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1. Introd..;ction 

The Lubbard model 111 given by the Hamiltonian 

H = " r a+. a. + u ' n . n . (--t) ~6 <-j L (J J 6 L:- <-1' < ~ 
~ L 

is the simplest model for the description of electron-

electron correlation in a single narrow bnnd. This model 

providing an interpolation between the limit cases of band . 
electrons and localized electrons is widely used in the 

theory of metal-insulator transitions, the theory of Mott 
-t 

insulators and the theory of itinerant mac;net ism. Q i.. 6 and 

a,: 15 are the creation and annihilation operators for an 

electron of spin f!f" in the Wannier state :1t lo.ttice :.:ite i 1 

+ 
'n,: 6" = Gt.~ 6" ai 6" T ij is the hopJ: ing :uYlpl it wle and 

U denotes the Coulomb repulsion energy bet\·:een two electrons 

at the same lattice site. 

A number of recent approximations for the Hubbard model 

are based on the so-called static and sini~le-site approx

imations. Here we present those ·~;:proxim::! '.Ions as a natural 

generalize. t ion of the J:·.r. :·•:e-l'oc:Y: approximation. It is then 

shown in section 2 what approximations in the diagram 

expression for the self-energy correspond to the static and 

the single-site approximations. 

The Eimplest approximation one can apply to the Hubbard 
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~odel is the Hartree-Fock approximation, It is obtained by 

substituting the Hamiltonian (1) by 

H= L. 
'-J (f" 

..,. 
T:.j a.. i. <S" aj <S" + U L n,IS" 

i.tr 
}..li~- 6" 

and determining the c-numbers .V.: _IS"" by the Hartree-Fock 
' condition 

V.:.~-IJ"" <n~.~-5" > . 
<·· · > here denotes the thermodynamical average. 

(2) 

Now a very natural way to improve the Hartree-Fock 

approximation is given by the following generalized scheme: 

The V.: -5" in (2) are not considered as fixed c-numbers (de
' 

termined by the Hartree-Fock condition) but as a field of 

random c-numbers characterized by a distribution function 

Pt.-' - rr ( v~, - 5" J . 

Obviously, the Hartree-Fock condition now has to be gener

alized to the form 

< V.:_,- tr >u = <nc. -~ / 
J 

(3) 

~·· ~~ denotes the average over the 11 with respect to 

the distribution function p, and~--). now means the 

thermodynamical average and the V -average, The distribution 

function p (of course not fixed by (3)) has to be determined 

on the basis of further considerations. 

The described approximation can be characterized by 

saying that the inter~ction of a ~ -electron with the 

(- IS" )-electrons is replaced by an interaction of a 

4 

~ -electron with the time-independent random c-number 

field 11.: _ 6" , This substitution is called static approx
:J 

imation in the following, 

After having performed the static approximation, the 

coherent potential approximation 12•31 well known from the 

theory of disordered alloys can be applied to the Hamilton

ian (2). We restrict the considerations to the single-site 

approximation, The one-electron Green function is then 

given by 

( G --t(W)) .. 
6" "J 

( 
r toJ--t ) = v {t.J) .. 

'J 
'. (W) ,£. L,<r '-J· 

(qo) 

G(o) is the Green function for the noninteracting electrons, 

The CPA self-energy ~i6 lw) is the solution of the CPA 

condition 

< :£-lw> ~ 0.) (5") 

17tr denotes the t-matrix for the scattering of an electron 

of spin ~ at a lattice site i by the potential 

v-;.(;" ~ U v._- o 
' 

2.i.tr (W) 
(6) 

A number of approximations for the Hubbard model fit 

into the described scheme. The simplest one is the alloy 

analogy introduced by Hubbard / 41. In the alloy analogy, 

where for the motion of a ~-electron the (- tr )-electrons 

are considered as randomly distributed and not moving, the 

distribution function fS- o confines .1.1&.,- t;- to the values 

0 and 1 corresponding to absence or presence of a (- ~)

electron at site i, (It was first noted in /3/ that Hubbard's 
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treatment of the alloy analogy corresponds to the single

site CPA). The motion of the (-e-)-electrons neglected in 

the alloy analogy is included to some extend by Hubbard's 

broadening correction 141. For a half-filled band 

<<-n~1' + 'l't~t- > -1 ) Hubbard's solution including 

the brouuening correction also fits into the described 

scheme a<J was shown by Weller and Gobsch 151. Recently, 

Puff and Weller 161 developped an approximation scheme for 

the Hubbard model based on the functional differential 

equation for the self-energy with source potentials Ai.~ (t) 

as the independent variables. There the static approximation 

is introduced by neglecting the time-dependence of the A<~; 

in this way the Hubbard problem is reduced to an alloy 

problem which is treated in single-site approximation. The 

final equations then coincide with those of the above de-

scribed scheme (equations (2 to 6)) closed by an integral 

equation for the distribution function p~ -tr o Solutions 
I 

for this distribution function are considered in /7,B/o 

Furthermore, also the approximations based on the functional 

~tegral method / 9• 10 • 11 1 are very similar to the here de

scribed scheme. A detailed comparison, however, cannot be 

immediately done because in the functional integral method 

the interaction term is transformed by means of the 

~Uhlschlegel identity 

/11. i.f 'Yl,:t 
~ 2. /f 2. 

- ( 'Yl.;.,. + -n.:d - -('Yl,_,.- -n.:.~-) 
~ ~ 
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2. Diagram Analysis 

In this section we derive equation (5) determining 

the self-energy in the static and the single-site approx

imations starting from the diagram expression for the self

energy. The exact diagram for the self-energy of the model 

(1) is given by (compare,e.g. /12/) 

~ .. (W) 
L.,_J tr 

+ L 

()w)-t> 

Tf X J'.. 
C.J c. l 

w+ w - .. w) IS"" 

• 

w,-6" 

+-

(~) 

J 

0 = u is the bare vertex, • = r is the total vertex 

for the model (1), ) denotes the Green function; the 

variables w , w and i "[" , i are summed over. The 

first term in (7) gives the l!artree-Fock approximation. 

The static approximation introduced above is obtained 

by restricting the summation over the energies in the last 

term in ( 7) to W = w ; in other words, the () -electron 

with external energy W conserves its energy in the inter

nal line in correspondence to the substitution of its inter

action with the(- ~)-electrons by the interaction with the 

static randon field Vi.,- 6" • 
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The single-site approximation introduced above is ob

tained by restricting in (7) to diagonal elements of the 

Green function and to a local total vertex, that means 

restriction to i = f = 7: = j = i. 

In these approximations equation (7) takes the form 

I"i <1" (W) = 

+ L 

{)'-~ 

~ 
&. L 

(. 

+ 

(8a) 

The self-energy ~ is now site-diagonal. II 
{1~~ w) now means an effective vertex (local in space 

and depending only on the two energies ~ , ~ ), which 

substitutes the total vertex ~ in (7). In analytical 

form (Sa) writes 
2 , .. ff 

2 {lv) = U <-n~ -6") + U G.:.: (W} &. (w) 1 (c.> i4:i) L 6 J (J" _L;r ) j 

( gb) 
w is summed over. 

It is easy to see that the static and the single-site 

approximations performed in the diagram (7) coincide with 
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those introduced in section 1. We have only to show that 

the two equations (5) and (8) determining the self-energy 

~ coincide. By inserting the equation for the Jr.:~ -
matrix into (5) we obtain 

0 = ( :T:-rtw) )v 

<uv<--~- L·lf"lt.JJ) +({Uv~-(5"-.L.twJ)G:.tt.JJJ.;to;,}y=-
" ... v ' c.cr ~c.. ' JJ 

= U <n~ _6 ) - .L. {c.>) +- U G.lw) <v.: -cs- :T:.tw) > . .) ,(5" ~ .I ' lJ ) 

(~) 

we have used the condition (3) in getting the last equation. 

In fact, equations (8) and (9) now become identical if the 

effective vertex ~et.f is determined by the integral 

equation 

~ r-teff 
(T .. (<OJ 1 (w w) 

«. J 
< }) . ?"_' (W) > {-10) 

.. J- <r J i.IS" lJ • 
-(5" 

We close v:i.th a remark on the Luttinger theorem 113/. 

It follows from this theorem for a metallic system states 

that for T~ 0 the imaginary part of the retarded self

energy vanishes at the Fermi energy (chosen equal to 0): 

..et: :r'h'l. L {4J) oC. cv 
tr 

2.. 

for 
w ____, 0.) 

I= 0. 
(-1-1) 

(We consider paramagnetic or ferromagnetic phases where ~ 
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doe·s not depend on i.) As is well known the proof of the 

theorem is based on the diagram expression (7) (proceeding 

step by step beginning with noninteracting Green functions 

and two bare vertices). It can be shown 114/ that the re

striction of the energy summation corresponding to the 

static approximation leads to the violation of the Luttinger 

theorem, whereas the single-site approximation has not 

such a consequence. The violation of the Luttinger theorem 

by Hubbard's solution /4/ was already remarked by Edwards 

and Hewson 1151; however we cannot agree with their state

ment attributing this violation to momentum nonconservation 

what would mean to the single-site approximation. 
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