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Man y t heo r e t i cal and expe rimenta l s t udie s / 2 - S!o f t he coo pe­
r a t i ve ef f ect s i n t he i n t eract i on o f a t oms an d mole cul e s wi t h 
a l a s e r f i e l d and t he vacuum o f r ad ia t i on have been ca r r i ed 
ou t s i nc e t he early I...o r k on s upe r r ad i.ance by Di cke I II , I n t hi s 
letter we d i s cus s t he co l l ec t i ve be ha v iou r of N t hr ee - leve l 
atoms i nt e r act i ng wi t h t wn r e son a n t d r i vi ng fi e l ds and an emi t ­
t ed f ie l d i n t he con t ex t of doubl e op t ic a l r e sonance (s ee 
fi g . I ) . The a na ly t i c ex pre s s ions fo r l he s t eady- s t a te popul a t i on 
d i s t r i bu t i on on t he a t omi c leve l s and t he co l l ec t i ve s pe c t r um 
o f f l uo r e s cenc e a r e given. 

In t he coope r a t ive l i mit N ._ the a t omi c popul at i on d i s t r i ­
but i on an d f luo re s cenc e i n t en s i t y have <I d i s con t i nu ous beha­
viou r a t t he c r i t i cal r a t i.o o l t he dri v in g f ie l d in te ns i t i e s . 

The N t h r ee- l eve l a toms 
a re a s s umed t o be conc en ­

-~ t r <l t ed in a r e g i on sma l l 
13 > 

W b compa red to t he wav e l en gth
'\Iv ~ o f a l l t he r e l evan t r ad i a­2W 

t ion mod e s . I n the bo son 
12.,> , ;L-~-~- . r ep r e sen t ati on o f atoms ' 9! . 

when e ach a t omic l eve l i s 
~ compa r ed wi t h hos on va­W et- c.., r i abl e, the mllst e r equat i on 

i n t he r o t a t i ru ; fr ame wi t h '2'2 W d / ).

L 
Ha r kov i a n e l c c t r i c d i pol e 
a nd r o t a l i ng wave approx i ­

--1.--. ma ti on s is of t he fo r m.'2! 11> ' 

(JI' . I ,. 
J . I . J' I II ' , ' ; - I I 'e I :;y.(; [ . ..... ,•• --' ~- l l l ( C: OS u , J l " ~ 5IOU.I ..., + at c; "' . , 

j u.o-i t: -il c-u -a:' '/:il ~ 1 i.J-i i t 
L ,':1. l.:..)0 I'}· n t OI. ~ Jli ·O" 7. · .' l i.~ • ur- t ll .c. ) , 1J1 - 1' ( .1 :! I.Jl ~ (' -

p'< j, I' . ..: I ls , 
- 2.1!:! 1J .121+ lJ ,l ~I .1 12 ) - l 'IJ ( .132 .1231' ­

- 2J :! :t "32 + 1J.I :l :!.J2 :1 ) = Lp . (I ) 

whe r e I) i s t he a t omic densi ty matri x , 2y& a nd 2 )'11 a r e radi a t i ve 
s pon t aneous t r~ nsi r i on prob a b il i t i e s pe r un i t t i me f or a si ngl e 
a t om t o c ha ng e f r om t he l eve l 12> t o 11> and 13 > t o 12 > , r e s pec­
t i ve l y . O~ ( n ~+o~ ) ' ; and t ~a=O~ /O I , whe r e 0 t and O2 are 
t he Rah i f r equenc i es fo r t he atomi c tr ans i t i on s f rom the l eve l 
12> t o i1> and \ :1> to 12> . r espect i ve l y . .Iii = C~C; Ci, j = I . 2. 3 ) , 

o:t , . 1 



where Ci and C: a r e the a nn i h i l a t i o n and c r e a ti on bo son o pe r a ­
tors fo r the atoms popu la t e d on the l evel s I i > , They sa t isfy t h e 
boson commutation r e la t i on s 

+ 
so[C i ' C j 1= (\j • [ J i ] • .1 i ' j , 1 = .T., 0 .. ' - .T i ' j 0 Ii ' II .\1 

The e xac t so l ution of ( 1) f o r a n arb i t ra ry numb er o f atoms is 
unknown . In the c a s e o f su f f i c ien tly i nt e ns e 11. s o that 

U » N ya , N Yb ' (2 ) 

i t i s po s s i b le t o develop an ap pr oxima t i on s c heme that en abl es 
u s t o o b t ain anal yti c resu l t s . 

Af t e r per f orming t he canon i c a l tra ns f o r mat i o n 

sin a s i n a QC Q1 + CosaQ2 + --;J2- - .3'1 y2 

Q 1 Q;) 
(3 )C2 = - \12 + ~2 ' 

cos a Q . Q cos UC3 = - -- I - S ill a 2 + - - - Q ,! •
..;2. v'2 . 

one c a n f i nd that t he Liouvill e o perator L app ~ar i ng 1n equa ­
tion ( 1) sp lits i n t o t wo componen t s L o and LI . Th e compon e n t L o 
i s slowly var y i ng in time wh e r eas L I conta ins rap i dl y o sc i ll a ­
tin g te rm s at frequencies Ul a nd 4 U . Fo r i n t e n s e f i e l ds , i t 
i s rea s on a b l e t o make t he secu l ar ap proximat ion , i.e. , t o re­
t ai n o n l y t he slowl y v a r y ing pa rt / 6 / . Corr ec t ions to t he r e sul t s 
ob t a i ne d i n t h is f a s h i o n wi ll b e o f a n order of ( y N / O )2 0 r 

~ a 
( Yb N/ f2) -. The ne w ma s t e r equati on has the st r u c t u r e : 

oj; _ 1 2 2 I ' 2 )
-- = - in [ .t'1 • p ] - Y. I r- cos a " 3 ~ '9 SID a ( R 12 R 21 + R3 2R23 1-'at 3 a 4 . ~ 

cos 2a_ I 2 _ 1 , 2 
+ - -4- (R 13 R3 1 + R3 1R 13 ) I o v r- T cos a " 3 P "a -'2 SID a 

.J 

- - CO S ~a - - I I
• ( - - 4- - ( R l s p Ra l + R:JI P RI3 ) + H.C. ­R2 1p R12 1- R2 3P R3 2 ) 

2 - Yb If .~ Sin 2 11"~ + ~ cos a (R2 IR 12 + R23R32)"1 ':> i~a ( R I3Rs l t· R3 1R I3 ) I · 

• "iJ + [ - ~ s i n2 a " 3 p " 3 - ~ cos 2a ( R 12 P R2 1 I- R3 ~ PR23 ) ­

Sin 2 a 
( R13 P R3 t + R3 1Ii R13 ) 1 I- H.C. I . (4 )

4 
2 

t
her e Rjj = Qj Qj i , j "" 1, 2 , 3 ) ; "3 = R33- HI1 ; iJ ~lJ fJ U; \~he re U 
1 5 a un i t a r y o pe r to r rep r e s e n t i n g t he c a no n ica l t r a ll s f orma­

( ) / I l i .
t i o n 

Th e exa c t sta t i ona r y s olution of e qun t i on ( 4 ) is give n I,y 

N R R p= 0- 1 1 x- 1 I M, R>< R . MI. ( 5) 
f{ = 0 M "' - R. - R + 2 . ... 

where 

N '" .,Y ~in2 a N + I - ( N + 2 )lt + x ­
x = -~---­ 11 = - - - - -.---------- ­

2 N 2Y cos (l X ·(l -x )b 

1M. R> i s a n e ige ns tate o f the o p e r~ t or.s " a ' R II ~ R:1a And t he 
ope r at o r o f t o t al nu mber o f a t o rn s 1'>J ~ .f J I +.J 2 2 1 .J :l a c" RII + R22 + R :l:l • 

Us in g th e c a no n i c a l tra ns f orma t i on (3) a nd s o l u t i o n (5), 
on e can wr i t c t he s t a t i o na r y populat i on d i str ibut i on fo r the 
a toms on t he l e ve ls 13 > . 12 >a nd I I > 

N'l ,, < .J~ 'l >. = < R I I ' , . :-; in2 a ... <: R".> . CoS 2a ,, . ) . ~ S t;. _ s 

N - <: R 2 2> ~ 
( 6 )N2 < .T2 2 \ e-- < R I I \ 2 

9 I )

NI g < .J I I\ = < HI I >, COS- u t < R 2 2 -' ~ s in- a 

wh c r e 

NX _ ( N t 2 ) X2 ... ( N t 2 ) X N - 2 _ NX N t :l 
( 7)< R2 2 ">. = - - - - - - - - - - - - - --- - - - - - - - - - - ----,--­

~ N ... I _ ( 2N ... a ) X ~ (N ... 2 ) X2 ... X N ...2 _ X N ... 3 

Here we d en ot e b y the s ymbo l - r> , the steady -s ta t e value of 
a n o pera t o r A. 

I n the one at om c a s e N = 1 t he e x p res s ions (6-7 ) r edu c e t o t he 
r e sult s of the wo r k ' 12 /, 

One c a n s e e f rom (6 - 7) t hat the a tomi c popu l a t i on di s t r i bu­
t i on de pe nd s o n ly on the r atio o f t he Rabi fr equ e nci e s 0 ,, /11 1 • 

Fo r the cas e of X = I (i .e . , (12 / 0 1 ~ ( Ya / Y ll ) 1I 2 ) t he expr'e s s i on 
(6 ) r educ e s t.o N I = N2= N3 = N / 3 , Thus, the t h r e e a t omi c lev e l s 
a r c e qu a l l y populat ed. 
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F'i U.2. Bt eadij-e ta te a tomic: popu Lat ion on t he comnon 
l.eoel: ( p el> atom ) WJ a Junc tion or x . The eur Ves marked 1 
t o ,0: cc mreepond tio N = 1, S, 50, ve epec t.i.ue lsj, The dot t ed 
eUY'lJe i ndi ca t es t he expec t ed behavi our' as N ~ •co 

The d e t ai l e d behaviou r f o r the popu l at i o n o n t he c o rrnno n l e ­
ve l per on e a t om N:!/ N is shown in fi g . 2 , whe r e N:!/N is p l o t t e d 
a s a f unct ion of the p a r a meter X. For a l l f i n i te valu e s o f N 
one ob s erve s a smooth var i at ion of N:! I N wi t h X I Fo r t h e c oo pe ­
r a t i v e l i mi t N ... oc t he f unc t ion N., /N h a s a di scont i n uou s be ha­
v i ou r a t t he c ri tica l po int X = 1. -Th i s re su l t i s d iffe r ent f r om 
t h e c rit i c a l be havi ou r o f re s ona nc e f l u o r e s c ence wher e t he a t o ­
mi c s y s t em see ms t o e x h ib i t a s ha r p t ran s i tion r e mi n i scent of 
a t yp i c a l s e cond-o r d e r p h a s e t ransi t ion / 4 ' . The cr i t ica l po i n t 
X = 1 i n t he three-le vel c a s e i s i nv a r ian t and do e s n ot d e p e nd 
o n N. Howe v e r , we no t e t h a t i n t he l imi t N c, ec i t i s al so nece s 
s ary t o i ncre a se {I so t ha t t he c on d ition ( 2 ) is s at isfi ed . One 
c a n a l s o s e e f r om f i g . 2 t ha t N2 /N i s z e r o (popu l a t i on tra p ­
p i ng) no t o nl y i n t he c a s e o f Y

b 
= 0 ( X -. co ) , as in t he o ne a t om 

c a s e /lo~bu t in t he case o f X > 1 an d N ·,,,,, t o o . NOI... \... e c ons i d er 
the c o l l e c t ive beha v i o u r of s t e a d y-sta t e f l uo r e s c enc e spec t rum, 
f o r example t h e fluo r escen c e s pe ctrum from t he u pp e r atomic 
t r a n s it i on . Us i n g e xp r e s s i on s (3 , 5 ) a nd t h e met ho d of fa c t ori ­
za t i on by Campagn o and Pe r si co 17/ o ne can f i nd t he f i r s t - o rd e r 
atomic co r re l a tio n f unc t ion (whi c h i s p r opo r t i o na l t o t h e f ie l d ­
amplitud e co r re l a t ion f u n c t i on ) i n t he fo rm 

a'1) (. ) '" f, m < J'32 ( t + r ) J ( I ) > = 
32 t ~ ",, ' 23 

4 

1	 .:! 2 --I \ r :0 , 
=- 5ln u< f'J. > , r + C05 4 3 5 

u " R2 1R 12 > . 
5 

(8 ) 
- 12• 1 . 2 -1 ':3 T 'J,P cos ( n . ) t- - l>!U a < R" lR 1S>. · r cos ( ~n r ) ,2	 ~t) 

IIThe r e 

2	 1 2 1 2,
< '\ 0>, = 2< R.'l R 1o > = -N (N +2) - - CN + l)<R2,, >. f -;- < R <J 2 ?' 

" S " . ) S 3 3 - 5 3 _ 5 

1 . 1 2
='2 (N t- - 2 < R22 >s <R 2 1R 12 >s 2 )< R22>s 

2 
.) NX _ 4x _( N + 2 ) X3 + CN +2 )2 X N+2_ 2( N2 t- 2N _ l ) XN+:3t-N2X NH 

::: ---- - - - - - --------- --- - . - - --.< R ~2 > 5 2	 N+2 
CI- X ) [ N+ 1- ( N + 2 ) X+ X 1 

~ , . 2 ( . 2 2 ) RI 1 = Y t-Yb s in a I· ya SUI a - y bcos a < 22 >5 ' a 

Y Y 
12'	 = - 3- CI + s in 2 a ) t- _ b_ _ ..L(y s in2 a - y cos 2 a ) CN - 2 < R »

2 2 2 a b 22 5 , 

y	 ') • 
I~, = _a_ ( 2f· eoS2a ) t- ~Y sin2 u+ Cy Si 1l2 u - y cos 2u ) < R > 

o 2 ' 2 to a IJ 22 5 

Exp r e s s i on (8) y ie l d s t he f i v e -peaked structure o f fl uo r e s c ence 
s pe c t rum. In t he c a s e of X = 1 the i nt ensit y o f eac h li ne i n (8) 
v ar i es as N 2 whi le t he wi dth o f e a c h line is the s ame a s in t he 
s i n g l e -a t onl s pe ctrum. An a n a l o gou s beha v i our f o r t h e t r i pl et o f 
r e s on anc e f l uore s cen c e i n t he two- l ev e l s y s t e m \...a s g i ven 
i n I S,6 ,7 / . Th e p i cture c ha n ge s for the cas e o f X ~ 1 . Ta k e f or 
e xa mp le t he c ase o f X > l a n d N » l so that X N» N . I n th i s ca s e 
t he f i v e - pe a k i n t e n s i t i e s o f (8) are ind e pend en t o f N . The 
wi d t h s of the t h r e e lin e s l o cated a t the fr e quenc i e s w bA = U) b ' 

Wh ! 20 a r e a n a l o go u s Hi th the Hidt h o f the si n g l e - a t om spe c t ­
rum wh i le the widt h o f two li nes loca te d a t f r e quenc ie s 
w bA = w IJ ±n are p r opor tiona l t o N . In t he coo pe ra t ive l imit 
N -. "" the flu o rescenc e i n t en si ty pe r a tom cgl (O) ! N 2, ha s a d i s ­
con t i nuou s b e h a v uo u r at the cri ti cal point X = 1 I 

The a u t hors wo u l d li ke to tha nk Pham Le Ki e n f o r he l p f u l
 
d i scu s s i o n s.
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C006Ill EHI1f1 , KPATKI1 E C006U\EHI1f1 . nPEnpl1 HTbl 11 C60PHI1KI1 TPYtlOB
 
KO H¢ EP EHl.\I1~, 11 3tlABAEHbiE ODbEtll1HEHHblH I1 HC H1TYTOH f1 tlEPHhIX I1CCnE­

tlOB AHI1~, f1Bnfl~T C fl O ¢ I1UI1An bH~HI1 nY6nI1 KAUI1R HI1 .
 

Cc~nKH Ha C0061llEHHR H nPEnpI1HT~ OHfll1 AonmH~ cOAe pmaTb cne ­
AY~~H e 3neMe H T~ : 

- oaMHflHH H M H H4 M an~ a BTopo B,
 
- cO Kpa~eH H oe HaSBaHMe I1HcTHTYT a /OI1f1I1 / M MHAe KC ny6nMKa4MM .
 
- MeCTO HSAaHHH / tly6Ha/ ,
 
- rCA MSAa HHR.
 
- HOMep c T p aH M4~ /npM Heo6xoAMMOC TH
 

np HMep : 

1 .	 ne p e ywu H B .H. u o p. OURN, P2 - 84 - 649, 
J!y 6 Ha , 1 984. 

C c ~nKM Ha KOHKpeTHY~ CTATb~, n OM e~ eHHY~ B C6opHHKe, A on~Hbl 

cone pxa r e : 

- ~aMHnHH M H HH4 Han~ aSTopOB,
 
- s a rna SHe C6opHHKa , nepeA KOTO P~ M npHBOA HT CH C O KpameH H~e
 

cnos a : liB KH. " 
- COKpa~e H Hoe HaSBaHHe HHc THTYTa / OHfl l1/ H HHAe KC H3AaHMH, 
- MeCTO MSAa HHH /tly6Ha/ , 
- r OA .... sAaH..,H , 
- HOMe p .c T p aH H 4 ~ 

n p "'Mep : 

Hon ri a x o e N. <1> . B K H . X l MexoY Hapo r.l ll tt u
 
C U JoI1W3 U Y J-l 110 Roep Ho u on e tcmp o nu ice , OHRI1,
 
J!1 3 - 8 4 - 5 3 , J!y6 Ha, 1 9 8 4 , c . XG.
 

Ca EJU It H . Jl ., CMU P Ho e F', 11 . 13 CO . " lCpam KU 
c oo oui e nun OlfRJf " . If ?-B·1 , / lytl/ /U, J !/8<1 . c . .3. 

Rece i ved by Publ i sh i ng Depa r t ment 
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8 06~eAHHeHHOM HHCTHTyTe RAepH~X HCCneAOBaHH~ Ha4an 
B~XOAHTb c6opHHK "HpamKue coo6Ujettu.R OH.flH". B HeM 
6YAYT noMe~aTbCR CTaTbH, COAep*a~He OpHrHHanbHWe Hay4H~e, 
Hay4HO-TeXHH4eCKHe, MeTOAH4eCKHe H npHKnaAHWe pe3ynbTaTW, 
Tpe6yiO~He cpo4Hoi1 ny6nHKa~HH. liYAY4H 4acTbiO 11 Coo6~eHH~ 

Ol-11111", cTaTbH, aoweAWHe a c6opHHK, HMeiOT, KaK H APYrHe 
H3AaHHR OHS!I1, cTaTyc o~H~HanbH~X ny6nHKa~HH, 

C6opHHK "KpaTKHe coo6~eHHR OHS!H'' 6yAeT BWXOAHTb 
perynRpHo, 

The Joint Institute for Nuclear Research begins publi­
shing a collection of papers entitled JINR Rapid Communi­
cations which is a section of the JINR Communications 
and is intended for the accelerated publication of impor­
tant results on the following subjects: 

Physics of elementary particles and atomic nuclei. 
Theoretical physics. 
Experimental techniques and methods: 
Acce l erators. 
Cryogenics. 
Computing mathematics and methods. 
Solid state physics. Liquids. 
Theory of condenced matter. 
Applied researches. 

Being a part of the JINR Communications, the articles 
of new collection like all other publications of 
the Joint Institute for Nuclear Research have the status 
of official publications. 

JINR Rapid Communications will be issued regularly. 

BoroRro6oa H.H./Mrr./, qaH KyaHr, 
lliYMOBCKJ.U{ A. c. 
ABOHHOH orrTHqecFHH pe3oHaHc a cHcTeMe aToMoB 

E4-85-296 

06cy~eHo KOnReKTHBHOe rroaegeHHe N TpexypoaHeBbJX aTOMoa, 
B3aHMOgeHCTBYID~HX C ABYM~ pe30HaHCHbMH BHemHHMH ITOR~MH H rro­
ReM H3nyqeHH~ B CMbiCRe ABOHHOrO OITTHqecKoro pe30HaHca. 06-
c~eHO TaK~e KPHTHqecKoe rroaegeHHe a KonneKTHBHOM rrpegene. 

Pa6oTa BbJITORHeHa B na6opaTOPHH TeopeTHqecKOH <l>H3HKH OlliiH 

ITpenpHHT 06~eAHHeHHOro HHCTHTyTa RAepHYX HCCneAOB&HHA, ~y6Ha 1985 

Bogolubov N.N. (Jr.), Tran Quang, E4-85-296 
Shumovsky A.S. 
Double Optical Resonance in a System of Atoms 

The collective behaviour of N three-level atoms interac 
ting with two resonant driving fields and an emitted field 
in the context of double optical resonance is discussed. The 
critical behaviour in the cooperative limit is discussed 
too. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1985 


