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1. I NTRODUCTI ON 

Advanc e s in the r ecen tl y dev el oped a lge bra ic nucl ear mo­
de l s 1-6 / have introdu ced di f f e r en t semi-simple Li e group s fo r 
t he de s c r i p t ion of the co l l ec t i ve nuc l ear propert i e s. Al t hou gh 
t he ge ne ra l prope rt i es of thes e gro ups are well understood t he r e 
a lways ex is t so me computa tional problems: 

1) the calcula t ion of t he d i r ec t ac t ion of the gene ra to r s 
of t he g r oup an d of t he phys i cal t enso r ope r a t o r s (angu lar mo­
men t um, quadrupole operator , Hami l ton ia n , e t c .) 0 a g i ven po l y­
nomia l basis; 

2 ) an ove r l a p i n tegral compu ta t i ona l pr ob l em; 
3) matri x e leme nts and Cl ebsc h- Gor don co e f f i ci en t s (CGCs) of 

s imple Li e groups vi a cer t a i n canoni cn l o r noncan oni ca l cha ins 
of subgr oups ; 

4) e igenva l ue pr ob l em for d i ffe r en t model Hami l t on i a ns (In­

t erac t ing Bos on Mode l !3! , In t e r ac t i ng Vector Boson Mode l
 
(IVBM) 15 ,6 ' and o t he r symp l ec t i.c mude l.s ) .
 

11 these problems are c l ose ly r el a t ed t o the d i agona li za­

tion of t he mode l Hamil t oni a n a nd i ts a pp l i ca t i on t o the inves ­

t i gation o f cer ta in t ype s o f nuc lea r p rope r t ies .
 

In thi s paper we pr e s ent a n a lgo r i t hm fo r the ca l cul a t i on 
o f the mat r ix el ement s of t il t:' I V H~I Hami l t on i an in t he po lynomi a l 
basi s of Ba r gmann and l10s hi nsky (BM) 7.8 '. Thi s a l gori t hm i s 
rea li ze d on a Computer Al ge br a Sys t em (CAS) / 9 . 10 / . 

In Sect i on 2 o f t h i s pRpe r we pre s en t t he ba s i c conc epts o f 
I VB~ 1 an d the BM ba s is . Thi s Sec t i on a lso deals wi t h a bri e f a r ­
gumen t a t ion of the adva ntages of t he app l i ca t i on of CAS to al ­
ge bra ic nuc l ea r pr obl ems . 

Al l pr ob lems that appea r i n t he pr e se nt ed algor i thm are i l ­
l ustra ted i n Sec tion 3 on t he compara t i ve ly s i mpl e exampl e of 
t he SU(3 )- qua dr upole ope rato r . 

2 . BASIC CONCEPTS 

2 . 1. Some Al geb r a i c NucLear Pro blems 

The calculat i on o f t ile mal r i x e l eme nt s o f the ope ra t o r s o f 
t he physical obs e rvables (angul a r momen tum , quadrupol e momen t um, 
Hamiltonian, e t c . ) pl ays a mai n r ol e in t he a l ge br a i c nucl ea r 
models . Thes e ope rato r s are cons t r uc t ed by means of boson c rea ­
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tion b m and a nn i hi l a t i on b* ope ra to r s. The ba s i c states of the m 
sys tem are expr es sed ~s 

! [ J' ]> = p [ fl ( b ) I O> , (2 .1 . 1) 

[r I b) ' ' 1 ' . Iwhere P ( is a po lynom13 i n the c r eat i on opera t ors bm. 0 > 
is t he va c uum state of t he sys t em ( b l~ 10 > = 0) a nd [ I ' J is a ~ omp ­

l e te se t of quantum numbers defi ning the t r an s f or ma t i ona l pr o ­
e r t ie s o f t he sys t em. On the o the r ha nd the s e t [ r] i s de ter ­

mi ne d by t he i r reduc i bl e r epres enta t i ons (IRs ) o f t he dynami ­
ca l group of t he sy s tem 0 and i t s subgr ou ps v ia t he de compos i ­
tion 

G ")G 1 J G2 J ... ") SO (3) J 0 (2) 

, I' (2. I .2 )
I 'Y1 11 Y2 2 Y L M , 

I. e . , t he s e t [ I"] i nc l ud e s t he an gu l ar momen t um L an d i t s third 
pro jec t i on M. The e xtra l a be l s y ' Y1 • • • a ppear i f chaio (2 . 1. 2) 
i s no t a c a non i ca l one . I J 

The ope r a t or s of t he phys i ca l obse rvab l e s T {3 (b.b") t r ans­
fo r m accordi ng t o t he de compos iti on 

G J O ~) G ~) (2 . I . 3 ) 

where i n t he common ca s e t he su bgroups i n (2 . 1.3) do not co i rr ­
c ide wi th the subgroups o f (2 . I . 2). 

I n t h i s wa y t he problem is r edu ced to the ca l cu l at i on o f t he 
ma t r i x e lements 

<I [ ) "] ! T [ 13] 1[1 'J>~ <0 I pI ) . , lb.)T[ f3l(b ,b*) p [ J'I (b) 10> . ( 2 . I . 4 ) 

The ca lcu lati on o f (2 . 1. 4 ) c an be ca r r i ed ou t th r oug h 8 d i rec t 
a ppli ca t i on o f th e l emma o f Racah / 11/ and t he gene r a li ze d \\'i gne r ­
Ecka r t t heorem. Howeve r , in t he cornman case, t he r e a r e no exp l i ­
c i t ana l y t i cal expr es s i on s fo r t he CGSs (or t he co r r es pond i ng 
IF s) , whi c h a ppea r i n th i s a pproa ch . For t his r ea son , i n a num­
be r of cases , i t i s much mor e expedi en t t o ca l cu l at e (2 . 1. 4 ) i n 
a d irect way . The la t t e r leads t o a gr ea t numbe r of s imi la r bu t 
very cumbe r some ope rHtions . Tha t i s why , i n t hi s c a s e , i t i s 
more co nveni en t t o use t he powe r ful i nst r umen t o f CAS, and i n 
pa r t i cu l a r the un i ve rs a l CAS REDUCE- ') '12 
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2.2. I n t eract in g Vector Boso n Model 

IVBM ,&,61 assumes t ha t the co l l ec t i ve nuc l ea r mo t i ons can 
be described by mea ns of t wo t ype s o f ve ctor boson s - p - a nd 
n-boson s . The correspond ing cr ea t i on and a nn i h i l a t i on ope r a tors 
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---- --- - - - -----;- - - - - - - - - - - - - - - - - - - - - - ­_..

s a ti s f y the u sua l conunut a t i on relat i ons
 
[ p " m, p ) ~ [n '"m, n ) ~ 0
 

n n rn,n 
(2 . 2.l a ) [p *m,n l =[n",lT~p )=0,

n n
 
where
 
(p	 ) * = p*m = (_l )lIJ p* ; (p ..m ) * = P
 

m -m m
 (2 . 2 . 1b) (n ) *= n* m= (-l )lnn'" ; (n", m)" =n 
ill	 - m m 

The ope r ators p and n' a re SO (3 )-vector s . Ho r eove r they trans ­
for m acco rd i ng t o t wo i ndependen t IR [ 1]3 o f t he group U(3) (p'" 
a nd i * t rans f orm ac cording t o the conj ugate I R of U(3) [1 I; = 
= ( O, O, -1 !3 = [l , l ]3 )*. Thus it can be a s s umed t ha tP-and n-bo­
so ns belong t o a "p seud osp in " dou blet d iffe r i ng i n an additiona l 
quantum number a = +1 / 2 (a " ps eudos pln " pro j ect i on) . Hen ce , in­
s tead , o f Pm and nm - one can in t roduce the ope r a t o r s 

\lrn(17 = i ) =Pm; \l 1n(a .. - ~ ) ", nm: [u ",ln(a) , Un (p ) ]= o (17 ,p)B m,n • ( 2. 2 . 2 ) 

I t ca n be	 s hown tha t um(a) trans f orm acco r d i ng t o t he IR [ 1)6 
o f t he group U(6 ) , wh i l e the quan t um numbe r s m a nd o de fine
 
t he ir trans f ormat iona l properties v i a the cha in
 

U(6) 1 U(3) xU( 2 )
 
v u
 

SO (3) SU(	 (2. 2. 3) 
u
 

0(2)
 

. / 5/
It has been s hown i n that the most ge ne ra l one - and t wo-


body Hami ltoni a n , whic l) co nserves t he number of bosons can be
 
e xpre s s ed i n the fol l owi ng way
 

o	 {I 1 Ll MH =	 ~ h (a) /\. (o ,«) -~ ~ (2L +l ) H - l )
 
17 L,J,M 1 1 Jl
 
L J J J J 

x I V (P. P; p,p ) ( AM(p,p) A (p,p) . A (n,n) A M(n,n ) j
-M M ­

+	 4 V L ( P . n ; P , n ) ~ (p ,p) A! M(n .n ) 

L J J .1 J
V (p,p;n, n ) [ AM(p. n ) A_ M(p,n ) + AM(n,p) A_ (n .p ) ] 

M 

.. In t h i s pa per we us e the no ta tions of Vana ge s '13 f or t he
 
I R of U(r ) and SUer).
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+ 2 VL(p.p; p,n ) (\: (p ,p ) A~M (n,p ) + A~ (n,p) A:M (n.n ) 
( 2. 2 ,1. ) 

J J J ,I I \ +A	 (n,n )A__M(p.n ) t AM (p, n ) A_ M (p,p) ,
M 

whe re heal	 an d V L(p, U; K, t-' ) a r e phe nomenol og ica l co nstan t s and 

I ~ Lt,; (- * ( ) A " (p, (}) ,. .. C \I u ) \I a (2. 2 • 5 
M In n 1mln In n 

LM '	 ' 14'
(C	 1 ar e t he u s ua l Clehsch-Gor don c o e f I i ci. en t.s ). The ope ­

1 
rat~l~~ A~ (fJ . u ) (36 i n number) are SO ~ 3 ) - t ensor s (1. = 0, 1, 2) and 
gene r a t e t he gr ou p U (6 ) , whi c h is a group o f dynami ca l s ymmet r y 
f or t he Hamil t on ian ( 2 . 2 . /1) . The gr oup U ( 6 ) includes t he r o ta­
t iona l gr ou p Sa O ) a nd t he fo l l owi ng ch a in s o f subgr oups a r e 
po s si bl e i n IVBM 

U ( 6 ) _______
 

0 (6 ) '---~)~SU(
I 

3) -------
•


U(3) xU(2) 
• 

SU(3 ) xO( 2 ) ~ SO(3 ):.<SO(J) U (3 ) x(U (I ) x U(I » . 

•	 1 ___________
S0(3 ) xO( 2 ) .. SO(3 )	 (2 . 2 . 6 ) 

On th e o t her ha nd t he op e r a t ors o f t he o t her physi ca l ob­

s e r vabl e s (angu l a r and qua dr upo l e momenta , t r ans i tion ope r a to rs
 
a nd so on ) can a l so be e xp r e s s ed by mc an s o f (2 .2 . 5) . Thus ' f"
 

- 1	 - - ... 2 ,L M = - V 2	 1 A (0, (1 ) ; OM ~ \' 6 .. A (a. a ) , (2 . 2.7)
 
\1 M
 a M 

arc the operator s o f t he a ngu l nr and qU<ld ru po l e momcnla (in f ac t 
Q

M 
i s on l y a par t o f the t o ta l op e r a t or Q ~' t bu t th e ma t r i x 

cl ement s o f Q and Q~~) l c o i nc ide be t wee n stat e s wi t h an equal 
M
 

number o f ho s ons ) .
 
Fur t he r , one c an i n t r odu ce t he "ps eudospi n" op era t or s 

:J 0 ,
T1 ~ \ 1 23 A°(P .m:) . T_ ~ -Y2 A (n.p ) , To =-1-(AO (1',1' ) -AO (n .n) 2 . 2 . 8a ) 

1 

and	 the numbe r of boso n operator 

N =- '11-3 ( A °(p,p) .. A0 (n.nl} .	 (2. 2, 8b) 

The	 r ema i n i ng ope ra to r s AL(p ,n) a nd AL(n,p) (L = 1,2) can be 
t rea ted a s ve ctor and quad r upo l e t ransit ion ope r a t or s between 
s t ates t hat diff er i n the numbe r o f p - and n -bosans, but no t 
i n the t o tal number of bo sons . 

The	 opera t ors LM and QM gene r a t e t he sub group SU(3)/ ge ne r a te 
SO(3) C SU (3) /, whi l e TM ge ne ra te the sungr oup SU (2) ( t he add i ­
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tion o f N e x t end s SU(3) a nd SU(2) t o U(3) a nd U(2) re s pecti ­
v e ly) . I n o the r words, t he ope r a tors (2 . 2 . 7 , 2 . 2 .8a , b ) d e fine 
c ha in (2.2.3), wh ich i s e q u i va len t to t he ri ght s i de o f the 
ge ne r a l s c heme (2.2.6). Th is e qu iva lence lead s us to t h e con ­
c l u s ion that the c a l c u l a t io n of the matr i x e l~me n ts o f A~ (a , p ) 
a nd H c a n be carri ed o u t in the ba si s of BH 7,8 / , 

2 . 3 . Bargma nn- Moshinsky Ba s i s 

Th e basi s o f m1 is con s truc t ed wit h the he l p o f t wo t ype s 
o f v ector bo s on s tran s f ormi ng accord ing t o tw o i nd epend ent IR 
of SUO ) wi t h (A, ,~)=(l.O ) a nd co rresponds t o c ha i n (2 . 2 . 3 ) . TIle 
s t a tes o f the ba s i s can b e wr i t ten a s 

I
( A• /l ) ) - p (A ,/l )( P , D) I0 > , 

- a LM (2 . 3 . ) ) 
(LLM 

wh e r e 10 > i s the v a c uum s t a't e a nd p;LAL~) is a pol yn omial in the 
cr eation o pe ra t o r s Pm a nd D , The l ab e ls (A,/1 ) det ermine the IRm 
of SUO ) , whi l e L a nd M a re the angu lar momentum a nd i t s th i r d 
pro jec tion, whi ch determine the trans f orma tional properties o f 
the states along the d e composition SU( 3) ' SO(3 ) j 0( 2). This 
decompo s i t ion , howe ver, i s not a canon ica l one , i .e . , in ' a g i v e n 
IR(A , /1 ) of SU(3) there c an be mo r e tha n one sta te characteri z e d 
by t he quantum numbers (L , M) . The qu a ntum numb er a in (2 , 3 . 1) i s t he 
mi ss ing label that di f f ers s ta tes wi t h e qu a l (L .M), 

I n t he c a s e of the mo s t s ymme t r ica l I R of SU(3) (A ,0) the 
label a ca n be negl ect ed; s ta tes with g i ven L a nd M a ppear 
o n ly once . The c or r e s po nd i ng normaliz ed sta tes c a n be construc­
t ed o n ly by the op era t or s P (o r D )mm 

(A,O» [(L+M) I(L- M) !(A+L) 1!(2Ltl ) JV! _, -;L(A-L) pf pL+M-2f P f-M 
= • x (p2) 2 ~ 1 0 _-=J._ ' 

LM ~ '-M( A +L +l)!(A-L)!! ' r- f! (L+M- 2f ) I(f-M) " 
4 2 2 (2 . 3 . 2) 

where p = Po - 2 P1P'_ 1 a nd t he r ange of r i s determined by the 
f a c t that the e xp onen t s in (2 .3 . 2 ) are a l l nonne gative integer s . 

Usin g (2 .2. 8a ) o ne can t est directl y that the states(2.3. 2) 
have a "p s eudo sp i n" '1'= 1./ 2 a nd '1'0 ='1'. The s t a te s with 1'0 =-1' 
can be obtained by t he substitution p " 1\' , 

(0 , /l» ,
The s t a te L M can be const r uc ted by an SO(3) - vector

1 
t r a n s f orming a cco r d i ng t o (0 , I). Th i s v e ctor i s given by the 
v ecto r product 

(0 ,1»)
A = (P X ~)m = 11m (2 . 3 . 3a ) m 
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t h a t i s , 

A = P IIO- P Il1 : Ao = P1 n_ Cp _ ln l ; A_ I = Ib n_ c P- 'l no . (2 .3 .3b)
1 1 O

The no rma l i z e d s t a l e s I ~~\ c a n b e ob t a i ned f rom ( 2 . ~] ) by 

s u b s t i t u t i n g p -> A ,A ->/1 a nd mu l t i ply i n g by [(/l -l1) ! I . The s e 
m m 

s t a t e s corre spo nd t o T = 'I (l = 0. 

I ( '\ dl ~ ' 
Th e gcne r a l s t a t e I T ~' (a h i gh es t - wei gh t SO(3 )-vector 

a L ... / 
wi th M = L ) c a n be cons t r uct ed Hi t h the help o f f i ve el e menta r y 
pe rm i s s i b l e d ia g r a ms (Er Os ) t whic h a r e the h i gh e s t.r wc i gh t s t a te s 
o f SO(3) - mult i plet s belonging t o the l ow- l yi ng lRs of SU(3 ) . 
The s e EPOs are of t he f o llowi ng t yp e: 

., 1 ( 1, 0~ . A_ I (O,l ~. -' 2_ \ (2,0)\p -- , - , p - ') 
1 1 1 1 1 0 0/
 

I\. 1 (2 . 3 . 4
 A = .. (0,2)/; z = (1 ,I )\. . 

o 0 1 1 / 
\']e have a l ready g i v e n expl ic it e xpres s i ons Ear the EPDs p2 a nd 
A t , The r emain ing EPDs a re e xp r e ssed a 

A = _ A2 + 2 '; A = p2fi' 2 - ( p' . n) 

I 
., 0 , , - 1 A (2 . 3 . 5 )
 

z = (p X (p x'n »)1 = PlI.O - Ib 1
 

Then the general UH s t a t e s c a n b e written as 

(A" I ) (:3 L-/1+ 2 u /l- 2a-{:3 -' 2 t(A+ /l- 1 - 2a-~)(l 
= Z (PI) (A 1) (p ) A I O ~· , ( 2 . 3 • 6 ) 

aLL
 
wh e r e " .'
 

0 i f A + /l- L even
 

I
{J - ( ? 3 7 ) -- { 1 ' f \ L dd , - . .1 I\ +/! - O . 

I t should be no t ed that hecause of the re lati o n 

2 Q
Z 2= ~ A - p. A ( 2 . 3 . 8 ) 

I 1 

t he EPD z i n (2 .3 . 6 ) a ppe a r s a t most line ar l y. The r au ge s of 11 

a nd L in (2 , 3 .6 ) a re de termi ne d by t he f a ct that the e xpo ne n ts 
i n ( 2 . 3 . 6) a r e a l l nonne gat i v e i n t ege r s . Th u s (l r un s the value s 

i n t he r ange 

max I O.1..( /l - L ) I< a < min I L ( 1~ - (3 ), .L ( A+ /L- L - (:l ) I, (2. 3 . 9 ) 
2 - - 2 :? 

.. The sta tes (2 .3 .6 ) di ff e r from t he st a t e s (3.8 ) from / 
8 f 

i n 
t he d e f i n i t i o n of the l a be l a and co i n c i d e up t o a phase f actor 
(-1) a , 
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The BM- s t a t es wi t h an a rb it r ary t h ird pr oj ec t i on o f the a n­
gul a r momen t um can be obta i ne d f rom (2 . 3 . 6) wi t h the he l p o f 
t he wel l - known fo r mulae 

( ,1. , 11 » 2 L- M(L ... M) I I/: L-M I (A oil) 
~ [	 ] L 

1a L M C2L) !(L- M) ! - 1 aL L	 ( 2. 3 . 10 ) 

It can b e s ho wn that t he BH- s t a t e s are a lso a compl ete s et 
[or the IR(N, T) of the " ps eud osp in" gr oup SU(2) gene r a t ed by 
the ope r a to rs (2. 2 . 8a ). Thi s i s due t o the f a c t t ha t in c ha i n 
(2 . 2 .3) th e gr oups SU(3 ) a nd SU(2) a r e mu t ua ll y com pl ement ary ; 
t he IR (A, Il) o f SU(3) de t ermine s t he I R (N, T ) of SU(2) by mea ns 
of the fo l lowin g r e l a t i ons 

N = A . 2 1l : T	 =!... (2 . 3 . I I)2 ' 

whe re N i s the numbe r of bos on s a nd T i s t he "ps eudosp i n" of 
the s t at e . 

At last, it s hou l d be po i nted out , tha t t he s t a tes (2.3 . 6) 
a rc ne ithe r norn a l i zcd nor or t hogona l i n t he add i t i ona l labe l a , 

i. e" on e has 

A' Il ) «
 A" I » (A,/d (L)
- r ,
aa	 (2 . 3 . 12) 

a ' I.. Lu L L 

wher e r(A'fLCL)	 arc t he so- call ed ove r lap int egrals. An exp l ic i t 
aa 

ex pres s i on fo r the ove r l a p i n t e Qr al s in t he case o[ the BH-ba s i s 
i s give n by fo r mul ae (2 . 4 ) o f I. , 

Fu r t her , when conven i en t, we sha l l a l s o u s e t he fo l l owi ng 
not ations f or t he Btl- s t a t e s (2 . 3 . 6) 

i)	 A+ 11-1.. - ev en 

ICA' Il» = I f l, f 2 ' 'l a > 
a L L (2 . 3 . 13a ) 

I.. =	 f 1 + E ; 2 T = Prt 2 , + 1
2 

i i) A+/L-L - odd 

I(A' Il )'-., = z If , P " I a > 
aL 1../ l 2 

( 2. 3 . 13b ) 

I.. =P1 + r2 '" 1: 2 T = f1 + 2 r .', 

The inte ge r s Pl' f 2 ' r and a co i ncid e wi th the co r r e s pond i ng 
exponen t s o f t he d i f f er en t EPDs i n (2.3.6 ) . 
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3 .	 rtATRI X ELEMENTS OF THE SU(3)-QUADRUPOLE OPERATOR ­
AN EXM1PLE OF THE GENERAL TECHNIQUE 

In thi s Section we ar e going t o d i scu ss in de t ail t he gen e ­
r al t echni que of calculating the ma tr i x e lements of the 5U(3 ) ­
quadr upo l e ope r a t or Q (2 . 2 .7 ) between the s ta tes o f the BM-ba­
sis . Fi rs t of a l l it sh ould be not ed, that, by de f init i on, the 
ope r a t or Qo is an U(2)- scalar and tran s f orm s a s a t enso r of 
second rank i n the space of the a ngular momentum . Thus , tak i ng 
i n t o account the tensor i al structure of Qo, one can wri t e di ­
r ectl y 

I
( A , /L ) 

Qol (A' Il )	 , • . (k) L k
 
- a s - I
 (3 . I)

s~ O , :' l 
( I +s L +k L+.)a L L 

k =O,l ,2 

and the pr obl em i s r edu ced t o the ca lcula tion o f t he coeff i ­
ci e n t a (k J. 

The 'bpe r a t o r Qo can be expr e s s ed i n t erm s of t he P - and n ­
bos on oper a to r s (2 . 2 . 1a ,b) in the fo l lowi ng wa y 

..., .. 
Qo ~ 2 PopO' + P1P- "1 + ~l p; + 2non~ T n . n_ 1 + n _ In 1	 (3 . 2) 

For f ur t he r ca lcu l a t ions it is mo r e co nvenient to empl oy Fock' s 
r e pr esen t a t i on , where the creati on ope ra to rs ar e treat ed as 
i nde pend ent var i abl es and t Ile co r res pond ing anni hi l a ti on ope r a ­
to r s are presented as di f f er ential ope ra to rs , i .e . , 

PI~ -e- ( - 1) P ", - Ill ee- (- lr.i!.- . n " ~ (_l)mn" -~ ( _ 1)111 _a_ 
u p , m	 ~ • (3. 3a ) o n - m -m 

The vac uum stat e of the sys tem is det ermined by 

P"' I O · = (-If _ rJ _	 1o . = n " = (_ I )m~ , 0 ;- ~ O. (3 . 3b ) 
rn Jp m an 

-m	 -m 

The ac t ion o f the anni ll i la t io n ope ra to rs on t he EPDs (2 .3 .4 ) 
I S g iven by : 

p * p ~- o . 
m	 1 m , -I ' 

p .. A 1 =- 8 0 n 1 - 0 1no ; m m, lII, ­

• 2	 2 ~ 
p*p = 2 8 IP l + 2 8mo p o + 0 m.1P_Im m, . , 
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p~A ".,2 o , 1 ( u 1I1A_ 1 ) + 2 o m, . I ( Il. 1'\- lb A . l ) ; 
m o A 1 - n I A o) + 25m,O (n. 1 A 1 ­

;' z = Om,I P l " I + 0 1ll, O(PO" I - Ali ) + Om,_ I(POllo - P1 1l_ l - A o ) ;
 

n~I P l = 0 : 

n " A1 = 0 mO P 1 + Om _ I PO ; rn • • 

(3 . 4) 

u " P2 = O· 
m ' 

n~I A = 2 am,1 z ,-2 am,0 (PIA _ 1 - P_ I AI ) + 2 0 
m,_ I(puA_ I - P- I Pu ); 

p 2
Il*Z =- 0 I P21 - 0 -J o 1 ( PIP 1 - 0 ) ' rn In, m, 0 P1 PO m,- -­

The nex t probl em i s t ha t , i n tim gene ra l ca se, when the ope­
r ator (3 . 2 ) a c t s on the bas is of BM (2 . 3 . 6 ) some of the t erms 
t hat a ppea r i n the r. ll. s . of t he co r re sp ond i ng equa t i ons are 
linear l y depend en t and mu st be tr an sfo r med into linearly inde­
pe nde n t f undamental b l ocks by means of the f ollowing substi ­
t uti on s: 

-'2 " 9Z2 = p- A,i - P- A ;
1 

1 :2 .
Al A_ I -= 2" (A + Ao ) , 

1 2 L 2
AoZ =2 P1 A: O - 2 -PIA - P _ 1A l : 

p p n 0' p A - Z +'if II + 2 P P n ;
1 0 0 1 0 1 I 1 - I 1 

P I (p · n) = p 2l\ - z ; 

PO A 1 = P1 A - Z ; o 

2 . , 9 2 2 L 3 2 J 2 3
P A1z = - -p- A - PIP AIA

O
- P Az -~ - p A A + - p A O;

-1 1A o - I 2 1 4 1 0 4. 1 

10 

4 -. 2 2 2 2 2 ...2 2 2 '1 2 2 2 .
PI A = 4 p A A - VI A -4p_ 1A 1+4P1 p_1'bA1 - 4P _ A A , o o A I-2P1 Ao 1

p 1 1 

2 "' 2 2 .
P = P + IlIP l'o I ­

(3.5) 

l 
2 

n p =1'. 1 i, P1 11 - n1 z ,o t A 1 1A o 

PI n-1 = A o + P-1 n 1 ; 

where the f undamen t a l blocks appear in t he r.h. s. o f (3 . 5). 
I n this way the ge ne r a l te chnique of ca lc ula t i ng the matrix 

e lement s of an y oper a t or in Fo ck~ s r epresenta t i on l eads t o the 
ca lcula t io n o f the commutator 

<0 IP (u"')S(u) 10 >= < ou P(u*) ,S(u) JlO>= <0 I[ peL) ,S(II) II0 ':'- , (3.6)au 
whe r e S(II) and P(u*) are some po lynomia l s in the crea t ion and an­
ni h i l a t i on ope ra t o r s (2 . 2 . 2) . 

In the ca se o f the 0 0 -operator (3 . 1), us i ng (3 .2 ) and (3.4) 
a nd (3. 5), i n t he notations (2.3.13a,b) one obtai ns : 

A+ /l - L - ev en 

oa I f 1 ' f 2 ", (l > = (4 r + 2 CL + f2 - P1) I PI' P2' r, CL > 

9 (3.7 a ) 
+ 12 r P_I I PI+- 1 , P2 ' ,-1 , a> + 6 (l A-aI fl' P2 ' T. CL -1 > 

A+ IL- L - odd 

QOZ IP 1' P2 , T, a > = - (ft - P2 -4T-2a-3 )z lf 1'P 2,r, a >­

-3(4T 'i-CL +2) Ao IP1 t-1'P2,T, a > 

- 6 T P-I A 0 I p. 1 + 2 , P2 • r - 1, a > - 6 r Z I p. 1 + 2 . r2 - 2 , T - 1 . a + 1 > 
(3 . 7b ) 

+ 9 r I'.OI PI + 3. Pl:!-2 , T - 1 , a.,..1 >+ 3 r A~ I f I" 3, P2 -2 , r - 1 , a > 

- 6 (1 P_11'.0 I f l ' f 2 + 2 , T. a - 1 > ~ 3 a A~ I P1+ 3 , f 2 • r. a - 1 > . 

On the other hand, in order t o ob ta i n the co eff i cien t s in 
(3. I ) one ha s t o c a l cu la t e the act i on o f the ope r a t o r s L_ 1and 
L2

_ 1 on the s t a t e s (2 . 3 . 13a , b ) . The operator L_
I 

i s o f the fo l ­
lowi ng type (2.2 . 7 ) . 
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(3 . 8 ) 
L _ "' - P O P~ l + P- JP o- nO n ~l .. !I _I na ' 1 

Then wi t h t he hel p of (3 . 4 ) and (3 . 5) one ob t ain s : 

h+ It - L - even
 

L If .P2 , r, a>= - f l ?!rl- l , r2 - 1 , r ,u > +U 11 £2 ) Ao l£l ,P2 - l.r . a > ;
 
1 j 

2 1'2(2 r1 +1) , 
L _1 IP1 ,f2 , l, It > = 2 I f l · P2 -2.r ,a +1> 

( 3 . 9a ) 
+ ~ r (2f 1 1 2P2 - 1)Ag IPI • £2-2.r;a > + PI(2 Pl +2 f2 - 1)p_ 1IP1-l, P2, r , a > 

2 

I P I (P 1 - 1) I rI - 2 , P2' r I I . rr '> 

It. I l L ·- L - odd 

L z l f l ' r, It '" ~ t (f I - P2 d) II' I d , PO 1 , t • II I 1 -, POJ ' J ­
- I - ­

-I ; (P l+ P 2 d)A~ Pl d , P - 1. r , a " - (f l d2 d ) P_ I IPI , P 2 ~ · l, r . l1 · 
2

- f 1\ 1' 1 - 1. r2 d. t » 1, U " ; 

L_~ 1 z II' j , f 2 ' r • a ., - I ~ (f I - P2 I 1) .. P1 (Pt • 1) 11. IPl ' f 2 - 2 , r , a + I " 

II~ (P I I' £2' .l)(1 f l t3) . t (PI , f2 )(Pl - r2d ) IAO IP\. 1. f2-2,r"" l ' 

3 .9b ) 
f ~ (Pl+ P2 +1)(2£1 1- 2 f }!'I)A~ 1 PI+l.f2- 2, r.a " " f1(f 1 -1)1. f l - 2. P2 , 1+l, a > 

, , , t l ~"-l-U1 + f 2 -'- , 1' 21)( 2 P1+2f 2 + 1) P- t Ani PI 

- f 1(2 P1 t 2P 2 ;- 1) An I P1- 1. P2 ' r I 1. a '> ; 

4 . CONCLUSIONS 

he g0ne r a l a l go r i t hm o f t he a ppl i ca t i on of CAS to s ome 
group theor e t i cal nuc l ea r prob l ems i s i l l us t r a t ed on t he ex amp l e 
o f the SU (J)-quadrupo l e operator . Al l ba s i c c ha r ac t eri s t i c s of 
th is appr oach appear i n mor e complica t ed prob l ems , for examp l e , 
the ca l cu la t ion of the mat r i x e l emen t s of t he IVB1'I Hami lton i an 
i n the B~ I- b a s i s . The la tt e r wi ll be d i s cus s ed i n / 17/ 

AP PENDIX 

The mat ri x el emen ts of t he SU(3 ) - quadrupol e ope rato r a r e of 
t he fol low i ng t ype : 

.a( 2) = 0 ' a (2) '" .§..( It.+ /l -~ -2 a ._{LL_ . (2) 12a 
a =--- --- ,

1 0 0 (L + 2 )(2L -t- 3 ) , - 1 ' L ...2) (2Lt 3) 

( I ) 6 f3 (A+/l- L - 2 a - fn vl - 2 a - f3 ) 
a 1 = 

(L t 1) (L + 2) 

( l L _ .!!~_(L - /1 +2 a + 1)_ ~ 6 (A+ /1 - L -2 a- ~)(/l-2 a)ao . 
( L + 1) ( L +2 ) L+1 (L +1) (L +2 ) 

( I ) 12 a (L - /l+2a). a = , 
·- 1 (L +l ) (L 12 ) 

(- 1) 6( A +fL - L -2a-lliJl- 2a-p ) ( /l- 2 a - (:J - 1)
a I 

(L + l ) ( 2L +3) 

.L ( L +l ) -3(L_ ll t· 2 a + 13)2 (-1) =4a 
o 

(L+i ) (2L +3) 

2
 
- 2 (A + 11 - L - 2 a - f:n L (L +1) - 3(!! - 2 a ) - L +2 Il- 4a1- 2 ~ ;
 

(L t 1) (2L + 3)
 

( -1) 12a( L-I.L+ 2 a) 
a = , 

- 1 (L + l ) (2L +3) 

where , acco rdi ng t o (2. 3 . 7) , {3 i s equa l t o 0 or J . 

Hence the comparison be t wee n the l. h .s . of eq . (3. I) (or C3.7a,b» REFERENCES 
and the r.h.s. of eq . (3. I ) (or (3.9a,b») gives 
given in t he Appendix, for the matrix elements 
SU (3) -quadrupol e operator ' 2 . 16 .' 

the expressions, 
in . (3 . 1) of the I. Vanaga s V., Nad j akov E. , Ray c hev P . Pr e pr i n t I CTP, 

I C/75 /4 0 , 1975; Bul g. J . Phys. , 1975 , 2 , p . 558 . 
Tr i es t e 

12 
13 



2 .	 Rayc ltev P ., Rou s s ev R. Sov . J . Nuc l.Phys . , 1978, 27 , p . 1501. 

3 .	 Ar ima A. , Iachello F . Ann. Phy s . (N .Y .) , 1978, III , p . 201 . 
4 .	 Castano s O. et a1. J. t1a th .Phy s . , 197 9 , 20 , p.35 . 
5 .	 Geo rgi eva A. , Ra yc he v P . , Rousse v R. J . Phy s .G: Nuc1. Phys . ,
 

198 2, 8 , p .1 377 .
 
6.	 Ge o rgieva A. , Ra yche v P . , Rous sev R. J . Ph y s . G: Nu c 1. Ph y s . ,
 

198 3 , 9 , p . 5 2 1.
 
7 .	 Ba r gma nn V. , Ho s h i n s k y H. !lu c l. Phy s . , 1963 ,23 , p .I 77 . 
8 .	 Hos ltins ky H. e t '11. Ann. Phy s. (N. Y. ) , 1975 , 95 , p . 13 9 . 
9 ,	 Gerd t V. P . , T'1ra s ov O. V., Sh i rk ov D.V. Sov . F i z. Us p . ,
 

1980 , 23, p . 59 .
 
10 .	 van Hu l z e n J .A . , Ca lm e t J . In : Comp u ter Al gebra Symb o l i c 

a n d Alge br aic Computa tion. Compu t in g Sup pl. , Sprin ge r -


Ver l a g , 198 2 , 4, p . 22 1.
 
I I.	 Ra ca h G. Phy s. Rcv . , 194 9 , 76 , p . 1352 . 

12 .	 He a r n A. C. Red uc e Us e r 's lanua l . Se cond Ed , , Univ . of 
Ut ah , 1973 . 

13. Va n a ga s V. Algebra ic He l hods in Nucl e ar The o r y . Vi l nu i s , 
Hi n ti s , 197 1. 

14.	 Var s ha lov i ch D.A., tto ska i cv A,N., Ilerson s ky V. Qu a n t um The ory 
of t he Angu l ar Homent um. "N auka", Leningrad, 197 5. 

15 .	 Al i s a u s ka s S . , Ray chev P ., Rou s s e v R. J . Phys .G: Nuc 1.Phys. , 
198 2 , 7 , p . 12 13 . 

16 .	 Af a na s j e v G.N. , Avramo v S.A., Ray c hcv P. l'. Sov . J . Nuc l . 

Phy s , 1972 , 16, 1'.5 3 . 
Ce r d t V. P . e t a l . J IHR, E4-8'i-263, Duhnn , 198 5 . 17 . 

14 

I'L' PA 'I' B.n . Ii n p ,	 ! ~ t.-8 S- 2 62 

BWIIIL:,neIl He MaTpH ' IIi ldX 'lJ Il~ ~ f!' : IT()11 I l ~lI lJ l l . ' I ' /'I I I1I , I Il , 1 Mll, \ c JII l 

11 3 :JI1N oAeii c T B Y IOI:U1X BL'K'I'( 'pll t.IX nO'j l ' 1I011 

C HCIlOJIb 30 Ba l/lWM KOMllhYlTl'!l ll lli l 1 I I ' '' ' '' p lol . 

OC IIOB llbJ e 1I0nlJiKP II 1I1i ~l IIJl' .lli l I I I IIINIlJ'li'1II' '1 11yl' J1 II,I IX Ii l' I' !'O p l l l. IX O O :.lOllO l.l 

II ~l a T pH lJ llhl~ ')J1(>Ml! Ill'I" SI I (1) I I I. II lt l V III IJI ' , l m "I ' "I I I p ;l 'l lJ l' ;] 

l 'k l'I ll'HIlII 1111 ' l ' y ll 'l lt lJ i H , ' T I ' y II T V l lol I ' H"I IIJ I I , 'I' IJ I IiHl ll , l W~ ;.l l l ~lO-

~ I ' ilf''I' ''V ' '' I1UI '"" '1'1'1" 1101" ('OII 'l llllI . li p. l (l'I'll llJ ll' 1I , lJ l T'lI \l Il'n l Rbl lJ H C ­

rh' l lIlIl ~I , I I 1' 1111111 -1 Ill. h I I 1'1111 11111 P " ' I ' I I I " ) 11 ,11 11 1I I'I('('KIIX II J GJIIU' ~ ;lI.!NbIX 

Ii 111 '111" 1. ,1 1" '1 ,1'1 11 ,' ~ '''1111111'· .111 n . 11" " ~ Il 'IH' II I Il ' ' T IJ I ' O n ,r1I'op l l T I,13 

IIDK .' 1,'1111 II I 1I 1J11" " p l <;111 I \ ' ~ II " ll I' V Il IIJ l l oI l lI l' ll O l h 'p ,1TO p:l. AJJ P O p lI T foI 

• ,I. 1'. jl l ' ,lJ1I1 11l 11 1l 1 III "I"I~ '11,1 ,11' ,' Jl II 'I" l' II ' I' l\li X 1I "l' lIll ' JIl~ IIII { 

REDUCI'. '. 

I' l l " . , 1I1,II I1 U I II, Ii I " I l. l n " p 1 1'111' 1111 1II ,IIII II' I I II II'lI l, t1111 1 'I' C X 111110 , 

II anTON.' I'll I 1111111 l !l llll i . 

1111' 1111111'11 Itlll Tl' T Y I' ll IlA l'lJltbiX It c c n'!J~o B IlIIHA. lI y Olt a 1985 

Gerdt V.I'. I I I I. Et.- 8 5- 26 2 
Ca l cu l a t io u II I r i ll ' 11: 11 r i x El e me n ts of the Hamilt o n i a n 
o f the 11111 I' lo'! i ng Vec t o r Bos o n Hod e l Us i ng Compu te r All'-(!br:l . 
Ba s i c COIH" p I " 01 t l u- Int e r a c t i n g Ve c t o r Boson }1od e l 
a nd Ha t r i .... 1~ l l'lII e l l l. s o f t he SU( 3) - Quad r up o l e Ope r a t or 

ThL' ;I1W' br a i c s t r uc t u r e o f t he [VBH Ha mi ltonia n i s dis ­
cussed . An n lgor i t llm fo r cal c ul a ti o n o f the ma t r ix cl eml! nlS 
of t he o pera t o r s of t he physi c a l obscr vn b l e s in lhc bas is 0 

Ba r gman n-Hosh Lu s k y i s pr es e n t ed on t he ex.imp 1e o f t he SIJ(3) ­
qu a d r upole o perato r . The a l go r i.r hm is r e a l i zvd (\ 1\ t he Com­
pu t e r Alge bra Sys tem REDUCE-2. 

1'1,., i IlVI l ig.l t i o u b ,l l> III ' l ' n pr-r t u ruu-d .1 1 ri ll l.nhora lo r y 
01 Co mpu I j ill 1"'1 hu i qn' , II III All t om,I I i Oil , .11NIL 

Prepr int 1.1 1 111 1111111 IIl . IIult Dubl13 198 

http:Phys.Rcv

