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I. INTRODUCTION 

The three-body problem takes a kew pos1t1on in the theoreti
cal study of muon catalysis ill. Different methods e> ist for 
a numerical solving of the problem. One of the~ is the adiaba
tic representation in the three-body problem 121 . In this app
roach, with the help of continuous analog of Newton method 131 

we have (ref .14 •51 ) first calculated the energy of a \veakly 
bound rotational-vibrational state (J = 1, v = 1) of mesic 
molecule dtll "'ith accuracy -0.001 eV. Horeover, in this case 
a high rate of resonance formation of mesic molecule dtll was 
first predicted in ref. 16 i. However, in vie\~ of the importance 
of the problem, it is necessary to develop other, alternative 
methods and, in particular, an approach, which does not require 
any standard separation of variables. 

In the first paper '71 we introduced new variables in the 
three-body problem. Their advantap,e is that they correctly 
describe adiabatic character of motion 6f nuclei in a mesic 
molecule and provide a suitable representation for the asymp
totic of solutions in all three channels of disinte~ration of 
a three-particle system (a,b,c) into subsystem (ac)tb, a+(bc) 
and (ab)+c. In this way, ne\v coordinates establish 1 clear re
lation between all three sets of Jacobi variables a1d prolate 
spheroidal coordinates used in adiabatic representa:ion 181 as 
well as with the Fock coordinates on a J-d sphere'9 ' and dif
ferent types of hyperspherical coordinates /10,11/ 

In this paper the three-body problem in the tota -angular
momentum J representation 1121 is formulated as a 3-d spectral 
problem in new variables 17 ' parametrized in prolate spheroidal 
coordinates. We have determined the boundary condit:.ons on 
solutions of the discrete spectrum and have derived the cor
responding Rayleigh-Ritz variational functional. Su<h an ap
proach does not require the separation of variables and essen
tially enlarges the class of solvable three-body pr<•blems of 
quantum mechanics. In this case we are able to appl)· some va
riational-difference nethods113 ·141 for solving the 3-d spect
ral problem. These methods in a number of 2-d spectr.ll problems 
of quantum mechanics/15 1 nuclear physicsl161and clas£ical elect
rodynamicst17/ have provided a higher accuracy of calculations 
and shortened computer time as comp · o.th(iu;. ..... ~ch. 
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2. COORDINATE SYSTEM 

Let us consider a system of three particles a ,b , and c 
with charges and masses (eZa.,Ma) ,(eZb,Mb), and(-e,Mc). respec
tively. We assume particle c to be a negative muon; particles 
a and b,nuclei of hydrogen or helium isotopes, and ZaMa~ 
~ Zb Mb. Such a system of three particles in a bound state is 
called the mesic molecule. 

In the c.m.s. of the mesic molecule we introduce the Jaco
bi variables: radius-vector R=IR8<lll connecting nuclei a and 
b and radius-vector· reo =lxcoYco zcO I connecting the c.m. of 
nuclei (c.m.n.) with muon. In this case the Hamiltonian of the 
mesic molecule has the form (h =e =1) 

H=--1-llt 
2m 0 co 

1 
2Mo ll& 

-1 M-1 { )-1 
mo = c + Ma +Mb 

Za zb 

lrco +Ya Rl 
-> + 

l reo +ybR i 

M-1= M-l+M-1 
0 a b ' 

y a = Mb / (M a + M b ) ' y b =-M / (M a+ M b ) ' 

ZaZb 
R 

(I) 

(2) 

where m0 andM0 are reduced masses of the muon and nuclei, 
and YaR and ybR are distances from nuclei ~o their c.m. 

It is convenient to describe the motion of muon in the body
rixeri coorainate system constructed on spher1cai un1t vectors 
of vector R: 
-> ... 

ex =ee' 
... -> 
e = e 

y <II' 
-> ... 
e = e z R 

since in this case its potential energy does not depend on 

(3) 

-> • • 
angles 8 and <II*, Instead of r00 we 1ntroduce the radlus-vector 
-> /7/ 
r 0 ={X

0
yczcl : 

lrcli=DiJce~)!rc0 1J(R/2)- 1 
Lj=1,2,3. ~4) 

Components of r are given in the body fixed coordinate system 
(3) which is usually used in passing to the prolate spheroidal 
coordinates/2,12/ I~TJ¢ I: 

~= (rao +rho )/R • l'l=(rao -rbO )/R. 

* . --+ ... ---+ The un1t vectors ex , ey, ez depend on angles 8 and <II 
and form a right triple. The corresponding rotation matrix 
0{8$) is given in /2,12/ and niffers from tl-.e standard one by 
a cyclic permutation of rows. 
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(5) 

Here ¢ is the angle of rotation about the major axis of the 
ellipse directed along axis eR , raO and. rbO are distances 
from nuclei to the muon. Note that nuclei a and b are placed 
at focal ellipse points !~= 1, TJ= -11 and 1~=1, 11= 1!, respecti
vely. Owing to the scale transformation (dividing by R/2 ) 
the position of nuclei in both the coordinate systems (4) and 
(5) is fixed, i.e., is independent of R. This means that the 
beginning of vector rc can be chosen equally well in the c.m.n. 
and in the geometrical centre of nuclei (g.c.n.)) 

... -> -> 
r=r + Ke 

c R ' K =ya +yb, ~ t}) 

where-x<:: 0 is the distance between those centres, or in one of 
the nuclei 

; ~ r- + 2y e . 
a c a R rb = f'c + 2 y b e R . 

The volume element and operators Vt and V • are defined 
1n terms of the coordinates !R.f l by l~e rel~tions 

c 

dr ~ 1/8 R5 dR sin8d8 d<l> dr 
c ' 

_ 1 -1 -1 .. a a a 
1 V;• o=(R/2) Vr =(R/2) Vr =(R/2) le8h +e<l> ay +eRaz 

cO 

"~ o ·'"> "<t>cl o .(C). ""0> 'J -• ~ - (- -I ol.. + - --- -+I ol.. -I ctgl!'l ol.. 
R R a8 .v R sin 8 a<I> X z 

a (rc·Vr) 
~ e (-- - ---:.L)' 

R aR R 

where 

f =-i[r~xVr' l=e 8 l'x +e"<l>f'y+eRf'z 
c 

(7) 

un 

is the muon angular momentum reckoned from c.m.n., projections 
of §! and 1=-i( fxv__,J onto the axis eR being equal, i.e., f'z=fz. 
The total angular m~mentum of mesic molecule is a sum of the 
angular momentum of relative motion of nuclei L = -i£RxVJ and fl .. 

....,-•s...., i a ,) ..... . a -....Q 
J = L + £ = e8 ( -- -- + ctg 8 £ ) + e,., (-1--) + eRot. , 

sin 8 a <I> z ..., a 8 z 
(9) 

i.e., Jz=.S::z. 
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The Hamiltonian (2) in coordinates IR, t ! has the form* 
c 

..L 1 a 2a 1 2 ... n ( a H=- --R-+--(r·v-.)1+R-)-
2Mo R2 aR aR 2M 0 R2 c rc aR 

..... ...... .....2 
1 (1 IDn 2) ~. "-+ V 2f.J J (IO) -- +-r -ur + - +---

2mo 4M o c R 2 c 2M R 2 2 M R 2 
0 0 

Here 

--2 . 1 a . a 1 a . Q 2 Q 2 
J =-[-- -sm8-- +(-- --1ctg8 .1.. ) 1+ .l.z (lOa) 

sine ae ae sine ae z 

is the square of the total angular momentum of the mesic mo
lecule, 

-+ ... 
2f.J 

2M R2 
0 

ft. J_ + f_J+ +2f: 
2M

0
R2 

is the Coriolis-interaction operator, 

f±=e±' f=f ±if, e± = ee ± iew • 

a i a Q 
J+ = e +. J = ± - + -- -· - + ctg0 .~.. z - · - ae sin e aw 

are spherical components of f ... 
and J. and 

2Za. 1 [-
V=R lt+2yeRj 

2Zb + ZaZb] 

lrc +2ybe&i c a. 

is the potential energy of mesic molecule. 

(JOb) 

(JOe) 

(IOd) 

Coordinates (4) of the vector rc={XcYc zcl are connected 
with spheroidal coordinates (5) of the vector r =I X y z! with the 
origin in g.c.n. (see formula (6)) as follows** 

X = X = { COS cP , y = y •= ( Sin cP, Z c Z - K c c c 

2 ~ '=£a -1)(1-rr)] -. z =~.,. (II) 

d r = d r = ( ~ 2_ .,2 ) d ~ d ., d ¢ . 
c 

* In deriving (10) we used the relation: 
2 -+ -+ 2 -+ [-+ 2 rc {). r = ( r c . V-+ ) + ( r . V-+ ) + r x V,. ] 

c rc c rc c rc 

**Here l(¢z! are cylindrical coordinates of the vector r. 
4 

Here the usual dependence on the dimensional parameter R /2 
is absent therefore the structure of Hamiltonian in coordinates 
I R .f c I and in the spheroidal ones is the same. 

The Schrodinger equation for the mesic-molecule wave func
tion '1'(~71R¢8W) in units e =h=m 0 =1 has the standard form 

(H-E) '1'(~71R¢8W) =0. 
(12) 

11 a 2a 1 1... a 
H=----· -R -+ --(r ·V )(l+R-· -)-

2M R2 aR aR M R2 c r aR 

2 - .. 2 R2 p '-'-+ + v J -2 Q
2 

r + .l. z 
2MR2 

f+J- + LJ+ 
2MR2 

( 12a) 

where 

(r. v ... > ~ 1 £<~-K.,)(~ 2 -1> --L+c7j-K~)(1-.,2>_a_J 
c r ~2- .,2 a~ a., . 

p = (1 + _l_ r2) = (1 + ..L.a· 2+ T/2-1-2K~71+ K2 )) 
4M c 4M ' 

1 a2 11-.=l:l.t: +.....__ 
r ,., (2aq,2' '2= (~2-1)(1-.,2). 

Ci.t: =--!-l _i_(f!!-1)2._ +2(1-,.,2 ).-JL] f =-i~ 
,., ~ lL 71 2 a~ a~ a., a., · z aq, · 

+·A. z ~ a 
1 (.) -1 'f' [ + ft: + i - - • 

( 12b) 

.l.± = e - ':, 1j ' a ¢ ZC=~T/-K, 

ft: = -'- [(7j- K~) _j_- (~-q) _j_) 
.,71 ~2_ 71 2 a~ a71 

1 2Za 2Zb v = - [ - -- - -- + z z ]. 
R ~+ TJ ~-T/ a. b 

Here E is the energy of mesic molecule in the c.m.s,,M=Mofm
0 is the reduced mass of nuclei, the operators J 2 and J+ are 

defined by (lOa), (JOe)*. The range of definition of indepen-

* The operators J ± differ from the standard lowering J + and 
raising J_ operators. Indeed, latter ones are defined in the 
coordinate system turned by angle ¢around our axis eR : J± = 

-v J • i¢ ~ + i¢ 2 . d = e±' =e J± , e± =e e± . Then the operator J 1s expresse 
21---- 2 

by the known formula J = 2(J+ J_ + J_ J + ) +J z 
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dent variables l~77R¢>8<I>l will be divided into two subrarges 

n x n4kl<I> 

n~11s~< ""· -1 :::; 17 :::; 1 • O:>:R<ool. 

n <,lk)<l> = IO .s: <I>:::; 2u, 0:::;8::; TT, 0~<1>~2711. 

The volume element is of the form 

d 1 5 t:2 2 t: . 
. r~ g-R (s -17 )ds d17 dR del> sm8d8d<I>. 

( 13) 

( 14) 

The binding energy-lJV (eV) of the mesic mol€cule in the state 
In> with respect to the meson motion (usually, the ground 
state n ~ I is of interest) is expressed in terms of the total 
energy E as follows 

f Jv=(E-Ena )m0 2Ry, . ~15) 

where Ena =-(Z;/2n2 )(ma./m 0) is the energy of the muonic atom with 
1 1 -1 . . 

reduced mass ma :ma: =M;;- +Mb , Ry = 13.6058 eV. S1nce 
-1 h . m0 p ::::---+ ma t e un1ts e=h=ma=1 
r ~ -. oo 

are sometimes used. 

a I 2 I 

In this case P should be changed to p ' 
a 

• 1 .• 9 ~ 

p = J. + ---~~ + 7J""-~ -~K ~?:11+ 1)) 
a . 4M 

andM=M 0 /m 0 to M'~M 0/ma. Then 

E Jv ~(E-Ena)ma2Ry, 

2 2 
where E na ~ -Z a! (2n ). 

3. THE SCHRODINGER EQUATION OF A TIL~EE-PARTICLE SYSTEH 
IN THE REPRESENTATION OF TOTAL ANGULAR HOHENTill1 

The .Hamiltonian (12a) commutes with three operators: J2 

(16) 

( 17) 

Jz =-i2__ and the operator of total inversion of coordinates 
PtotC~a<I>_,4",77--17, R -.R, ¢>-.rr-<1>, 8-.11-8 , <1>•71+<1>). The eigen
functions of these operators 

J 2D J 1\ = J (J + 1) D JA J D J 1\ 
mmJ mmJ • Z mmJ 

Ptot 
JA J/\ 

D mm = ,.\ 0 mm • 
J J 

J 
A=U (-1) • yz 

6 

Jl\ 
mJDmmJ 

u yz ~± 1 
(18) 

are symmetrized and normalized Wigner D -functions 

,.\ ~ 
DJ =DJ,\ (<1>8rb)=[ 2J+1 ]-

mm mmJ 2 
J 16u (1+8 ) mO 

m J imc/> J -imc/> 
[(-1) Dmm (<1>80)e +u D (<1>80)e ). 

(18a) 

J YZ -mmJ 

The quantum number m is an eigenvalue of the operator of pro
jection J onto the z -axis of the body-fixed coordinate sys
tem 

imc/> imc/> 
J = _e __ =m-e __ 

z -- --· V2 rr V2u 

Uyz =± 1 
the (yz) 

is an eigenvalue of the 
plane: P (c/>-.77-¢>): yz 

p 
yz 

<I> (cf>) (T <I> (rb) 
yz m · m 

operator Pyz · of reflection 1n 

<I> (¢>) 
m 

l--- 1 'h 271(1+8 ] [(-1)metmcl> -!mel> mO ) +a e ] yz . 

At the total inversion of coordinates the direction of z -axis 
becomes opposite. 

In the total angular momentum representation the mesic-mo
lecule wave function is specified by three quantum numbers 
IJmJ/\1 and can be represented in the form 

'IIJ.A='IIJ'\.;77R¢>8<1>) = 
mJ mJ 

~ DJ.A (<1>8¢>) FJ.A (~17R). 
m=O mmJ m ( 19) 

The eigenvalues A = ~I of operator Ptot determine the sign 
of a rotational state with given J. 

In case of identical nuclei (Za =Z b' K = 0) Hamiltonian(J2a) 
commutes also with the inversion operator of the muon coordi-
nates pll c.;-..; ·11---11 'c/>->11+ <I>) and the wave function (19) is 
characterized by eigenvalues p of this operator 

JA JA 
p 'II = p'll 

11 mJp mJp 

The values P'=g=+ 1 correspond to even states, and p "=ll=-1 
to odd ones. 

The operators P101 and Pll are connected with the inver
sion operator of nuclei Pn ( ~-- ~ , 17-.-71 , R-.R , ¢>-.-,P, 8-.11-8 
<1>-.rr+<l>) by P101 =P

11
Pn therefore, the eigenvalues Pn of the 
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operator Pn are also expressed through A and p: 

JA JA JA 
P 'I' =P 'I' =Ap'P • 

n m1 p n m
1

p m1 p 

The values Pn"" S=+ l correspond to symmetric states, and 
Pn ""a= -1 to antisymmetric ones. 

According to the Pauli principle, Pn =(-1)1 where I is the 
total spin of nuclei. Then there holds the constraint on pos
sible combinations of quantum numbers A= a (-1)1 and P =(g,u) = 
= .::_1 at fixed I : (-1) 1 +1 =Uyz D. yz 

Thus, the parity p of the rotational state I Jm 1Ap> turns 
out to be uniquely connected with the parity of the total spin 
ofnuclei I. A definite (g,u) -parity of the wave function 1pJA 
allows one to narrow its domain of definition (13) with re~lP 
pee t to 71: 0 ... 0 P = { 1 ~ { < ""' , 0 .!':; 71 .:; 1 , 0 ~ R < oo I . 

The substitution of expansion (19) into .eq. (12) and avera-
ging over D~A in 0 cbe<IJ leads, for a given set tJm1A I to the 
system of J+lJ equations for F.JA= F.JA(~71R) in the region 0: 

m m 

HJA FJA+(HJA_E)FJA+HJ.\ F 1.\ =0 
mrn-1 m-1 mm m mrn+l m+1 • 

where 

HJ.\ = JAIT+V 1 I 
mm Ymm mm 

J 

{ 

1, at m=O, A=+(-1}, or at m~~ !or any.\. 
ylA = 

mm J 
0. at m = 0, A = -( -1) 

T =- _1_ A ..L R2 L + ..1. .,!,..c?. v1><~+R ....Q.. >- J....pti/: 
2M Ri::iJR iJR M Ro: 0 iJR R2 <.71 1 

VJ =V+ 2m2 £_+ J'(J+1)-2m
2 

mm R2 (2 2MR2 

HJA =TJA +V 
m m± 1 m m ± 1 m m± 1 ' 

JA J .\ 
TJA =± Ymm±l f • VJ.\ = Ymm+l 

m m± 1 2MR2 ~71 m m±l 2 MR2 

\ - ~ 
yJ" = -(1+( v'2 -1) 8 0 )[ (J+m+1)(J -m)] 
mm+l m 

J.\ - ~ y =-(1+(v'2-1)8 
0 

)[(J-m+1)(J+m)]-
mm-1 m 

JA 0 J Y
10 

= at A=-(-1) • 

8 

(m ± 1) !...£. ' . 

(20) 

(20a) 

(20b) 

t 

l: 

The quantities M=M 0/m 0 ,(r0 ·Vt), p , 11~71 , V ,(, f~71 ,z are 
given by relations (2) and (12o). . J A 

The operators T , T;{~±l and potentials v:un , Vmm± 1 can be 
written in a more convenient form by introducing the notation: 

. 2 2 'h 
Y1 =~ Y2=7J. Ya=R. (=((y1 - 1H1-Y2)] • (20c) 

1 s a a a T=-- I I -a .. (y)-·-
r i= 1 j = 1 a y i lJ a y j 

1 5 2 2 . r=-Y
3

(y1 -y2 ). a .. (Y)=a .. (y), l,j=1,2,3, 
8 lJ Jl 

5 

a11=tY:P(Y~-1), a22=fY:p(1-y:). ass=l;M (y12-yi>. 

y4 y4 
a12= .0 a13 =- ...::.L(y21-1) (yl-Ky2) a2a=- _:..a_(t-y2)(y -KY ) 

• 16M ' H>M 2 2 1 

JA 
T JA =+ Ymm+t 

mm±l - 2r 
(b .a +b L> 1-a 2"' . Yl uY2 

~3 
b = .1. ' ( y2 - KY 1) • 1 8M 

yS 
b ,. - ..::.1.. ' ( yl - I( y2 ) 1 2 8M 

T 

V~m =V 

v Z 4 Zb 

Ys 

- ~ A "r'T II'\ 2 + ~ ::.._ + .,,.,..,...&., -Zw 
Yi (2 2My 2 s 

2 --((Z Z) y (y 2-y2 ) a+ b y 1 + ( zb- z ) Y. ] 
3 1 2 a t· , 

1 2 2 J.\ y J.\ 
p=1+ 4M (yl +Y2 -1-2KY1Y2+J!), V + == mm+l{m± 1) Y,Ya-K 

mm:t.l 2 My2 C 
s 

(20d) 

(20e) 

(20f) 

The systen of equations (20) in the region 0 is equivalent 
to the starting Schrodinger equation (12) in the region Oxllc/18(1). 
Note that when no external field is present there is a2J+1-
tuple degeneration in m1,the projection J of onto the Z -axis 
of the space-fixed system, 

4. BOUNDARY CONDITIONS FOR WAVE FUNCTIONS 
OF THE DISCRETE SPECTRUU AND VARIATIONAL FUNCTIONAL 

We are interested in bound states of mesic molecules with 
total moment J = 1 and total parity A=+(-1l=-1,i.e., we consi
der the solutions F:dF0 ,F11 to the system (20) which are finite 
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in region U (hereafter indices J and A will be omitted). 
In this case it is convenient to rewrite the system (20) in 
the form 

LF=EF. 

The operator L is given in the matrix form 

L 

( T T01)+ (V0 V1
) 

To*t T Vt V2 

1 1b a +h _£_I. T =-- t-a 2 ay 01 T Yt 2 
T* =.!_l_£_b 1 +jL_b 21 
ot r ay

1 
ay

2 

1 1 
v 0 "" v 00 ' v 1 = v 0 1 ' 

1 
V2=Vu. 

(21) 

Quantities T 'T ' bl' b2' v~o' v~l 'Vl\ are defined be rela-
tions (20). 

Boundary conditions for the functions IF0 ,F1 l follows from 
the finiteness of solutions (21) on the boundary an: I Ya = 0 l ' 
IYt=ll , IY2=-lland IY2=1l of region (13). In view of that the 
coefficients aij of operator T vanish onaO, a correct formula
tion of boundary conditions requires to stu'dy the behaviour of 
("' , • .,,. . ...... ~ ..., """ ,__, • . . _ ~ '10 1n' 
.LU.ltLL.l..vu;:, 'vi , J. - v, • '"" \LVJ near Lne oounoary Ol.t - ..... ·-: ::,1nce 
lim lr V1 I <oo,i = 0, I ,2 the requirement for F0 and F

1 
to be fi

y3-+ 0 

nite at y3 = 0 reduces to the boundary conditions 

. 5 aFo 
hm y 3 --=0, 
Y _.o ays 
3 

lim y5 aFLo 
Ya_.o a ays- . 

From relations lim i rV0 I....:oo 
y 1-> 1 

and lim · r V. 

lim (y~ -1) :Fo""o, 
y-+1 y1 . 
1 

y 1-+1 

F1 (1 'y 2 , y 3) = 0, 

I 
=oc' 

whereas from lim 1rV
0

I<oc and lim rVi 1 ="", i 
y -++1 Y. -.+1 

that 2 - 2 -

2 aF 
lim (1-y) ..:::...:.Q=o, 
Y2-+ ± 1 2 ay 2 

F1 ( y 1 ' ± 1 ' y 3 ) = 0. 

1,2 we get 

I ,2 it follows 

We set the range of definition D(L)of the operator L as 
follows: 

10 

(22) 

(23) 

(24) 

The functions U=du0,u 1 l<; D(L) provided that: 

I. ui.;; w;(O), i=O,l; 

2. L u <; L 2 ( 0) ; 

3. The functions u 0 and u 1 obey the boundary conditions(22)-(24); 

4. For any two functions u"" I u 0 ,u 1 l and V=l v0 ,v1 l there hold va
lid the relations 

lim a ·a wk =0 
Y-+ool Yj 

3 

i=1,2,3; k=O,l 

. k 
hm a 11 WY =0, lim a 13w; = 0, k =0, 1, 

(25) 

y
1 

->oo 1 Y1->oo 3 

where 

k avk au... . 
W = uk -- - vk __.. , 1 = 1,2,3, k = 0,1 • 

Yj ayi ay. 
I 

Here w;(O) is the Hilbert space of the functions whose second
order derivatives belong to the space L~O); the latter being 
the Hilbert space withweightr, i.e., if u<;L 2(0) then 
h r (u~ +Ui)dy1 dy2dy 3 < "". The scalar product for functions IT , 

v <;L2(0) is defined by: 

c u • v > = r r c u v + u 1 v 1 > dy 1 dy 2 dy 3 0 0 0 

The condition (25) provided a sufficiently rapid decrease of the 
functions F ~ D(L) at infinity. It may be verified that the ope
rator L is self-adjoint, i.e., L=L* and D(L) =D(L*). This is 
the reason to assert that the spectrum of operator I. is real. 

Now let us present the variational formulation of the prob
lem (21 )- (25). Consider a bilinear form a(u,V)=(Lu, v), u, v ~ D(L). 
That the operator L is self-adjoint means that a(u,v) =a(v,u). 
Then using the conditions (22)-(25) we get 

.1 3 3 au avk 
a(u, v) ~ r ! 2, ~ ~ aij ~--

0 k=o i=1 i=1 ayj ayi 

avl au1 av au 
-bl(uo-·-+vo-·-) -b2(uo-~+vo~) + 

ay1 ayt ay2 ay2 (26) 

+ T ( VO UOVO + Vl (UO V1 + VO U1) + V2 U1 Vl]l dyl dy2 dy3. 
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The variational functional of the problem (21)-(25) is given by 
the relation 

R(v) =a(v,v)/(v,v). 
(27) 

Stationary points F of this functional are eigenfunctions of 
the problem (21)-(25) and then the eigenvalues may be calcula
ted by the formulae E=R(F). 

When J= 0, the system of eqs. (21) is simplified to (see 
(20)): 

(T+V)F
0 

=EF
0

• 
{28) 

The range of definition of the operator in the l.h.s. of (28) 
may be given by means of the same conditions for D(L) if put 
F=IF0 ,01, F.; D(L). Then the variational functional of problem 
(28) results from (27) if the potential V

0 
is replaced by V 

defined by relation (20). 

5. CANONICAL FOID1 OF THE SC!ffiODINGER EQUATION 

Equations (21) contain cross serivatives. This makes diffi
cult to discretize these equations anrl tn ~~~ly pffa~ti~~ 
merical methods. 

Cross derivatives may be eliminated by the introducing of 
new-variables 7 · 

xl = Yt • x 2 = Y2 • x3 = Ya VP. (29) 

where~=!R defines the hyper-radius of a three-particle system: 
!R0 = VMa!R. Partial derivatives are expressed in terms of new 
coordinates 

a a X 3 X -KX a -=--+- 1 2-
ay 1 ax 1 p 4 M ax

3 

}!_ = .1_ + ~ ...!.g_-Klt 1 .1_ 
ay

2 
ax

2 
p 4M ax

3 
' 

a .-a 
--=vp -
ay8 ax3 

(30) 

Upon inserting (30) into (26) and performing some computations 
we arrive at a new variational functional without cross deri
vatives 

a(u,V)= r It! a. auk avk_ 
OH k=O i=l I axi axi 

12 

av aul - av1 aul 
-bl(uo~+vo-> -b2(uo- +Vo-) + 

axl ax 1 ax2 ax2 

+-;: ( V0 u0 v0 + V1 (u0 
v
1 

+ v 
0 

u
1 

) + v 
2 

u 
1 

v 
1 

I dx
1 

dx
2 

dx 
3 

• 

Here we have adopted the notation 

5 x3 3 
a = ..!. -2..(x2 -1) a -1.. ..!a.( 1- x2 ) 

1 4 p 1 • 2-4 p 2. as= _1_ ~(x[ -xf ). 
16M P 

_ x~ L(x -Kx
1

) • b -- 2 2 1-8M P b =- .5_ L (x
1
-Kx

2
) 

2 8M p2 

5 2 
- 1 ~ (x2 -x2) • T =- 3 1 

8 p 

2p2 
V2::V +~2 

x
8
C 

- - 1 p 
Vo=V +2M T 

xs 

v ,_.!__g_ 
1 M x2 

3 

x1 x2-K 

' v = v p I z z b - 2 [ (Z a + zb) X 1 + ( z b- z a ) ~ ll. 
Xg a (x 2_x2) 

1 2 

<31) 

Equating the variation of the functional ~31) to zero we obtain 
thP ~YQ~a~ 0f ~~~.(~!) i~ t~~ ~~~c~i~al ~VLw 

1 - -
(--L +V)u=Eu, 

T (32) 

where 

- (T L-
TlO 

:01) ( :: v 

- 3 a a 
T .. ::£ -ai-· 

i=t a xi ax i 
- _-g_ i).iL 
To 1 - b 1 a + 2 a ' 

x 1 x2 
The scalar product is given by 

(u,v) ""J r (uovo + ul v1) dx1dx2dx3 
H 

n8 = 1 1 ::; x 1 :::: oo • -1:::: x 2 ::; 1 • o.::; x 
3 

< oo 1 • 

vt ) 
v2 

- -
T1o=T~ 

It is not difficult to verify that the wave functions of 
discrete spectrum (32) satisfy the boundary conditions (22)
(25). Equation (32) in the well-known hyperspherical coordi
nates is presented in ref 171• 
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CONCLUSION 

Using the variational functional (27) one may construct ef
fective difference scheme for the numerical solution of a three
body problem with the Coulomb interaction. In new coordinates 
l~TJ~l 171 this functional takes a convenient form. So, to mini
mize it the finite-element method 113 ·141 seems to be worth-while. 
The accuracy of calculations in this case may be estimated on 
the basis of general finite-element theory. Equation (32) can 
be used for describing collision processes in a thr€e-body 
system since the asymptotics of its solutions is put in accord 
with the physical boundary conditions in Jacoby variables 17 '. 

The necessity to solve, with a high accuracy, the three
body problem in the total-momentum representation arises not 
only in the problem of muon calatylis, but also in describing 
experiments on the weak 11 -capture'20/ in the hydrogen, which 
occurs in the mesic molecule PP/1 in states J = 0, I '21,22/ 
The energi and wave functions of these states may be found by 
minimizing functional '27) at K = 0. Besides, functional (27), 
for a corresponding change of the potential energy, can be 
utilized for solving the three-body problem in which interac
tion between particles possesses only axial symmetry 'see, 
e.g., ref.' 16 '). Note that Hamiltonian (10) may be useful for 
introducing of various coordinates in the three-body problem, 
which have dimensional para~eter, e.g., elLiptic-cylindrical, 
toroidal, etc. ~1oreover one p;ives possibility to determine 
easily some asymptotics in the same problem. 

The authors are grateful to L.I.Ponomarev and S.S.Gerstein 
for initiating this work and useful discussions. 
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YpaBHeHHe illpeAHHrepa CHCTeMbl Tpex 'laCTHQ 
B npeACTanneHHH nonHoro MOMeHTa 
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YpaBHeHHe illpeAHHrepa CHCTeM~ Tpex 'laCTHQ B npeACTaBneHHH 
nonHoro MOMeHTa J CBeAeHO K CHCTeMe J +1 TpeXMepHbiX A~
peHQHaJ1bHblX ypaBHeHID\ B BblTl'IHYTOH ccl>epoH,qallbHOH CHCTeMe 
KOOPAHHaT. UfiH COOTBeTCTB~eH TpeXMepHOH cneKTpanbHOH 3aAa
'lH C Hepa3AeflHID~HCJ'I nepeMeHHhlMH TIOCTpOeH BapHaQHOHHbrn 
4>YHKQHOHan P3neH-PHTQa H nonyqeHhl rpaHH'lHNe ycnoBHH Afll'l 
BOllHOBb~ cl>yHKQHH AHCKpeTHOrO cneKTpa. llpeAno•eHHaH cl>opMynH
pOBKa OpHeHTHpOBaHa Ha npHMeHeHHe BapHaQHOHHNX H BapHaQHOHHO
pa3HOCTHb~ MeTOAOB 'lHCneHHOro pemeHHH 3aAa'lH Tpex TeJ'I. 

Pa6oTa BbinOJ1HeHa B Jia6opaTOPHH TeopeTH'leCKOH c!>H3HKH omm 

Coo6.eHHe 06~eAKHeHHOrO HHCTHTyTa R~epHWX KCcne~OBaHHA. ~y6Ha 1985 

Kaschiev M., Vinitsky S. I. E4-8 5-467 
Schrodinger Equation for a Three-Particle System 
in Spheroidal Coordinates 

The Schrodinger equation for a three-particle system 
in the total-angular-momentum J representation is reduced 
to a system of J+l three-dimensional equations in prolate 
spheroidal coordinates. For the corresponding three-dimensio
nal nonseparate spectral problem the Rayleigh-Ritz variatio
nal functional is constructed and boundary conditions are 
found for the wave functions of discrete spectrum. Final 
formulation of the problem is adapted for applying variatio
nal and variational-difference methods for numerical sol
ving of the three-body problem. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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