0 (...",c.) - tensor operator Tp./I .. l vanishes , 

The f i r s t result is obtained ,y proving that the vanishing 
of the oorresponding polynomial s i n 5/ lead s either to the solution 

I. '" 1-.. = . .. = /:. ~ 0 or to incompatibility with the conditions the 

weight components fi have to satisfy. 

The se cond re sult is obtained by writing the tensor operator 

T( z. ... ~ ) ( f> , 'J- > ", 5 ) f (2 [ M,1. ' H •• J - { 11.,. s, M1• J -1 N,. .. H'1} ) 
~ ~ l.JJ -z..,., 

>. ,,'-20 ( - J?ri.~1 [fvlf' ~,M':5 3 ... r" J/Hp/'1.... J + f" .;~ {hr" H.:,] - drs J;, {M,.:,H"jJ 
... 

~ t ." = r 3 ~ .;.
-r0~+ (....:~(2" -2.) ( f,r f,.. - ~, Sf' '-) ~ l ~'l > hi< j 'i-=.s _ 2-<..' --1

,-:/ a/ 

0in 	the Cartan-Weyl bas is ( cf . (I ) Appendix). The equality "[,,1\.) Vr ; 

le ads to 
1__ 	 .t.a:/. =4.. 2. 
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tI 

HocH¢ecKy M. • CKyTapy X. E4-85-526 
npe05pa30BaHHII, YAOOSleTOOplIY.lUlHe TO*AeCToaM. COIl3aHH_ C TeH30pH._H onepa
Topa",... TeH30pH~e onepaTOpw BTOPO~ CTeneH .. , npe05pa3Y~HeclI no 
npeACTallJ1eHHIIM (A.), (21\2) so (2n, c) H (4A 1) , (21\2) sp (2n, c) 

HacTolIUlilJl pa60Ta npoAol1*aeT onpeAeneHHe /l<a4al10 0 181 I npeAc-raoneHI1i1 
fJ nOl1ynpocToH nH anre6p~ L , AI1A KOTOPblX T~l(p) .. T~)("., ... ,s"l'" 0 , rAe 
Tj2) (sl" •. ,xnl - TeH30pH~H onepaTop. npe06pa3Y~~Hi1cR no npeAcTaBneHH~ 
u C (ad -ad). ' H XI - reHepaTopw P • ,Ilnll L; 80(2n,c) npoaepeHO. 'ITO, eCllH 
0=("4) , TorAa fJ =(kl\~ H, ecnH a .. (21\2) , TorAa P =(A 1 • a 

,Ilnll L = sp(en. 0) npcioepeHo, 4 TO. ecnH u = (4A I). TorAa fJ = (AI) H, ecn.. 
u = (211 2 ) , TorAa ypaBHeHHe T~~)A ) (p) ,. 0 He HMeeT peweHHH. (A I - H9H60nbwHM 
Bec ¢YHAaMeHTanbHoro npeAcTa8neH~1I (AI ». 

Pa60Ta B~nonHeHa B fla60paTopHH TeopeTH4ecKo~ ¢H3HKH OHRH. 

C00611\eHHe 0 61>ejUfHeHHoro HHCTHT)'TB IlllepHWX HccnelloBIUlKR. J1y6Ha 1985 

losi fescu M•• Scutaru H. E4-85-526 
Representations which Satisfy Identities Associated with 
T~nsor Operators. Second-Degree Tensor Operators Tr~n510rmlng under the 
Representations: (A 4 ).(2A 2 ) of 80 (20 ,c) and (411 1) ,(21\2) of ep(2D.c) 

In /8/The present work continues the detenmination (starled ) of the 
representations P of semlslmple Lie a l gebras L for which ~2)(p)
'" or<;) (sl .....lo)-o' where ~2'<11'''''x~) is a tensor operalor tr~nsiorming under 
a subrepresentation a of lad ~ ad}., and XI are the gcnt' roltor'i of P. 
For L = so(20, c) it is proved that If u = (1\4), then fJ . (kA\) ~nd that 
if a = (2A~. then p = (An). For L = sp (2n, c) it is pr ovrd lh~t If u_ 
= (4A I). then p m (AI) and if a = (2A~, then there "xiSL S no ""Iution 
to the equat ion 'r(2~1!\e}(p) = o. {AI is the hlghesL wUi9hl of lhe funda
mental representation (Ad (i = 1, ... ,n)). 

The Investigation has been performed at the L~bor~tory of ComputIng 
Techniques and Automation, JINR. 
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