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,III 1. INTRODUCTION 

1~1 
The problem of collective resonance f\uorescence has been

1 extensively discussed in the literature 11-101. Using a classi 
cal approach, Senitzky/8/ has shown fhat the consideration of' 
cooperative atomic behaviour of resonance fluorescence leads 
to the prediction of an additional sideband without the well 
known t~iplet 'll ' , The simple classical model of Senitzky does 
not use any mechanism for line Droadening, so the spectrum 
is infinitely sharp: In ihe recent works, the form of the addi
tional ~ideband is found for the, two '3,' or few atoms case/ 51 . 

In the 'present paper, using the methos of boson represen
tation 113. 14/ we investigate the collective spectrum of r e s o-:is\;. 

nance fluorescence for the N atom case. The apalytic forms for 
~ the well-knowll triplet and additional sideband are given here. 

,t 

"i 
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II. THE DRESSED ATOMIC EQUATION OF MO~'ION-

We consider the beam of N two-level atoms interacting with 
resonant incident and emitted fielqs. The atoms are assumed·1 [; 
to have one velocity and the infllJence of the photon impulse 
on t~e atomic velocity is igno~ed. In the boson representa
t ion '1:1,14 

l when each atomic level is compared wi th a bosonj r,: variable, the Hamiltonian of the system in dipole and rota.-, 
ting wavearproximation is of the form: 

\
T

II ~ 2"01· 
(a 2a 2 - a 1a 1) t- ("0 (i 

+ 
(3 i 

( I ) ,~ I':~ 
I ~~, \' + ,,'" + t' 

+ - (<JA hAhAe'- (!-(,\a 2a 1h ,\ , II.C.) "1 (~oa2il/~ t 11.('.).
A A, 

-}' where (d is the energy gap between two atomic levels. (the sys
tem of 1i = 1), is the frequency of an incident field, (Uo(0011:\ is assumed to be equal. to «i , a;, a 2 and a+l' a 1 are the crea

~~; tion and annihilation operators for the atomp on the upper 
r , and lower' levels, respectively. They satisfy the commutation 
~ 

'\ relation 

"t la., a+ 1= 8.. (r, j = 1,2), (2) 
r I J IJ '
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b~ and bX are the creation and annihilation operators for the
 
emitted photons w~th the. frequency wA' The ,\ specifies the
 
wave-vector and polarization indices, and ~'and R are the crea

tion and 'annihilation pperators of the incident photons, The
 
factor~ go and gA are the usual coupling constant
 

(0 .... ~ 1 ->-.
 
go ~ y"&;; . d( e . u ), g .\ ~ W v----· d (e A . u ) ,
 d 

o 21 0 "J .\ V 

where d is the matrix element of the atomic transition ( d is 
a s sume d to be real), U d is the unit vector of the atomic dipo
le, ~ and~.\ are the unit vectors of t he polarization of inci
dent and emitted fields. 

Further, th'e incident field is assumed to be strong, so that 
one can ~rite it in the form '15' 

fi -, \!rD' e -i<iJ f.(' _ viii e' i¢ I D . a , (3 p- m-I-. (3)
a~6 

where III and ch are the number of photons and phase of the ~nc~


dent field (m is assumed to be large).
 
In phase representation (3) ~he Hamiltonian (I) is ot the
 

form
 

1 r- I I , a 
H~'-(<J(a a -a a )'!-(o (Ill-I----)-I

2 2 2 1 1 0 (J<iJ 

'~(LJ,\bAbA ~g,\(a'2albA b>'a-1a 2) + (4) 

• _f].. (' a 'a e --i ¢ " a" a e i <iJ ) • 
2 ·2 1 'I 2 • 

where n ,2v~ go is the Rabi frequency,
 
·Making the unitary transformation
 

-i-P. 
U e 2 (a~a2 - a\a 1 ' 21b\b;.\) I't 

we have 
I 

I I 
!~~((o,\ -(LJO)bAb.\f'~ g.\(a 2:.L 1 b .\ i' !I. C. ) + 

(5) 
n ( 'j + . ( ,a )

'I- "2 a 2a 1 -I a 1 a 2) " (,)0 m - 1 rJ (~ , 

F4rther we use the canonical transformation 

1 1 1 1 (6)a 2 . --=. C 1 • --= C 2' a 1 ".- -..==- C 1 + --.::-..:..- C 2'
 
'V 2- v 2 y2 y'2
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The new opera~ors 
.I' 

1 1 1 1 
,c2~~al+-=-a2~ (7)c l=--;=:.a l+-=.a 2v' 2 ..)2' V2 /2 
also are! boson operators. They satisfy the commutation rela
tions 

[ , +]
ci,c j =oij (i, j = 1, 2), (8) 

,I 

• After making the canonical transformation (6) the Hamiltonian 
(5) is of the form 

H ~ H + HE • (9)o
 
where
 

H . 0 ) n(.t- -I)
~ (LJ (III - 1- + -- C C - C CO o oet> 2 2 2 1 1 • 

H E'o~"'((VA-(uO )b +
AbA+ 2

1"",\ gA 1(+ - C I
, C I) b .\ c 2c 2 

/. t +] 1 v r j. " 

+ b i c2 C 2 - C 1C 1) + 2' Ag.\(b Ac2,C 1 t C 1 C2 h .\) 

1, (+t- + b)
-2Xg.\b,\clc2,+c2cl v : 

where Ho is the part of the Hamiltonian including only the in
teraction of atoms wfth the incident field. 

The eigenstates of the Hamiltonian 110 are the dressed ato
mic states /16/ andv con s equcnt I y c 1 , cj and c ' c; are. the

2 
annihilation and creation operators fot the dressed atoms on 
the level (I ~-n/2 and '2 ~ "\1'/2, respectively. 

We shall denote the dressed atomic operators by subscrip R 
Ri.l =cjc J (i,. j = 1,2).It is e~~y to see that IRji .1".Rj j 

Using the commutation relation (8) one can find the equa
tion of motions 

R~l (t) = -i ~ g,\(b,\(t) R I 2 ( t) - R2 1( t) bACt») 

,;~ 
~ 

-i~g,(b.\·(t)R (l)-R (t)b,(t)
.\" 21 12" (10) 

, " i ,. + 
R I 2 (t) = -112 R I 2 (1) -12' - g.\ (b A(t) R

3
( t) 

'Ij \ A 
;~ 

; 
- b .\(t) • i *gA(h ,\(t) R I 2 (t)+ R I 2 (t) bACt»)R3(t) 

( 11) 'bA (t) = -i (w A ,wo)b.\(t) - ~ gA[R (t) + R (t) - R a 2 1 I 2(t»). 
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" ~Haking the harmoui c app r ox ijna t i on /17/'( which assumes the One can show that the.Langevih forces F'iV
) (t) and ,F'~V) (t) 

atomic operators to evolve as they would in the absence of any' ~,' 

1;1 
<fo not influence the following calculation of a steady ,state 

coupling to th~ field, we have the solution of equation (II) s~~ctrum and these components are jgnored. In the limit ot lar'If."'"
ge 0 ~he solutions of equations ,()3)-(14) are found in thei"x(t) = b,\ (t) - i u,(t) U2) form 

i
i" 

(1) -yt Ywhere R 3 (t).~ e, [R3 (O) - iO-- R3 (0) (R21(0) - R12(0)) +:fl 
- :-i (w - w It I 
b,\(t) = e' ,\ 0 • b,\ , 

f .-L- (R (0) - R (0)] + _L (R (0) - 1) ,R (0)· (15)' 
\ g iO 12 21 iO 3 21
 

'lI,\ (t)='-;j. S_(t). I(w,\ -w ,t), " 
" 

w, n t 3 -i 0 t - -~ Y t
 o . e - 2"yt _ -2......(R (0);- 1) R (O)e 2 
iO 3 12-i(x-if)t,

e - 1 :1'S_( t) R (t) + R 21( t) R 12( t) , 
,il 

Substituting (\5) into equation (14) we havec, 3 - I (x, t) ~ lim --=(~-=-i~)--
f ... 0
 ~ 1 

I~t'~ (2) -iOt-1... y t yR 21 (0) , R '(t) = e 2 [R (0) + ----] 
The validity of this approximation is discussed in paper!17', .12 12) 2iO \
 

It will be used only when b,\(0 appears inside a s~mmation '.'II
 
",t 3 2,\

over~'\. Substituting (12) into equation CIO), one can find :~ YR21 (0) i0 t - "'2y t YR3 (0) -2yt 

li' - ---- e - ---- e 
2iO 2iOR ~t) ~'-y R3 (t) -t- y~ (t) (R 21(t) + R 12(t)) + 'III3 (J 6) 

\ (13) 2 3 . (V) y R3 (0) i Y 2+ ,y(R (t)'- R (t)) + F (t),12 21 1 r + - -~ - - [(R (0) - 1) R (0)] . 
, 2 iO 603 3 21 

. ,3 y,
R It) co-iOR (t) - - y R (t) -- R (t)
I 12 < 12 2 12~ 2 21 l'~iO!l"(J 4) I'..,. 3 22iO t - 3yt + .J...L[(R (0) + 1) R (0) ] . \ l I- :L R 2 (t) +- F(2V

) (t), " 3 121 e 20 32 3
 

wher~ 
f /~ ,2iO t - 3y t
 I',! 

Ii'~ e
 
2 •
 ~l ~~ 

Y ,~ 17 L g,\ o(ct>,\ - W ). 'It < o , In the solutions (15)-(16) the components at ,frequencies~O, ±O 
~ I Ny 

are correct up to the terms O(~) and the components at frequ
(v) , ~ t ~
 

F 1 (t)= 1 ~ g,\ (b,\(t) R 12 (t) - R21(t) h,\(t))-,
 enc i.e s ± 2U are correct up to the terms 0« -~Y) 3 ),where ~rf is 
\ assumed to be a small 'parameter. 

\ ~ ~ 

- i L 
,\ 

g,\ (b ,\(t) R 21 (t) - R 12(t) 'b ,\(t)). 

III. SPECTRUM OF SCATTERED LIGHT,,1j ;(F~V) (t) ., ~ r g,\ (b~ (t) R (t) .>. R (t) b,\ (t)) 
3 The steady-state spectrvm of resonance fluorescence is defi 

ned by 110',18/-
3 

JI
-.Lx,g,\ (b,\(t) R12( t) f ~~(t) b,\(t)). d -t

, P(w,\ - fL\J) = lim - < b,\(t) b,\(t) > .
 
t->"" dt
 

The Ff)(t) and ~;) (t) are the Langevin forces. Their expec
tation values over the vacuum state of the radiation field are Using equation (11)'one cln write spectrum P(w,\ -(JJo)in ,~he 
zero. I' f orin 
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g DO'	 1 " 
~,.p (w,\ - W ) ~ lim, ~ Re J,< S+ (t + r) S~ (t) >- •o	 3 (u,\ - cuo + 20 w,\ -wo -, '(20 . Jl._L_ (N t: 3) (N - 1) [----------_-'-__._ +1 3003 (w,\ -w + 20) e, 9 y 2 (w,\-(lJ _20)2+ 91'2 

·e 
i (w,\ - w 0 ) r . d r ,	 ~' o o

'I 

(20) 

In the long t i me limit the correlator < S+ (t ~ r) S_.(t):  ~s inde
pendent of t and the steady-state spectrum becomes'101 

gA2
P(w,\ -w ),,--Re«S (r)S (0»

o 2 0 + - S 
( 17)

i(u),\ -. wo)r 
. e. d r,
 

\
 
Here we denote by <.... ~s the expectat~on value over the ato
mic steady-state. ,
 

In the Markovian and secular approximation'7! the master
 
eqvation describing the collective decay of the atomic system
 
in the presence of the incident field is given by
 

ap(t) 0	 Y 
---=-i·--IR (t),p(t)J--IR (t)+at 2:3 • 4 :3 

+ R 2 1 (t) R 12 ( t) t R 12( t) R (t)l pet) - R (t) pet) R	 (18)2 1 3 3(t) 

- R	 (t) p(t) R (t) - R (f) pit) R (t) + II. C. I.
21 . 12 12 \ 21	 " 

where p(0 is the atomic density matrix. 
,Th~ stationary solution of equation (18) is given by 

1 N 
p=--, ~ tM-"··Mj', (19) 

N + 1 M.=-N.-NI2. '" 

I 

where 1M> is an eigenstate of the operators N and a~a2 - a~ aI' 
Substituting (15) and (16) into (17) and taking the expectation 
value oVer the steady-state density operators (19), one can 
w'ri t~ the steady-state spectrum (17) in the form 

N, y
I: 1 2 N (- r 1) I - 2 2 

P(w,\-wo h ' "3 
g

2 (U),\-wo)"Y 

+ 4"'3	 ____1'. 3 ____r __. + 

(w~ -w _ 0)2 ~-'-4 (w,\ -w '''-0)2 9 2 .+ --1'1\	 0 o +-41' , 4 
Y w,\-w +0 w,\-wo-o

+ W	 ~--_._~_._------- l' 
----------- +

. (w,\ - (u + 0) 2 9 2 + -2n
 
6 o + liY (w,\ - "o - 0)2 +- J_ y 2 

4 

f The spectrum (20) consists of the usual triplet from works '7.10/. 

The peak i.n t en s i ty of the triplet is propor t i ona l to N 2 and 
~I the triplet structure is analogous to the one-atom cas~. 
t In addition to the usual triplet, the collective spectrum (20) 
~~ also consists of sidebands at the harmonics of the Rabi frequ~ 

ency, which have been predicted by Se n i t zky rS" using the qua
~. 

siclassical approach.
~" The	 peak intensity of the additional spectra is proportional 

4 

to--~--, and their spectrum structure is analogous to a "disper0 3	 ~ 

I·
 sion curve". In 'the one-atom case N = I) the additional spect
ra of the spectrum (20) vanish.
 

t'
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8 06"beAHHeHHOM HHCTHTyTe RAe-pHbiX HCCileAOBaHHH Ha1.1a11 
BbiXOAHTb c6opHHK "KpamKue coo6t~~eHuR Ol1fll1". B HeM 
6YAYT nOMe~aTbCR CTaTbH, COAeP*a~He opHrHHaJlbHble Hayi.IHble, 
Hayi.IHO-TeXHHI.IeCKHe, MeTOAHI.IeCKHe H npHKila,qHWe pe3y11bTaTbl, 
Tpe6y10114He cpoi.IHOH ny6nHKa1.4HH. 6YAYI.IH ~o~acTbiO 11Coo6uleHHH 
OH.RH11

, cTaTbH, aoweAWHe a c6opHHK, HMeiOT, KaK H APYrHe 
HSAaHHR OH.RH, cTaTyc ~H1.4HallbHbiX ny6nHKa1.41!1H. 

C6opHHK "KpaTKHe coo6 .. eHHR OH.RH 11 6yAeT BbiXOAHTb 
peryllRPHO, 

The Joint Institute for Nuclear Research begins publi
shing a collection of papers entitled JINR Rapid Communi
aations which is a section of the J~NR Communications 
and is intended for the accelerated publtcation of i~or
tant results on the follpwing subjects:· 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods. 
Accelerators. 
Cryogeni cs . 
Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condensed matter. 
Applied researches. 

Being a part of the JINR Communications, the articles 
of new collection like all other publications of 
the Joint Institute for Nuclear Research have the status 
of official publications. 

JINR Rapid Communiaations will be issued regularly. 

noromo5os H.H. /Mn. I, UlyMoscKHH A. C., LlaH KyaHr E4-85-360 
KonneKTHBHbie 3qxpeKTbi B cneKTpe pe3oHaHCHOH <l>nyopec~eH~HH 

B pa5oTe ony5JJHKOBaHbi pe3yJJbTaTbi no Hccnep;oBaHmo <PopMbi 
KOJJJJeKTHBHOrO cneKTpa pe30HaHCHOH <l>nyopec~eH~HH,B TOM qHCJJe 
H <i>OpMbl p;OnOJJHHTeJJbHbiX CUeKTpOB, npep;CKa3aHHbiX 3eHHTCKHM. 
MeTO,!l; 5030HHOrO npep;cTaBJJeHHH aTOMOB 5biJJ HCUOJJb30BaH p;JJH CJJy
qaH N p;ByxypoBHeHbiX aTOMOB, B3aHMop;elicTBYIOIIUfX c pe3oHaHCHbiM 
BHelliHHM noJJeM H C noJJeM H3JJyqeHHH. ITonyqeHbl aHaJJHTHqeCKHe <l>op
MYJJbl ,!l;JIH 05biqHoro TpHnJJeTa H p;OnOJJHHTeJJbHbiX UHKOB. ITHKOBaH HH
TeHCHBHOCTb p;ononHHTeJJbHhlX cneKTpoB nponop~HOHBJJbHa N4 . B cny
qae op;Horo aTOMa p;onoJJHHTeJJbHbie cneKTpbi Hcqe3aiOT. 

Pa5oTa BbinOJJHeHa B na5opaTOpHH TeopeTHqecKOH <l>H3HKH OlliU1. 

Coo6~eHHe 06beAHHeHHOro HHCTHTyTa Rp;ep~X HCcnep;OBaHHA. ~y6Ha 1985 

Bogolubov N.N.(Jr.), Shumovsky A.S., Tran Quang 
Collective Effects in the Resonance 
Fluorescence Spectrum 

E4-85-360 

The results on the investigations of the form collective 
resonance fluorescence spectrum including the additional side
band predicted by Senitsky are presented. The method of boson 
representation for atoms is used for the case of N two-level 
atoms interacting with a resonance driving field and emitted 
field. The analytic formulas for the usual triplet and addi
tional sideband are obtained. The peak intensity of the addi
tional spectra is proportional to N4 • In the one-atom case 
the additional spectra vanish. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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