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The Fndd c e v e qua t i on s in the e o n ri gur a t i o lla l s pa c e I I .' a re 
I nte n s i vel y u t i l i z ed for study i ng d i f f e r e nt t h r e e-pa r t i c l e sy p
t ems. Fir s t , t h i s is due t o the e x i s t enc e a nd uniqu e ne s s o f 
solu t i o n s o f the se e qua t i ons be inR e s t ab l i s he d f o r n wi d e c l a s s 

/ 2 1 o f t ~l -hody po t e n t i a l s bo und a t l arge d i s tnnc es a nd s e c on d , 
t o a ,-o mp;l r il t i v Pl y s i mpl e sc heme o f numer i r- u l s o l ution c ha r ac -: 
t c ri s t i p of di ff e r e nti al e qu a ti o n s. I nd e ed , i n the f in i t e - d i f 

. . 1 11 . h .. ff crenr e a pprO XIma tI on as well as In t c a ppr OX l mat l o n 0
/

soug h t so l u t i ons by b i c u b i c Herm i t i an spl i nes ;lI or t ho s e o f 
t.he cl a s s C~ /4 ~ t he i n it i a l pro h lem i s r edu c e d t o a sys tem o f 
l ine a r e q ua t i o ns wi t h a ha nd ma t r i x . The e fficie ncy o f a l go r i thms 
ba scd 01 1 d i s e r e t i za t i o n o f t he d i f I'e r e n t i a l Fa dd e e v e qua t. ions 
de pe nd s e s s en t i a l l y on pro per l y c hosen mes h po in ts . Such a c ho i c c , 
I.e., t he cons t r uc t ion of me s h po i n t s , i s d r-t e rm i ned hy qua lita
ti ve prope rtie s o f t he s o lut i ons s ough t . The s e pro pert i e s . i r e 
ne c e s sary, in part icul ar, when sol ving t h ree - par ti c l e equa t i o n s 
bv v a r i a t i o na l methods a nd method s ba sed o n I i n ite di men s i o na l 
a pp r ox ima t i o n o f t he f un c t i o n s 1 51 a nd op e rator s / 6 ' . 

The p resen t popel' i s aimed a t i nv e s tiga t in g qu a l i t a t i ve pro 
pc r ti e s o f t he wave f unc t i on compo nents o f n bound s ta te o f 
t h ree pa ni cl es in te rac t ing vi a S-WrlVI' pot en tia ls. I n t h e case 
o f S-WllVc po t en t i al s V (x , I. i= 1 , 2, 3 a nd z ero value s o f o r b i r 

, . I I 
t a l momo n ts I ,\ 1. =0 t he wave f u nc t i on o f a bo und t hr ee-par 
t i c l o s ta t « in po lar coo r di na tes I' :!. ,,2 , s ", 'p ar( : \~y /x 
h.15 the l o r tn I I I I I 

IfJ ( /'. f'\ ) / ' - '.~ ( ~ ()~ f' S 2 ¢ i 1" ( /1, J, j ) . ( I ) 

T lw fllill t i on F is exp ress ed t hrough t he Fadd ecv mponeu t s '1'1 

F( (' . 'f>, ) 11\ (/ ' . '/' , ) -, . 0"/, • 'iA,' j I t. , tI' I- '" (2 )
 
k/j
 

wh i c h n rC' t he so lution of t h e s ys t em o I thre e e qu a t i ons 

( /\ .t. , E l '!' (('. '" ) V, (l'cosrP j ) !"I (I , eP 1. I 1 , 2, a, (] .,
I' ....

I 
I I j 

wlwrl' \/,,1, ill the l.a pl nc i an in pol a r coordi na tes . 
• I 2 l!

I t i s a s :;t1mcd t hat ,/d " , .~) 4; C, flL " " V (X) (:. C1 I where 
'i' II ::.u I 0," /2 

U I,.. dr, (1 '-10, ... I, .t, '- lo. ; I I rhe r v to r e system (3 ) i R added by the 

houndar y c: o nd i t i nns 

4... .. ..11 
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lfl. (p, cP.) = 0 , cP = O ,~ , p E- [ O,,,,, J , 
I I I _ -:4 ) 

lfl. (p, cP ) = 0, p = 0, 00: cP Eo r0, .!!....], i = 1, 2 , 3, (5 ) I I 2 

From rep resent a tions ( 1) a nd ( 2 ) ther e fol l ows as ymp to t ic br ha 

viour
 

"+Ill. ( p , cP.) ... p~ t , t 2 0 , i = 1, 2 ,3 , (6 )
 
I I P'" 0
 

The operator 6 acts on the angul ar variabl e o n ly ~ / .l t s e igen

f unctions Y (ch)= ,: s in 2ncP , n = 1 , 2 , .. . sat isfying boundary cond i 
n v TT
 

t i on s (4) form a n a ngul ar o r t houo rrna l i ze d b as i s of sys t em (3) .
 

" / 5/ s in 2n Yik
The co r r e spond i ng e i gen va l u e s \ ( Y k) = - - - .------- depend on the 
I I n S1l1 2 y
 

a .ig l e s Yik C; [ O, ; ] the v a l ues o f wh i c h are f i x ~'a onl y by the ra
, . , 2 m . (rn 1 + nl ,. m 3 ) _
t i o o f pa r t i.c I e masse s t g y . = _ L 2 . and by t he d e
 

Ik nl . III

I i . . . f v i hI ' I klnltlon satls y l ng t e r e a t l o ns 

Yij = ' t- Y > .!L Yj i Yi k j k - 2 ' Yj'j + )'ik -+ Y j k = n , ( 7)
 
i j k = 123, 231 , 312 .
 
Solution of s y s tem (3-5) is S01l8h t in the form
 

lll. (p ,¢.)= ~ r ( p ) y (¢ . ). i~ I . 2 . 3 . 
I I n = 1 In n I (8 ) 

then for u nk nown f unct i o n s I'in we get an infinite system of the 
second-order di ffe rentia l equations . For unknown col umns ~ = 
= (1'In' f 2n , ('30 ) T it is co nv e n i e n t to wri te down thi s system in 
the matr ix form 

( ,\ 11 + E)I f (p ) '= :£ V ( p )A I'm (P ) ' 11 = 1 , . .. 
p n 111 = I om m ( 9 ) 

Here the symbol t.l. J~ denotes the di f f eren t ia l operator ~_ (p :_}_41~2 . 
p p p P 

I the unit matr i x Ox3), and the matri x e l eme n t s A m and V 
nm ar e d efined r e spectively by 

(Am )ij aij -+ (1 - c') ij ),\ llJ ( )' j j 

TT / 2 

(V run )ij ° i j I dtyn (l )Ym(t) V j ( peas !. ) , i,j =1. 2, 3 , 11,llJ =1. 2 , 00' 

o 

Unknown functi ons ('in owing to (5 , 6 ) s hou l d satisfy 

fjn (p) = 0, p = 0, "", 1' . ( p ) 2+ fIn .., p , c > O. : 10)p ...0
2 

Us i ng t h e pr o p e r ti e s o f eige nv a l u e s o f the o pera t o r h , wh ich 
h av e b e e n o b ta i ne d i n r e f . ~I and r e l a t i on s (7), o ne can e as i l y 
p r ov e t ha t 

rank A I = 1 . rank A 2 = 2 , rank A m = 3, rn ~ 3 I (I I ) 

i f ma s s e s o f all part i cles a r e f i n i t e and non z e r o. As s ume that 
s ome c o l umn f k s a t i s f i e s s y stem (9, 10 ) and s i mu l taneou s l y i s 
a no n t r i v i a l sol u t i o n o f s ys t em Akl' k(P) ~ O. Th e l a t t er, owi ng t o 
( I I ) , i s po s s i b l e onl y a t k = 1 , 2 . I n t h i s ca s e fu nc t i on (2 ) 

F (p, cb j ) ~ x (Am ' fn/p)\ Y III ( </'j) ' ~ ! 2 ) 
111 = 1 

a nd c o ns e qu e n t l y , t he wave f u nc t i on ( I ) expr e s sed in a ny s el 
of po l ar coordi na te s ( i = 1, 2 , 3 ) wi l l no t c o n ta i n t e r ms 
J"j k ( P ) Yk( ¢ j ) , j = 1, 2 , 3 and s y s t em (9 ) wi l I h e sepa r at ed into 
two part s. The f i r s t par t dctermi nps the spe c trum of eigenv a 
lu e s E and ha s the f o rm 

n
 
( 1\ P • E ) Iro( p) = ~ V A lii r 1I1( p }
 nm ': 13) 

m I' k 

a nd t he second o ne i s the s y s t e m of unc oupl ed i n ho moge neous 
Be ss e l e quat i o n s 

k 
(A • E )If 2 V A I' 

T 
p X ( 14 ) k klJJ m m (X l' X2' X S)

lll ,t k 

I f t he bou nd s t a t e e ne r g y is po s i t i ve (E > O),the s e t o f so l u 
l io n s o f s ys t em ( 10 , 14 ) i s s u c h 

P 
I' ( (I) ~ IIJ (I ) , .!!..!Y, (t) ,· dllll.J k (11 ) '-' ( 11 ) 
k ~k 2 2 ~ 0 2 " 

/' ~ 15)- J 2k (l ) , d ll u Y2k (U) X (II)] . 
tI 

T 
He r e t ~ VE (I, II = (u I ' " 2' 11 3 ) is t he numer i c a l c o lumn c onta in ing 
t h r (> e e l e ments , The fu nc ti o n s (IS ) ha v e a s ymp t o t ic be ha v i ou r s 

. t 21\ " 4 ta 
I k ( p ) . U (- ) / I (2 k .. 1) , 0 ( p ) , 11 > 0 , ( 16 ) 

I p"o I 2 

r I k ( p ) • O( I - 1/2 1 , 2 , 3 , p ., .., ) , i ( 17) 

a nd obvi o u s l y , s a t i s I y th e bo u nd a r y c ond i t i ons ( 10 ) at any va
l u e s of lli ' The a s ymp t o t ic b ehav i ou r of ( 16 ) o f the summed f unc
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t i on s (1 5) , i , e . , pa r ti cu l a r so l u t i ons o f t he i n homo ge n eou s 
Besse l equa tio ns ( 14 ) nnd gene r a l so luti o ns o f t h e r o r re s pond i ng 
homo ge ne ou s e qu a ti o ns (X '" 0) are d if f e r e n t. The r e f o r e , t he c o lumn 
<1 shou ld sati sfy t h e s y stem A k a = 0 , At k = 1(ka2}'lc c o r d i ng t o c qu a 
l~ ti e s ( I I) on l y t wo (on e ) o f t he numb e r s <1 , a , fl a r e a r -: 

1 2 a
b t tr ary , 

If the bou nd s t a t e energ y i s ne ga tiv e , s ys t em ( 10 , 14 ) h a s ob 
v iou s l y a s i n g l e s o l u ti o n 

p p
 
f k ( p ) = K 2k (t) .r d u u 1 (U) X (u ) - 1 (I ) r d u u K 2k (11 ) X (u ).
2k 2k 

__0 0 

where l. ~ v- g P . I,,, K / a r e t he mod i f ied Be SS E' l f u nc ti o n s . I nd e e d , 
i n t hi s c a s e o n l y a trivi al s o l u t i o n o f t h e homog e ne ou s s y s tem 
o f equa t i o n :'> , c o r respond i ng t o s y s t e rn ( 14 ) . sa t i sf ies t he bou n 
d a r y c o nd i t i o n s ( 10 ) . 

He woul d l i ke t o empha s i ze t ha t only a poss i bi l i t y i s proved 
f o r t he ex i sten c e o f n no nu n i qu e so l u tion o f s ys t em ; 3- 5) i n 
c a s e of posi t i v e e nergy o f t he t h r e e - p a rt i c l e bou nd sl a t e . Na 
me l y, i f t he s o lu t i o n s o f t h i s s ystem can b e e x p r e s s ed a s a s um 
tP l = Uj i S j , i = 1 , 2 , 3 so t ha t t he wa ve f u nc t i.on ( I ) i n any 
s e t of c oord i na t es i s e xpresse d o n l y t hr ou g h t he t er~ U j , then 
t h e term S j = f ik (P) Yk ( eP i) has a qu i t e d ef i ni t e a ngu la r d e pen 
d enc e ( k = 1 , 2 ) a nd t he f unction s ha v e t he f orm o f ( 15 ) a nd 
a s ympto tic b eha v i ou r ( 16) , (I l) . 

Le t us p r ov e t ha t i n c a se o f iden t ic a l pa r ti c l es a nd po s i ti v e 
e n e rgy o f t hei r bound state t he r e exist s a nonun i que s ol ut i o n 

f sy s t e m (3-5 ) . If pa r t i c l es a r e i d e n t i c al , a l l t he a n g les y. . 
e qua l rr / 3. a nd the s y s t e m ~ 3-5 ) i s reduced t o o ne equa ti on f o\ J 
t he u nknown f u nc tio n cfl (p, ep).Represent i np, t h i s f unc t.i o n R S a se
r ies (8 ) we arr i ve a t t he s y s tem o f e qu at ions (9 ) \llw re I , f ,n 
"n lll ' A lii = 1 + 2 A (+ )a r e t he u n i t d i me n s i o n matrices. The eq uam
l i t y A k = 0 i s va l id on ly a t k = 2, i. e . , o f a ll the f un c t i o ns 
Y , In = 1 , 2 .. . o n l y o ne y 2(rp) is mapp ed by the ope r a t o r (1 r 2 G) m 

i nt o zero. The s um ( 12 ) and c o n s e q ue n t l y t he wav e f u nc t ion ( I ) 
d o no t c o n t a in the t e rm S ... f 2 (P )Y2(¢ ) ' and the pa r t o f the f une -
t i on I .) ( 15 ) i s det ermined up to th e mul t i pli cation by a n a r -: 
h i t r a ; y number a. This proper ty i s indep end en t o f t he f or m o I 

on f i n i ng pot e n t i a ls s e c u r i ng t he e x is t enc e of a hou nd s t a t e 
o f t he s y s tem o f three parti cle s wit h posit ive energy . Not e 
t ha t i n s o l v ing the sys t em (3 -5) numerically one has t o limit 
t h e i nt e r val o f cha ng ing of variable p to a large b u t final 
v a lue o f R and t o use i nstead of po i n t hou nd a r y condi ti ons I
( 5 ) a pproximate o nes lJ'(R. ¢ ) = OJn this case t he numbe r u i- s 

w 2 2 
( t1 + E - ) f p) = 0 , ( I A) 

1 

1(e 4 

n 2 ,~ n + 1 

(D. () + E) r.I ( p) = -!:~ ~ (l t- (j ) f (p L II 2. 3 , ( 19 ) A rn24 m = n - l nm II I 

~ 2 
( /\2 +E ) f , (p ) = ...!:!-.l!....-. [3 f (p ) I fa (p ) ] (20) 

(I z 24 1 

and i s su pp l eme n t ed by t he bound a r y cond iti ons ( 10) . Equat i o n s 
~ 1 8 , 1 9 ) co r r e s pond t o s ys tem ( 13 ) ; a nd eq . ( 20 ) , t o s y s t em ;1 4) . 

The thr e e - pa r t i c le bou nd-s tat e e nerg i e s E (I = (<J (3 1-2p ) a r e e i ge nv a 
l u e s of e q . (1 8) . The y cor r e s po nd to t he e i ge n f u nc t i on s 

2 2 
. 2
1 ( p , p ) = p 2 ( _'!.!..J!.._ ) exp ( _ _~.P... _ ) , p O. I, .. . ( 21 )1 p 2 4 

where L ~, arc th e Lague r re po l yno ro i a ls . Th e [unc ti o ns i d e n t i c a ll y 
e qua l t o ze r o 

fIl (p ) = O. p ~ i O , ,,,, I , Il.>3 , ,,- 2 ) 

sat is f y , obv i ou s l y , s y s tem ( 10 , 19). In t h i s c a s e the so l u ti on s 
o f eq . ( 10 , 20 ) f or the p-i t h l ev el ha v e the fo r m of ( 15) , wher e
 

2 2
 
k = 2 , X (p ) = ..!:L .JL f (P. p ) 1. e . ,
 

8
 

f ( p , p) =~ J " (t ) .!!!'.:.:
., 

ry • (I ) r
P 

d u U " J (u )f (II , p ) --I
 
2 ( tJ P 16 '. (I 0 4 - 1
 

( 2 3 ) 
P 

3 J- J 4 (1 1') r d u u Y4 (u) f J( u , p) , . 
o 

Here t 
p 

=v EpP ' <1 i s an a rb i trary mlmbe r . Th e Fa d d e e v componen ts 
c o r r e s pond i n g t o t he solu tion (2 1- 23 ) are t he s um o f two t e r~s 

9 
(II( p , eP , p) = -::::- I r J « (J . p ) sin 2 ¢ I- f 2 ( p, )l ) sin 4 ¢ I. (2 4 ) 

V" 
the firs t being of t he type U and the s e c o nd o f t he type S.
 
The wave f unc t ion ~ I ) o f t he p -t h s t ate
 

-2':'p (p, ep) 3p fl(p ,p ) ( 25 ) 

do c s no t, contai n the seco nd t e rm s of the c omponents (2 /,) find 
automati c a lly I i x ed by the condit i on 12(R) =, (I i f nn ly J ,, (\ /E: R)/ O. 
Now we cons ider the sys t.em o I thre e i d en t i ca l pa r t i c l e s i nter
ac t i ng via t he po t en ti al s V(X) = «(J,2x2) /6 . In t li i s case t he sy "
t em o f equaL ions (9 ) i s 

4 

c o inC' i del': lIH to the no r l'1o"l l i z a l i o n f a c t o r with the solutio n o b 
7 / ta i ned by t lu. mc t hod o f K-harmoni c :·/ . In the ca s e o f P = 0, 

i. e ., for th e gro und s t n t e o f t he t hrce -par t i c l e s y stem; eq u n l i >
ri e s ( 21), (23-~5 ) r e p r oduce r hc known result of f e LlS . Thu s. 
e xp r e s s i o n s ~ 21, 2]- 2 'j) a n ! the e xac t so lu tion of t he Fadc1eev 
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sy stem of equat i ons no t onl y f or t he ground s ta t~ ob t a i ned in 
r e L / S/ , but f or al l o t he r s ta te s t oo. 

The r ea son f or the ex i st ence of nonun i que so l u t i ons of t he 
t hr ee-parti cl e equat io ns in ca s e o f d i f f e r en t pa r t i c le s and the 
ex i s t enc e of such solut i on s in case of i den t i ca l ones is an 

b i 1 . . f f i . 1 / 9 1 f 1ar 1 t r a r y norma t z.a t i on O ' can in i ng po ten t i a s . I t re po 
t e nti als a r e l i mited a t large va l ue s of r e l a t i ve d i s tanc e s 
(V(x ) .... B < 00 . x .... ",, ), t hey are normali zed by t he c ondi tion 8 '" O. 
The ene rgy i s r eckoned f rom t he l evel ~ = 0 and turns ou t t o 
be nega t ive fo r bound s ta t e s and t he co mpone n t s of the wave 
fun ct i on ar e de termined no nun i que l y . For unl i mit ed po t en t i al s 
(V(x ) .... "". x ... (0 ) t here ex i s t s arb i tra r i ne ss i n the level of ene r gy 
r eck oni ng , a nd con sequen t ly , i n the s i gn o f t he bound s tate 
ene rgy . Ind e ed , a s s ume t ha t t he bound s tale ~I ene r gy E of th e 
sys tem o f t hr ee pa rt i c l e s in t er ac t ing v i a S- wave confining po
t en tial s i s po s i t i.vn . The Sc hrtid i ng er eq ua t i on 

3 

(H 0	 + ~ V , - E ) o1	 (26) I '" 1 

I S	 i n the f o rm 

3	 C 
(Ho + ~ V,' - E ' )1.'1 ~ O. V,' .c V - - E ' ~ E _ C. 

i ", 1 1 1 1 3'	 ( 27) 

Cho o s i ng t he number C l ar ge enough C > E we ge t that the f unc 

t i on r/J , i . e . , t he so lut i on ~ 26 ) co r r e spond i ng t o E " 0, i s the
 
sol u t i on of eq . (27) wi t h negative ener gy E' < O. So , i f e q . {26 )
 
i s r ed uc e d to the sys tem ~3- 5 ), th e compone n ts may hnve nonun i 

que ly det ermi ned t erms ( 15) g iv i ng no con t r ibu t i on t o t he wave
 
f unc t i nn , If eq , ( 27) is r ed uc ed t o t his sy s t em, t he co mpone nts
 
$ 1	 do not co nt a in such t e rms . 
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fiy nblllleB B. B. E4-85-313 
0 HeOgH03Ha~HOM pellleHHH CHCTeMbl HHTerpogH~epeH~HaiTbHb~ 
ypaBHeHHH ~aggeeBa B cny~ae 3aiTHpa~~HX S-BonHOBb~ 

ITOTeH~HanoB 

floKa3aHo, ~TO B cnyqae rrono~HTenbHOM 3HeprHH CBH3aHHoro 
Tpex~aCTH~HOrO COCTOHHHH d>aggeeBCKHe KOMUOtieHTbl MOryT COgep
JKaTb cnaraeMble, KOTOpbJe onpegeneHbl C TO~HOCTb~ gO YMHOJKeHHH 
Ha rrpOH3BOnbHOe ~HCnO H He ga~T BKnaga B BOnHoBy~ ¢YHK~~. 
EcnH ~aCTH~l TOJKgeCTBeHHbl, TO TaKHe cnaraeNble C~eCTB~T 
H He HBnHWTCH KBagpaTH~HO-HHTerpHpyeMb~H ¢YHK~HHMH. 

Pa6oTa BbJITOnHeHa B na6opaTOPHH TeopeT~eCKOM ¢H3HKH OIUIH . 

ITpenpHHT 06~eAHHeHHoro HHCTHTyTa HAePHNX HccneAoBaHHA. AY6Ha 1985 

Pupyshev V.V. E4-85-313 
Nonunique Solution of the System of Integra-Differential 
Faddeev Equations in the Case of Confining s-Wave 
Potentials 

It is shown that in the case of positive energy of the 
bound three-par t icle state, the Faddeev components may con
tain terms determined up to the multiplication by an arbit
rary number and do not contribute to the wave function . If 
particles are identical, such terms exist and are not the 
quadratical ly integrable functions. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR . 

Preprint of the Joint Institute for Nuclear Research. Dubna 1985 


