


A long time ago Zeldovich’Y considered a new kind of elect-
romagnetic interaction {invariant under time reversal but odd
under parity) and introduced a new static characteristic for
spin particles, the anapole or pseudocharge. For spin 1/2 it
is given by the following structure in the matrix element of
the current

<p+al 35 0 1p> = 1A leEy, (e gy, (D

which has been interpreted in ref.”" in terms of a toroid cur-
rent (i.e., a closed current circulating through a toroidal
soleniod). Such a particular current distribution is neither

an electric nor a magnetic mutipole, but represents a new type
of dipole moment (d.m.) which, as subsequently shown’#’ is on-
ly the first element of a whole (independent) family of toroid
multipoles. A general configuration of charges and currents can
be fully described only by considering all three families of
electric, magnetic and toroid multipoles. Alongside the usual
d.m.-s

QM= rxig(x.0d’x, M0=L x50l e,
the third (toroid) dipole is’23/
Ty (0= [lx (8- 5 (4,01 - 2525, (R0l &x, (2)

and a simple calculation in the non-relativistic limit shows
that indeed '

B(eP=0)=<p=0,8,=+ LIT 1 p=0,5,=+ L>/v, vo(2n®s*(3-0).
While various consequences of the anapole interaction have been
investigated "4/ soon after its proposal, there is now renewed
interest in it stemming from the electro-weak theory (P -vio-
lation in atomic physics’5/, anapole moments of leptons,quarks’8’
or nuclei’?’) as well as from supersymmetry, grand unified mo-
dels and neutrino physics (which have led to a more detailed
analysis of Majorana fermions; strangely enough, the only
electromagnetic structure such a (spin 1/2) particle may
have /89 is just the one given by Eq.(1)).

In this context, the purpose of this note is: 1°. To em
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particles which then cannot have intrinsic toroid d.m.-s may
still get induced ones in the presence of an external conduc-
tion and/or displacement current, just as, e.g., protons or
pions in an external electrtc field E®X do acquire induced
electric d.m.-s through their polarizabilities. 2°., To ana-
lyze the new type of polarizability which so emerges, its im-
plications in Compton scattering and the new van der Waals
(v.d.W.) forces which appear on its account. In this respect
we hope to clarify some points in the study ! of the higher
multipole contributions to the v.d.W. potential. Other related
questions regard1ng some P, T violating effects will also
be touched upon.

To make things clear, we start from the mu1t1pole decompo-
sition’?® of a c1ass1ca1 current dens1ty ](x t) up to terms
including the toroid d.m.

3£, =8,8° (D)= 18, -y Mf"'%sik %19,8% (D) +

1 . 1 .
rgl2Qy, + o (8y 'k+51k 'J) (e Myp+ep Myp)+ (3)

3,
F (BT, +8, T ~26, T,) 9;9,8% (D) + ...

T ,Ff » Q45 s Mj; , Qy are respectively the mean squared ra—
dius, squared radius of the electric dipole distribution,elect-
ric and magnetic quadrupole and electric octupole; the dot

means differentiation with respect to t (summation over repeated
‘ indices is understood). When a system of_gurrents specified by
J(x t) interacts with an external field A °Xt(ZX,t), the contri-
bution of T; to the interaction energy appears to be /1:2/

W(t) =T (1) (VxVx A% 1, o =T [VxH ], -

t 0,t

—_m . Z2ext 2ext
=-T()-M4n 7"+ D" 1,

where jkxtnd(4n)-lﬁextare the external conduction and displa-
cement currents. The response of a quantum system to this con-
“tact interaction (as seen, T interacts with the source of Hext )
will be described by the following dynamic (i.e., frequency
dependent) "ana'-polarizability

vy (@)=ife!@to(t)<[T (1), T (0)]> dt=
=zn[<0]T1|n><n|T110> +'<ol'r,|n><n|'r1|o> . 4)

Qno—w—l( wno+w+1(
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(wpo=Ep ~E;, , B, and E; are the energies of the ground and
excited states), exactly in the same way as the response to
the perturbations ~QE®X! or -MH®T s given by the familiar
electric and magnetic dipole polarizabilities ay; (@), B; j (@)
(whose definitions differ from that of Y; (m) only by the rep-
lacements T;-»Q;, T;>M; ). So, 1rrespect1ve of whether or not
the system has a mon-zero 1ntr1ns1c toroid d.m., it will ac-
qu1re, in general, an induced one /11/5f Fourier components

4 @)=y, (@)[VxH (0)] whenever iy (@)£0, just as it
gets 1nduce d.m.-s

QM (@)=ay (@) E{* (@), M™ (0) =By (@) H{* (0),

even if the intrinsic correspondents are zero. No discrete sym—
metry violation is required for that to happen. Parity and time
reversal invariance may prevent systems from possessing intrin-
sic electric and toroid d.m.-s (this is actually the case for
quantum particles, because such vector characteristics must
then lie along the spin direction and the spin has opposite
transformation properties), but they cannot prohibit the appea-—
rance of the corresponding induced moments (a new direction,
that of the external field or current is then available). At
this point we stress that y appears on the same footing with
the usual polarizabilities a,B8 in the description of the 1i-
near response to electromagnetic perturbations, its conside-
ration being merely a matter of completeness when the system

is interacting not only with the external field but with its
source as well. There are, of course, notable differences bet-
ween a and B on one side and y in what concerns their role in
physical processes. For instance, in the elastic scettering of
light on the considered system, unlike @ and B which, as known,
establish the structure of the amplitude in the second (photon)
energy order, y enters only the fourth order. To see that in
more detail, we shall look carefully to the low energy theorem
for the Compton S -matrix element. With correct inclusion of
the toroid dipole (like in Eq.(3)), this theorem to the desired
fourth frequency order reads

<P’k’IS|p.k> =8, +1(2m)*8* (p'rk-p-K)eX (K*) T, e (K)

mn n
with
_ <p’|F, (-k")|n><n{F, (k)|p> a o
T V7?1 m n (2n)383 (P+ k=1) +
n —p —k —-ie
<p’| F (K)|n><n|F,(-k")|p> . (5)
, SPOIF, (k) n><n|Fy (- )Ip(2 B8 (B E-D)]. ,
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where F(k)=ik,A,(kK)+ By(k) and

AD(E)=Q,,+iki(Qni+%8niF2)——kik[2Qmj+ (85 T2+ 8, D]+ ..

lll]

B, (K) = ~ik, ¢

1 1 1
l]ij Mj —?klkj[——g— (‘nileﬂ +€nje Mie)+

o (3T + 8y, T = 28,5 T+ ., ®)

e*(k),eugk) are the photon polarlzat1on vectors in the gauge
e, =0, k- e(k)— ~(ko,k) » k7= (k) k ) and p, p’ denote
the photon~s and target s initial and f1nal four momenta, n =
=(ny,,n) is that of the excited state n. All multipole opera-
tors in Eq.(6) are at zero. time. In the laboratory (p=0 |,
ky=w, kj=0’ , (KK *) = ww cose) the toroid-toroid (T,T)part
of T, comes out as

T ™ = (k7 0 "8, ) (K ky ~ w28, ) vy, (0),

i.e., it is fixed (with proper account of the continuum norma-
lizations adoped here) just by the static (w=0) ana-polariza-
bility of Eq.(4). The (T,T) part of the scattering Independent
of target s sp1n (when i (0)+y5 ) 1is therefore e¥ T(T De =
= yo 20 e*(K")e(K) and for a system of charge Ze(e®= = 1/1 f5
and mass m its interference with the Thompson scattering
(Tghom_ _2(Ze)?5,,) will give rise to the low-energy contri-
butlon/12/~(Ze)2yw4(1+cos20 )/m in the unpolarized differen-
tial cross—-section o, This is.to be contrasted with the pieces
-(Ze)a o 4c0s89. /6m and (Ze)2B,,,0% (1-3cos?0, )/12m  coming
respectively from the interference between the Thompson scat-
tering and the scattering due to the quadrupole electric and -
magnetic polarizabilities a,, and B, /!3.However, in general y
will not enter alone as the coefficient of the m4(1+00820 )
" structure in o, but in the combination y+a’ with the der1va—
tive a’=[da(w)/dw2] @ =0 (here a, (w)-*a(w)B y a(w)=a*(~w)),
and therefore all one may hope to measure by Compton scattering
is y +a’. Although unless the system is such that a’<<y, its
ana-polarizability cannot be directly detected in this parti-.
cular process, its presence in the amplitude should not be dis-
regarded since despite their joint appearance, y and a’ are
very different in nature and exhibit different properties of
the system (a(w) depends on the charge distribution, while y(w)
is related to the system’s current distribution, more exactly
to-that part of it which is not already taken into account
through the usual magnetic polarizability B(w)). In order to
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assess the size of y in comparison with that of a’,we focus now
on the example of the charged pion/14/The lowest pion”s excited
state to be considered in Eq.(4) is the A1 (m, = 1270 MeV)
meson. Using the Ay vertex 28,,F ,where b > Fp I Rad
stand for the pion, e1ectromagnet1c and A, fields while Ba

is related/15/to the width F(Alaﬂy)— 0.6 MeV by

gA=[—32— w3 (A, »my)/ (k- w2 ) o,

the A; contribution to the charged pion”s static dipole ana-
polarizability results

(Ap

5
Y(m)

~ -5
=i (my+ w8 (mym ) Y(my - m) T 12x 07 m®

Similarly one finds

I(A )

3 . =5 b
a(”) —Sg /m”(mA-m”) =0.8x 10 “fm”®,

This shows that in the combination Y, none of the terms
should be expected to overshadow the o%her hoth being of the
order of magnitude of the pion”s quadrupole electric and magne-
tic polar1zab111t1es/ 6/ This example suggests that (at least
for hadrons) the effect of the induced anapole (toroid) moments
in Compton scattering should be comparable in size with that
of the familiar induced electric and magnetic moments of one
order of multipolarity higher.

Next we shall consider the new v.d.W. forces which appear
on account of y and, skipping over techn1ca11t1es, only list
and shortly comment on the results’17%:(a) At very large distan-
ces (i.e., in the "retarded" case), between two bodies of (sca-
lar, statlc, dipole) ana-polarizabilitjies Yio » it will act
a force given by the potential V(r)—— c(639)in)y Yot “1U (ye
restore for convenience the factors h, ¢ ). This 1s the new
(anapole or toroid) correspondent/ls/of the Casimir-Polder po-
tential /1% V(r)=-FKe(23/4n)a azr‘7 (and of its magnetic analog)
and expresses, this time, the effect of fluctuating toroid
d.m.-s inside the interacting bodies rather than that of fluc-
tuating electric and magnetic d.m.-s. (b) When v , are three
dimensional tensors rather than scalars, the previous result
generalizes to/20/
V((r)ret. )=_ _d]c/‘l”)r—uyi(Jl)yk(ée) .

: N

. [11168Jk 8p;— 1683 (8, 8pgdyg + 8 B30 yg) + 257455 849 53803 1.

(the third axis is along T ). In the London ("unretarded").
case (i.e., at distances much smaller than the characteristic



wave lengths in the spectrum but still larger than the dimen-—
31ons of the bodies) one f1nds /21

‘V( "unret. ") (r)=_d'1/2n)r"6 [ do (w/c) y(l)(l
i)

(-Byy +38y58y5) (~8p; + 383855 -

Like all the other v.d.W. forces, those reported here should
act 1rrespect1ve of whether the bodies are macroscopic or micro-
scopic; consequences of these results for intermolecular forces
in biomolecular physics or in other applications /?2/may be worth
studying.

We end with the remark that if one allows for P, T -viola-
tions, the following mixed polarlzabllltles have to be intro-
duced

(2) (lcu)~

fij (w)=1fate'® o) <IM (1), T, (D)]>,
gy (@)=i {dte“‘"&(t)d@i(t).Tj (0Ml>,

besides
by (@) =i fdeel®t (1) <[Q (1), M (0)]>,

already discussed in ref.’?3/ There will be a T-violating piece
in the low energy spin 1ndependent Compton amplitude 'I( T+TQ) -
= iw'w(ew’ —m)g(ﬁ)&mn coming from the scalar part g(w)Bu of

gy; (@) (g(0) = real in general and vanishes if there is T-inva-
riance) In addition to the P-violatinhg v.d.W. forces of
ref.”23/, there will be also the new ones:

‘e

VT (- < (81/4m) B - (B x 8p) 171 [al D(0) 1224 0) + 120X 0) a2 BX0)1,

V;( et )(;)=(8”)_1‘msfns(358ik -63nym)-

(1) g () -8 [ (1 @ (D(g) g
Ky B2 178 [aD(0) 1 )(0)+ftA 0a® 1,

where #=T/r:

i (@) =8;; I (w) +ic Sy f(w)+K f(w);

iik
ay(e)=8a,(w)+ i€k 8pa,(w)+ Ky @, (w);

Ryy =88, +8,8 - 25,,8(5+ 1)/3 ,

,

-
S = angular momentum, .

2y (0)=lde,(@)/d], . £, (0)=(df ()/d0]

fs,v,t are real by T~invariance.

The author is indebted to P.S.Baranov, S.B.Geraéimav, G.Ghi-
ka, A.I.Lebedev and B.N.Valuev for discussions.

REFERENCES AND FOOTNOTES

1. Zeldovich Ya.B. 'Zh.Exp.Teor.Fiz., 1957, 33, p.1531.

2. Dubovik V.M., Tcheshkov A.A. Fiz.Elem.Chastits i Atom.
Yadra, 1974, 5, p.791. (Physics of Elem.Part. and Atomic
Nucl.}; see also Dubovik V.M., Tosunian L.A., ibid, 1984,
14, p.1193.

3. If 1n Eq. (2) one passes from J to the linear current J
(jd X = de) the classical expression of T, for a pair
of coplanar circular currents of equal rad1us Ty {one cir-
culating clockw1se, the other anti-clockwise) is {(frame
independently) 'I‘--anrTRT (RT is the distance between
the centers of the circles, Rp>2r and the unit vector
nois along the symmetry axis, poxntlng in the (common)
direction of the two currents at their closest position.
The toroid d.m. of a toroidal current (with an even number
of turns of winding N, small radius rp and large radius
Rqp) is then easily found to be 'I(Torus) = nNJV /4 (V
1s the volume of the torus) and so one recovers the value
found in the last of refs. 72/,

4. We mention only Zeldovich Ya.B., Perelomov A.M. Zh.Exp.
Teor. Fiz., 1960, 39, p.1114; Sakltt B., Feinberg G.
Phys.Rev., 1966, 151, p.1341.

5. Khriplovich I.B. Parity Nonconservation in Atomic Pheno-
mena. ''Nauka", M., 1981 (in Russian).

- 6. Rekalo M.P. Yadernaya Fizika, 1978, 28, p.1654; Pis ma
Zh.Exp.Teor.Fiz., 1979, 29, p.299. The author is indebted
to Prof. D.V.Volkov for drawing his attention on Dr.Rekalo’s

work.

7. Flambaum V.V., Khriplovich I.B., Sushkov O.P. Inst. of
Nucl.Phys.Report N84-89, Novosibirsk, 1984.

8. Kobzarev J.Yu., Okun L.B. In: Problems of Theor.Phys.
(Memorial volume to Igor E.Tamm). "Nauka, M., 1972, p.219
(in Russian); Kayser B. Phys.Rev., 1982, D26, p. ]662'
ibid, 1984, D30, p.1023; Kayser B., Goldhaber A.S., ibid,
1983, D28, p. 2341‘ Nieves J., ibid, 1982, D26, p.3152,

9. For hxgher spins, the electromagnet1c vertex of a Majorana
fermion is richer but the anapole-type structure is always

Ki



10.

11,

13.

présent. In the spin 3/2 case (gravitino, for instance),
supposing only CPT~invariance, we find

<Fip+ alif(O)] Sip>= 11,18 @) [a* - @)y 677+

+[B@)+ 0@y, 11a#?e%- £ ¥ (¥ ¢+ ") llu

where apart from the anapole (toroid dipole) form factor A,
appear also the toroid quadrupole and octupole form factors

B, C. With the expression of the quadrupole toroid moment ” 2/

Ty = (28)7" [ax;x xp ~ BXE(x; By p + X850 ) + 282298, 1ip (X, 1)d%x,

a simple calculation shows that indeed

<p=0; sz=+%|'rik {$=0; Szm+%'>/v= B(qz=°)diag(-1§'-1§--1)-
Au C.K., Feinberg G. Phys.Rev., 1972, A6, p.2433.
To get an intuitive picture of the ana-polarization pheno-
menon, one may envisage an ensemble of randomly distributed
and oriented small toroidal currents immersed in a large
electrolyte. When a current density J®* is flowing through
the electrolyte, each of the small toroidal currents will
tend to get aligned on the direction of 7°% and the en-
semble will get so a non zero total toroid moment,
This result may be found also by classical electrodyna-
mics considerations taking into accountz;hat the classical
(induced) toroid dipole radiates 11ke T.
An expansion of ¢ valid to the w® order has been given in
(a). Guiasu I., Radescu E.E. Phys.Rev., 1978, DI8, p.651;
(b) Ann.Phys.(N.Y.), 1979, 120, p.145, but no attempt was
made to establish a complete contact with multipole cha-
racteristics of target”s charge and current distributions.
Eqs.(5), (6) furnish the necessary basis for the achieve-
ment of such a purpose and represent, in this respect, an
extension (to the next relevant frequency order) of the
work done by V.A.Petrukhin. Zh.Exp.Teor.Fiz., 1961, 40,
p.1148; Proc.Lebedev Phys.Inst., 1968, 41, p.165.
This example is not too exotic after all; the pion Compton
effect has by now been detected (a) Aibergenov T.A. et al.
Kratkie Soobschenia po Fiz., 1982, 5, p.33 (Lebedev Inst.
Short Communications, Moscow); (b) Antipov Yu.M. et al.
Phys.Lett., 1983, 121B, p.445; (c) Kowalewski R.V. et al.
Phys,Rev., 1984, D29, p.1000. and the pion"s electric
dipole polarizability has been experimentally extracted
ref. (b) above and Aibergenov T.A. et al. Kratkie
Soobschenia po Fiz., 1984, 6, p.31 .

15,

16.
17.

19.
20.

21.

22.

23.

Moravcesik M. Phys.Rev., 1962, 125, p.734; Filkov L.V.,
Guiasu I., Radescu E.E. Phys.Rev., 1982, D26, p.3146.

See numerical estimates in ref.”/!3/(b). -
For comprehensive reviews on the usual v.d.W. forces see
Barash Yu.S., Ginzburg V.L. Usp.Fiz.Nauk, 1975, 116, p.5;
ibid, 1984, 143, p.345 (Sov.Phys.Usp.).

The easiest way of getting this potential is to use the
dispersion method of Feinberg G., Sucher J. Phys.Rev.,
1970, A2, p.2395.

Casimir H.B.G., Polder D. Phys.Rev., 1948, 73, p.360.

Eq. (7) may be found using, e.g., the method of McLach-

lan A.D. Proc. Royal Soc., 1963, A271, p.387.

Despite some formal resemblance, this Equation does not
represent a higher derivative effect in.the usual London
case since, we emphasize again, Yy and &“ describe very
different properties of the system.

Eq. (7) leads, e.g., to the conclusion that between two
perfectly conducting closed toroidal solenoids (with no
macroscopic current circulating through them), there should
be a long range (r~'2-type) force simply on account of va-
cuum fluctuations; specifying ygn42) for each of the two
solenoids (1n their respective proper frames) as y(nxz)

= diag (0,0 y( )(2) )}, where the corresponding z—axes are
directed along the axes of the, tori, Eq.(7) becomes

V(r;6,.6,,6)=- hc/8m) ruyf(li)yi(iz) (182 cos® 9, cos? g, -

- 567 sinf L €088 sinf, cos b, cose + 558 sin® 9 sin® 6, cos® )

(6, ,92 are the angles between the axes of the tori and the
line uniting their centres while ¢ is the angle between
the planes formed by T with each of the two axes) and it
remains to evaluate y a rough estimate leads to

=V R%/lﬁn(R >y to recall notations, see footnote 3).
Prellmlnary evaluatlons indicate that this effect should
persist for real solenoids (with non-vanishing resistivity
¢ ) as well, Then vy (uu)%(w/c)&n with 8 _NV R o s/lSnCp
and (for r - ) the potential V(r)~ 8 “i& “13 wougg
depend, this time, on the numbers N( ke of turns of
winding in the solenoids ( 8 = wire s cross-section).
Jijimov 0.L., Khriplovich I.B. Zh.Exp.Teor.Fiz., 1982,
82, p.1026.
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