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The GimpIest diatomic molecule consists of two nuclei and G 

light charged particle' and la' a particular case of fl thro~-boQY 
problem with Ooulomb interaction. The Borp-Oppenheimer method / 1 •2! 
allows a physical separation, of variableo in this 'problem ,by decom
posing the total system into a'fast end a Blow eubsyetem~ Such a 
decomposition is not unique, and the one minimizing coupling between 
subsystems in e wider region of the c~nfigurationBl apace will'be 
expected tho beat. After t~e aepaza t Lon one can fOllow the claasica~, 

Born-oppenholmer procedurel first, the Schrodinger. equation is eol
ved for a fast SUbsystem, then the averaging over its va~iablee 1s 
performed, which generates a family of,effective potentials and mat
rix elements defining the motion of a slO'l/ sUbsys~em. 

In what follows We introduce the transforma~lon of the standard 
molecular Hamiltonian, which kills tho coupling operator between the 

lfest subsystem and the radial m~t1on of the slow subsyetem (radiel 
iM 

coupling operator). One more transformation changes tho coupling ope
rator between, the faet Bubsystem and angular variablea of tha elQw 
SUbsystem. These transformations force one to redefine the standard 
Hamiltonian of the' fast subsystem (the classiqal tvro-eenter problem'). 
A now definition of the dynamic two-eenter problem with an important 
property 1s in~roducedl ~tB epectrum reproduces e~actlY' the specttumc 
or the ,product of the molecule disBociatiqn and provides B tptBl~a~ 

paration or variables in the dissociation limit. 
As en eXlmple we chooss molecule lID+ oonsisting of proton with 

mase m p ,deuteron with man W'ol and electron ~ith miles W1 •e 
• 
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In the c.m. sys1fm we use the spherical coordinates' ~1..(R I e , 'cP t 
\ for the vector and spheroidal coordinates for the vector -rt f-,~,i~ 

~=(l-r+'lZ)/; r:: h-r -'7,.)A / '1= ruu--tg&/x). (1)I 

"Thll pra"blem Hamiltonian in ,these variables is , ...,. _ 2 

.1 /1 J)2 1 /1 d) 1\ 7~lJ{ f-t-. ~£J
1-/= l-2f1(i:? -+ciR -f !ii?·ili f JR ~+ Jj1Rl. - )J/1<2 ,L)~ (2) 

l 2
< '->/' ~ I i-vi I I . II I /~ Id I< (' :z -:;; R r/R---r;-' f Ct II!n" 1;:1 t'l Bet'-t'({ f . 

--"> - <> 
~ere 7 and t are the opeI'JItors of the totsl angular-momentum 

and electro~ angular mowentum'with respect to the c.m.s.,of .nuclei. 
The Descartes unit vectors of r;: coincide with the spher;l.cal unit 

7"i">	 "-='" - ~ .--- -) ,-'> 
rectors of K (rotating coordinate system): i2e ", ex ;e4>-::e'j'e,t<';:p~ 

......,'_ '7 I!~. ~ -S:!..-, - 'Tr..J T/:.!!.-'/I \). .-.., [.E\ ) ~ f ... J):1- f "(3 'g.'", (}().p cC.9 ()'f. -re4J {- ' ) fJ -+eR-c j'fJ./ (3~ 

J ~R d "",p,-nt/
5J
II'

t: 7-~'2 "2'j(? I ~:: Yv1J-I';'>f 

and the reduced masses are given by 

1_ -I .-1 -I-I-!	 (4) ----+ -----+
WI. me YvIF'Yl-1,,/ I M - ~ WI) 
The Hamiltonian of th~ f~st subsystem (two-center problem) 

is 
iJ, _ _ L A-- -r -V- -V': -I -1 -1' 

---.:...._---+~.

11- J.Wi'l- .I	 (5)'7. 1 17-z. R. 

theory/1,2/us es the ei~n£unctions
Tb~ classical Born-Oppenheimer 

for the expansion of the wav~ func):If the operator (5) as a basis 

tton of the total problem 
J' 

(2,a),.	 ;H"Cp-(~;Z) = E tjFfir, r;) . 
Thus, in tho simplest approximation
 

, -'f7(if/ .;Z) = 'i-if<) y(7:/' 12 ) (6)
I 

i 

the two'Where ,SO (;:z;; /() is the wave funotion of the ground state of 
j -cente;' problem
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,!z- yfrc; 1<)::: E(i<J<;JRj;<),	 (5a) 

~pproximation (6 ) turns out to be rather accurate if electron 

serves as a light particle but unsatisfactory from ~pe formal ~oint 

of view, since the solutiors of proQlem (5a) as A'7:.:., ~ ob become 

the solutions for ·tho hyqrogen atom with the rsduced mass ~ (4) 

which is neitper,H nor D atom reduce~ mass~ This formal reasoning 
'is essential since an attempt to make 'approximatiop (5a) mors accu
rate in the form 

(6a)'-y-(!f:;:zJ =2' Y<>t(R)'I:x let; R) 
0< 

,t ~leads .to the equations for y..:< (}{) which happen tb be coupled, 
in the asymptotic region ( 1<q.·-7~ 06). ,\ , v 

Wa aim at generalizing the Born-Oppenheimer method to thesys

tems of three particles "ith comparable naasea , t~erefore the, defi 
nition of the fast subsystem by (5) does not satisf~ us by no means. 

Now we define the generator J 
/V:- lh(~r) ~ (1 +jR) 

1':11'-"")2	 (7).
0'70-	 --'+'1«;,;Z -+- ~«, c< ='

/ -	 -I, '2. I LtI'1 

a~d using 'it construct the Hamiltonien 

, l, \ )' -2 ._~....,. 
-/\ - (I. -10;; d 3 .-0;-I- n J-(e - f1 - - - -+ - - - f J; - 2JL	 ,f '1.1I 1\ -	 -t:- t1, - II. II t'\ 02.' ~(J - l-t

'. ",/1 (1"" (-</,0"'1, £HK/\ tL M {(~ 
-"> _.~' z	 " 

ell<" Qf".:2:: R~llRf\ ~~I ()foIJ~.~G(,{{jj<p(~+. '(8) 

In~ r; therfil srrises the Ha~iltonian of the dynamic t"o-center 'proQ.

lem Jlti I" 
i	 0 -1 ~ .1- 

h" =- :J,1'h} 4'1." -.: Vf V (9)'
 
] 2 ' 

"rl~	 =- 1<3 .L-i il cJ7 if' _ 
1\ gf	 (,.) _ ('_) ~ 

the spectrum of which turns into that' of 1-1, v -::,1 or 9) ,- 2 atom 'Ii' ~·I. 

In'th~ f<rz ·1~oDli.mit /3,41 
L .; • /-I

A fo:rmtll calculation of the operator 1\ has been 'made in 

re~./3/. The physical meaning of the isometri9 transformation (8) 
.~ 

has been thoroughly studied in ref. / 4/ • It wa~ shown'that 'the t~a~s
formation is equivalen~ to the change of the wave func'tionY;~vp.y;,. of: 

,.. 
/ 
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and variable R~ RA /Vj5. The first change ia due to rionunitarity of 'I -51 / / -5L (12)transformation (8) and the second one to redefinition of partial de r: II S?. -= e. n 1\ ..e.. • 
rivatives with respect to variables of a fast subsystem. These pro , .--) 

perties of a new representation follow just from the form of the' "hera SL:: - c, w:Z and W is the angle between t~e vector r< and 
genei:'ator 1\ • ' the principal a%is of the inertia tenaor of the three-body system 

In peper'51 we have used the Hamiltonian 1-1/\ in the one '(it is ahl)llJn in the figure). The physicBl meaning of (8) impliea ,the 
-state Born-Oppenheimer-type approximation (5a,6). The Hamiltonian \ ' introduction of a ~neralized dimension of the system, which d~penda 
(9) was u~ed instead of (5). As an example we oalculated ~he binding on its hyperr8dius 4/. In its turn transformation (12) defines thefl'

energy of the eee" ''molecule''. In the variational calculetion \, jr,' direotion of the relevant v.ector. The- Euler angles 1. 0(/ fJ/t} of this 

~ n ",,~
£~ .'0,.:336 eV, and tha ~na-state 'approximation based' on eq. ,(6) direction are given by , ti, / '
 
provides the valua ~H .0.186 eV (both the results are taken from
 e-iqr;- cP/= CO!> ()e-tJ'I-fef1W~'
tha rsview/6/). The one-state approximation with the dynamic two (/ U -~1 ... Lf
 
-eenter Hamiltonian (9) provides the value of the binding energy,
 CJ)~ ,':= C03@ Cd~ W - -h~ t9 1,. .... ~ I!»~ (J (13)
r:A.O.305 eVe ThU8~ the ~hysiCal properties of the problem are desc . 
ribed within our approach much better. iJy::-W0wc0f-efo/f) -±-,(,W

The trsnsfprmation (8) has been introduced tp minimize the ope~ o ...sUi 'f,l 
rstor of' rad1'al ooupli~between the fast and slow subsystems. In lit~'~,
 

the geneI1!ll case when -.:::r differs from zero the Coriolis interaction ~l • It oan be shown that in the asymptotic 'region when the molecule de

..---.. --£"1 

operator ']I,t commuting "ith the generator (7) ls'responsible for composes into stom and nuoleus ( Rrz. :-1~ oD) fonnulae (13) deter
~I. , 

the ooupling of the'angular~ariables-of' the slog sUbsyst.m with the mine ~he direotion~t the vector conn~cting the c.m.s. ~f atom and 
~ 

coordinates of the fast subsystem. This operator also survives in nucleus. Consequently, transformation (12) should improve the asymp

R 
-1 

'"i,k 'Iithe rc."~ ~ aD limit. As has already been mentioned, this fact i. 
r~ • 

totic properties of the Hamiltohian H(I.'. tndeed, calculating !-1;\57
thought to be a drawback of the theory. Now'w. proceed with the cons by (12) we get
 
truction of the asymptotioally correct theory for"j' ~ O.
 --.. 

,~ 

/-I. ~ f (';)2 ~ d) 3 I .1"',i\ FIl 
~ 

~t,To start with, we define anew the unit vectorS e
J 

e and il3Z::- 11.57 - /U1 'J I< 2. -+ Ii dR -:;If n 2. --t I« 
2 (14)~ \' 

)~'l 
f, -1 A !\ A <: )e.3 fo: the electr~n motion ~ . 

e , '= €e -hh 'f - e.p (,oJ f / (2G-=er<.. '(i ( 
-iftK/ 1-/1 /11,;;2-1 ~ 2'.,['41,,7£jtJ (J -+ ,;)J ~ 

(10) Ilr-o<,J In thia expression
 

e2 =ee CA9df -+ €ep -s- 1-1 f.
 ~~): 

't' ,. ~.:!...c... (.. :.7..'1... .... ~z -+ (I/)
\ v (15) 
",-., I;~ ''-.'" I~ J- 7 ~ 

_-1 -.!.'}..,i'J ,
It can eRsi,ly be verified that the unit vectors I2 z and e 3 define 

~~ 'f/ is the Hamiltonian of an asymmetrio top with the classical expres
the plane containing all three particles. Purther, since the trans~ jl ~ 

sions for the prinoipal inertia moment~ I;.. • The operators
fo~t10n (10) is a simple rotation, the components of the vector jr l' 

! 1" and';1'7 aooounting for the ooupling of rotational and 'vibra
are transforme(1 in the same way (10) and in the new coordinate 

.\ tional degrees of freedom iho the system are 

vs t em 
~... ..,....., J ........ (J ~/t ,


- • .-f , 7 e J...,.:J- '(2.-f.., f!2 2- .3..'> (')
, " i ~ J~S1l-1Ji -rX f);~ - (f-t x,/)J~ 711 't' (16 )

As a ~sult, [:J, / 7'2.']= r:« %and so on, 1.e., :7..' have the standard
 
commutation prope~ies. '
 

, WHb this property. in mind we construot the Hamiltonian J-I/I :57> ~' -. cz: ~~/~'ll-['!(f:1}; -r f/t-1~();].
 
in the fom
 , 1.
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.. 1. Judd B.R." Angular Momentum Theory for ~iatomic Molecules, ) '¥ 
/' -, , j/ . SZ ,tt

" 
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,l. Hot: 

Here.4 ~'t is the ,p&rt of the Laplace o~rator, which d~pendsonl:r . 
~If; 

t;;, ... on , and 't . It should be emphaaLzed thaj; in projecting the Ha
,ij . '" k I ~miltonian (14) onto tha state with a given value of the orbital md ,\ l

ment~ j' and parity it will turn tnto the system of tJl~1) Sch~o "* 
~ I tdlngerequations of the 1RI ~ J 1J ~Briable~"J In thi8.;;case it is ~l ~1; 

~ 'I , ~expedient to introduce the' two~enter problem hA~ with exact ,
 
quarrtum numbere J and parity p ,which beco~e? in 'the ge,nerel ~ ~
 

~,. 

~~
 ~.,
case the system of ("}"'-1 ) Schrodinger equa t Lona in two 1SI '1 J 
vazliable/9/• , ~.~'" 

/ , ,.~ ld 't'" ~'" The Hami~tonian (14) is'the basic result of thl,s paper. It is , I'
 simpler than the traditional operator (2), it naturally contains the ~ ..,.
 
'ti'l
 ~ operator of the classical top with the dynamic components of the " .,
 

'r inertia tensor from. the corresponding mechanical three-body problem.
 
'\ ,

~l "" ,: In the dissociation limit .the HBlIIlltonian (14) undergoes an exact 
t, 

sepl;tJ:'8tion of variable/7/•· , . 
~, 

1.:& 

c1: 
';, ~ote, that the Hamilton1anHI\~is simply related with the cor

J,,; 

respondi~g operator in the K-harmonics method / 41 which ha~ recent~y .' 
t.fo~nd application in the molecular systems as well/ 8/• So, we have ,,:o!'i-, ~ ,• 

established the relation between the Born-oppenheimer method and the .
 
method of hyperspherical harmonics in the three-body problem. Howe-, .!I~
,'~ I ver, in this paper we have searched for a physically meaningful ba

i :L 
s~s ~o expand, the total wave function of the sybtem; while in the K ._~l 

t~~ 

... ~ 
~hatmonies method one uses :he solutions of the ffge'Sghrodinger 

I[ Ii "", Received by Publishing Department
'l\..
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8 061.eAMtteHHOM MHcTMTyTe AAes»tMx · MCCIIeAOUHMA Hal4all 
BWXOAMTit cC5oPHMK "Hpamne coo6&~~eHuJI OHRH". 8 HeM· 
6yAYT 110Mell8TioCII CTBTioM 0 CQAeP••Me oprocrMHallloHMe May&MWe, 
Hay~HO~T8XMM~ecKMe, MeTQAM~CKMe M nPMKn8AHW8 peayllloTaTW, 
Tpe6~e cpo'4HOA f1)'611MKBqMM. 6yAY'* 14aCTitll 11C~etfMA 
OMRM11 , cTaTiolll, ~Me • eC5opHMIC, MMetDT, tcatc roc APYrMe 
M3ABHMft OMRM, cTaTyc otMqMallloHMX ny6nHKaqMA. 

C6oPHMK 11KpaTKMe c~eHMft OMRM" 6yAeT awxOAMTio 
perynftpHO. 

The Joint Institute for Nuclear Research begins publi
shing a collection of papers ~ntitled ~INR Raptd Communi
oat-tons which is a section of the JINR Colllllunicat1ons 
and is intended for the accelerated publication of impor
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods. 
Accelerators. 
Cryogen;cs . 
Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condenced matter. 
Applied researches. 
Being a part of the JINR Communications, the articles 

of new collection like a11 other publications of 
the Joint Institute for Nuclear Research have the status 
of official publications. 

~INR Rapid Cclrlltm'loatUms will be issued reQularly. 

~ 

-

MaTa eeHKO A.B. E4-85-372 
MeTo~ BopHa-OrrrreHreHMepa H 3a~aqa Tpex Ten 

MeTO~ 0opHa-0rrrreHreHMepa /a~Ha6aTHqeCKHH MeTo~/ COCTOHT 
B cPH3HqecKOM pa36HeHHH ~HHaMHqecKOH CHCTeMbi Ha 6biCTpYJO 
H Me~eHHYJO ITO~CHCTeMbi. 0H ycrremHO ITpHMeHReTCR ~R pacqeTa 
CHCTeMbl H3 Tpex qaCTHIJ; C KynoHOBCKHM B3aHMO~eHCTBHeM, XOTR 
H HBnHeTCR aCHMITTOTHqecKH HeKoppeKTHbiM. ITpe~araeTcR ~Ba 

rrocne~oBaTenbHbiX rrpeo6pa30BaHHH CTaH~apTHoro raMHnhTOHHaHa 
EopHa-OrrrreHreHMepa, KOTOpbie ynyqmruoT ero acHMITTOTHqecKoe 
ITOBe~eHHe H Be~yT, O~HOBpeMeHHO, K rrepeonpe~eneHHJO HCXO~Hb!X 
6biCTpOH H Me~neHHOH ITO~CHCTeM. 

Pa6oTa BbmonHeHa B Jia6opaTOpHH TeopeTHqecKOH cPH3HKH 
OH5IH. 

Coo6~eHHe 06beAHHeHHOrO HHCTHTyTa RAepKWX HccneAOB8HHA. llY6Ha 1985 

Matveenko A.V. E4-85-372 
Born-Oppenheimer States and a Three-Body Problem 

The author has recently introduced the exact transforma
tion of the standard molecular Hamiltonian, which killed the 
operator of radial coupling between fast and slow motion 
thus redefining the Hamiltonian of electronic problem (two
center problem). This leads to a new dynamic two-center prob
lem which reproduces exactly the dissociation limit of a mo
lecule. The coupling operator between agular variables of 
fast and slow motion (coriolis interaction) can be removed 
only asymptotically when a molecule dissociates into atom. and 
nucleus. In this limit variables in the total Hamiltonian of 
the problem are separated completely. This transformation pro 
vides the theory with mechanical characteristics of the physi 
cal system, inertia tensor components, that gives grounds for 
the comparison of the present Hamiltonian with that in the K
harmonic method. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1985 
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