


The pimplest dimtcmic molecule consiste of two nuclei and a
light charged particle and is a particular case of @ three-body
problem with Coulomb interaction, The Born-Oppenhe imer method/1'2/
allows @ phyasical separation of variables in this problem -by deconm-
posing the total system into a‘fast and & slow subsystem. Such a
decomposition is not unique, snd the one minimizing coupling betwsen
pubeystems in & wider region of the configurational apace will ‘be
expected the bemt, After the separation one can follow the classical
Born~Oppenheimer precedure: first, the SchrBdingeg eguation is sol-
ved for e fast Bubsystem, then the averaging overiita vagiables is
performed, which gonerates a family of.effective potentials and mat-
rix glements defining the motion of & slow subsystem,

In what follows we introduce the transformaticn of ths standard
molecular Hamiltonian, which kills the coupling operator between the
fest subsystem and the radial motion of the slow subsystem (radial
coupling operators. One more transformation changes the coupling ope-
rator between.the faest subsystem and angular variables of the g8low
subsystem, These transformations force one to redefine the standard
Hamiltonian of the fast subgystem (the classicel two-center problem).
A now definition of the dynamic two-center problem with an important

property ias introduced: its spocfruin reproducss e;actl}'ﬂ}e spactrum:

of tho'product of the molscule disspciation and provides a total pe-
paration of variabless in the dissociation limit,

As an example we choose molecule m* consieting of proton with
mess W deuteron with mass vy and electron with mass Wig s
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In the c.m. systgm we use the spherical coordinatesvg~ R @ CD? y
‘for the vector and spheroidal coordinates for the vector * e

;’:('Z,-r"zz)/é/ b= (;Z7 —’ZZ)/Q/ W= rwcfg/g/xr)- M ¢
I'he problem Hamiltonian in these variables ig g
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Here 7 and Z are the operators of the total angular-momentum
and electron angular mogentum: with respect to the c.m.g. of nuclei.

* The Descartes unit vectors of 7 colncide wgh t_h>e spherical unii:_é
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and the reduced massses are given by k
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The Heamiltonian of the fast subsystem (two—center problem) ;
* A 3
is ? «é
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) /1:2/ the eigénfunctions i
’I‘he classical Born-Oppenheimer theory uses the eigé

Of the operator (5) ss a basis f£6r the expsneion of the wave func-
tion of the total problem

;

/—/W/E”_L’) FU(R %) (2a) Et
'l'hus, in the simplest approximation :'ﬁ
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Wwhere gﬂ/'?, ﬁ}is the wave function of the ground state of the two-
—center problem

’
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‘Approxfmation (6 ) turns out to be rather accurate if electron
serves as a light particle but unsatisfactory from tpe foimal point
of view, since the solutions of prohlem (5a) as R'z —» 2O pecome
the solutions for the hydrogen atom with the reduced mass 1 (4)
which is neither, H nor D atom reduceg massi This formal reasoning
18 essential eince an attempt to make ‘approximation (5a) more accu-
rate in the form ‘

R 7)= Z Sl R) /iR )

leade to the equations for ‘ﬁ,( /Q) which happen 1b be coupled:
in the asymptotic region ( /‘77// —» o),

We aim at genaralizing the Born-Oppenheimer method to the sys-
tems of three particles with comparable masses, therefore the defi-
nition of the fast subsystem by (5) does not satisfy us by no means.

Now we define the generator

A= /“/@/*/R (9%)

(5a)

(sa)

- el +W2/ Z,% "m;
and ueing it construct the Hamiltonien
I Y
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In%:-‘,\there arrises the Hamiltonian of the dynamic two-center proh-
lemJi% ¢

d7 = u/;a/z/

the spectrum of which turns into that of /’/( = '/) or %/‘ = Zjatom
in the K7 "5 001t 7304/

A fomql calculation of the operator //—/,\ has been made in
mfv./B/. The physical meaning of the isometri¢ trensformation (8)
has been thoroughly studied in ref./"’/. It was shown that ther t:‘ans-
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and variable R— RA /\/f—?. The first change is due to ronunitarity of
transformation (8) and the second one to redefinition of partial de-
rivatives with respect to variables of a fast subsystem. These pro-
per'f::les of a new representation follow just from the form of the
generator
In paperls/ we have used the Hamiltonian H/\ in the one-~

-ptate Born-Oppenheimexr~type approximation {5a,6). The Hamiltonian
(9) waes uded instead of (5). A an example we calculated the binding
energy of the 2@2+ "molecule”, In the variational calculation

> =' 0,336 oV, and the one-state 'approximation based on eq, (6)
provides the value tH =0, 186 oV (both tha results are taken from
the review/ /). The one-state approxiination with the dynamic two- s
-oentér Hamiltonian (9) provides the value of the binding energy.
E/\ 20,305 eV, Thus, the Physicel propertiee 6f the problem are desc-—
ribed within our approach much better,

The transformation (8) has been introduced to minimize the ope-
rator of radial coupling between the fast and slow subgystems, In
the geneml__e‘eae when J differs from zero the Coriolis interaction
operator T L commuting with the generator (7) is responsible for
the coupling of the’ angular ‘variables -of the slow subsystem with the
coordinatee of the fast aubsystem. This operator also survives in
the RrL ‘s o0 limit. As has already been mentioned, this fact 1is
thought to be a drawback of the theory. Now we proceed with the cons-
truction of the asymptotically correct theoxy forj 5 0,

—

To stert with, we define anew the unit vectors EZ, ’ ez and
€3 for the electren motion Z E., X
27:66&Lh$ﬂ—€¢604'7ﬂ/ g—: R (10)

€, = €p cosp+ Gphn.
- — o
It can easily be verified that the unit vectors &€, and €~ define
the plane containing all three particles, Purther, since the transe
fornation (10) is a simple rotation, the components of the vector TJ
are transformed in the same way (10) and in the new coordinate

gystem
4 g, 3, 0, + 250 |
7 S (11)
As a result,[y 77 —:_7and 80 on, l.e., 9: have the standard
commtation properties.
With this property in mind we construct the Hamiltonian HAS{‘L
in the form
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P//\ﬂ: @SAHAQSZ (12)

' ’ —
whera N2 = -uwZ and (&) 18 the angle between the vector R and
the principal axls of the inertia tensor of the three-body system
(it 1= ehm\m in the figure), The physicdl meaning of (8) implies the
Introduction of a 7enere11zed dimension of the system, which depends
on its hyperradius 4/ o In its turn transformation (12) definee the
direction of the relevant vector. The Euler angles {o{fuj/ of this
direction are given by @
Lt

07_/(76( ¢) wﬁ@afjt/—f@lﬁ}wqﬂkf

c%ﬁ_dewéw 41‘4041.4@() 024 1y

fJ)/: —codwc\/%x/ ez[

It can bhe shoan that in the asymptotic reglon when the molecule de-
composes into atom and nucleus ( p/z: s =0 ) formulae (13) deter-
mine ‘the direction "of the vector connecting the c.m.8., of atom and
nucleus, Coneequently. treneform.etion (12) should improve the asymp-
totic properties of the Hamiltonien H/‘\ « Indeed, calculating /L//\SL
by (12) we get

_/ L5 d ) 3
H"ﬂ‘/"‘ﬁ z(M/B R, Qﬁ)g/m * e (18)
o g 2 71 74 fa 72”7/74*#4/4* )7,
n this expression
(15)

S A
A3

is the Hamilton:lsn of an aeymmetrio top with the classical expree-
sions for the principal inertie moments L. « The operators

( and 4 accounting for the coupling of rotational and ¥ibra-
tional degrees of freedom in the symtem are

%: 5—2_577‘-,_ fof)é% ——é;fx?)a—il-j
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Thrée new quantities /. , S and ,\ are given by
. 2
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Moreover, we write down expressions for :2?; and ()

N 2 '“i_ z : z'/ .
L, = MR VIS NNES V7o A 7) o

_73:_7-_/ drin Jw = ,7 (§+X)g. '
7 z ) /OV'fA

The Hamiltonian of the dynamic two-center problem Aiﬁ atarts to

- be independent of Hﬂ and acquires the form

’ ° .
ﬂ/\.S‘L :—02:_‘:—/’/0 A;7 - LJF/S_IV . (19)

HerezﬂgL is the pert of the Laplace operator, which depends only

\ on 3 and i, « It should be emphasized that in projecting the Ha-
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miltonian (14) onto the atate with a given value of the orbital mo-
mentum _J and parity it will turn into the system of (J-f4 ) Schiro-
dinger equations of the {l?l§, 7_} variableg, In thie.case it is
expedient to introduce the two-center problem i with exact
quantum numbers ﬁf and parity P s, which becomes in ‘the generel
case the system of ( J*4 ) Schrodinger equatioqs 1n two i 3
vadiables’ 9/,

The Hemiltonian (14) 1s‘the basic result of this papér. It is
simpler than the traditional operator (2), it naturally containe the
operator of the classical top with the dynamic components of the

“inertia tensor from the corresponding mechanical three-body problem.

. In the dissociation limit the Hamiltonian $14) undergoes an exact
separation of variables

Note, that the Hamiltonianl4 A<t is simply releted with the cor-
responding operator in the K-harmonics method 4/ which haé recently

,found application in the molecular systema as well 8 « So, we have

eptablished the relation between the Born-Oppenheimer method and the
method of hypersphericdl harmonics in the three-body problem, Howe-

ver, in this paper we have searched for a physically meaningful ba-

sle to expand the total wave function of the system, while in the K-
rha!monics method one uses the solutions of the ffee'SchrBdinger

equation for the same purpose..
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