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I. INTRODUCTION 

The three-body problem in nonrelativistic quantum mechanics 
formulated correctly for the first time by L.D.Faddeev / 11 is 
now carefully studied within the framework of the system of in­
tegro- differential equations for functions of two independent 
variables 12.31 

Important r esults are found in studying the analytic proper­
. f f' . f . sueh systems 0f' 18-7 r dtles 0 unctlons satls ylng equatlons an 

in solving the latter by various numer ical methods /8-14/. However, 
both these studie~ are essentially complicated by the presence 
of nonlocal integral operators and by the sought solutions 
being functions of two variables. For this reason it is natu­
ral to make the next step, i.e . , to separate independent va­
riables by expanding the sought solutions over a complete set 
of functions of one variab l e. As such a basis in the problem of 
three-particle bound states i n the case of 5 -wave two-body po­
tential s it is convenient to use the systems of eigenfunc t i ons of 
of kernels b go00 of integral operators. 

In the yrobiem of three i dent ical partic l es the use of such 
functions I 5/ makes it poss i b l e to reduce t he initial system of 
integra-differentia l equations to the system of second-order 
differential equa t ions for functions of one variab l e. 

This pater is devoted to the study of spectral properties of 
kernels h 00 00 in the general case of nonidentical particles. 
In section 2 the Faddeev integra-differential equations are 
written in polar coordinates, and the eigenvalues and eigenfunc­
tions are found for the kernels h 8000 ' Section 3 deals with the 
investigation of the eigenvalues and eigenfunctions obtained in 
Sec.2 . In Sec .4 the integra-differential equations are reduced 
to the system of second-order differential equations for func­
tions of one variable and some properties of solutions of that 
system are analysed . 

o 
2. EIGENVALUES AND EIGENFUNCTIONS OF KERNELS hoo.oo 

Consider a system of three different spinless particles in­
teracting by means of two-body a-wave potentials vI' 

Following ref. l SI we introduce thr ee sets of relative coor­
dinates ~. Yi)' i _ 1,2,3, which are expressed in terms of the 
radius-vectors of particles r. by the fo~ulae 
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(2 mim) I (mi + "1)) ('J - 'i)'
Xk ­

( J ) 

Y ~ (2 m. (m + m ) 1M)1I2 (mi-;i + m) ' )_ - r ) k •k i m. + m , J 

Here indices i . j. k r un ove r the values J ,2 , 3; 2, 3, 1; 3, 1,2; m. 
is the mass of an i-th parti cle , and M i s the sum of ma s ses of l 
three particles. 

Dif ferent sets of coordinates ( I ) are connect ed by unitary 
transformations 

Xk) . (ctg Yki '.i )(Xi) (2)-+( .E smYki 
Yk - £ki ctgYki Yj 

The angles Yki e [0 , ..; J are determined by the ra tios of par­
ticle mas ses 

192y = m M/m m = m 1m + m.lm + (m ./m. llm .lm ), (3)
ki j i k j 1 J k J I J k 

and numbers £ki are s uch t ha t (ki z:: -lik = 1, ik = 21 , 32,13 . 
From equal ities (2)it follows that the hyper-radius p 

(x~ + y:) 1/2 do es not dep end on the choice of the coordinate 
set ( 1), ~nd xk and Yk are func tions of x., Y and the variable- - ) . , i 

= cos( xj Yj . 1. e.,uj 

E2Xk = xk(x i • Yj , u j )' Yk Yk(x i , Yi' u i )· (4 ) 

Following refs/2,3 / we write the wave func t ion of t he bound 
gtate of thr ee particles wi th quantum numbers A = f = L "" 0 as 
a sum of t hree components ~ = I{; 1 + 1/1 2 + "'3. and repr esent eac h 
of t he components I/J. , i~ 1, 2,3 in the coo r dinate set ex.,, y.) , i n 
t he fo rm 1 

~(Xi'Yi) 00 , , 
"'i (ii' Yi ) - - -. '!J OO (Yi ' xi)' (5)

Xi Yj 

• . • 1 h • q. L M • d ' '!J 00wheye 00 ~s t he blspher lca a rmonl C ~A f a t zer o 1n lces. 
Substitu ting f unctions (5) i nto the Faddeev equat ion 

(Ho - E + v . )",. = - v. ("' J + "'k) we arrive at t he sys t em of equa­
• fI t 1 III d 1 •tl0ns or componen ts i depen ent on y on two var lab l es 

2 2 
(_~_ + _0_ + E _ v (x » <I> (x ,Y ) ~ v (x ) l <x . . Y. Ihi <I> > . (6) 
ax~ ay .2 ii i ii i i k l il l k, , 

2 

Here the action of the nonlocal operator h is defined a s f ol ­
lows: 

1 
o 

<x; , Yi l h l <l>k > = f dui hoo,OO (Xi' Yi , U i ) <1>. (X. ' Y.). (7) 
-I 

The kernel of this operator 

o 
hoo,oo (Xi ' Yi , Ui ) - xl y / (2x'Yk) (8) 

is a particular case of the kernel h~t'A"f " at zero indices/3t H / . 

In equalities (7) and (8) xk and Yk are functions (4) of vari ­
ables ~ t Yj and ui . The requirement of regularity of the compo­
nent >/Ii ( 5) on the straigh t lines X;, Yi _ 0 is formulated as 
the boundary conditions 

<1>1 (0, Yi) - <l>i (Xi' 0) - 0, i = I, 2, 3. (9) 

The square integrability of the total wave function ~ is sequ­
red by the boundary conditions 

<l>i ( 00, Y
j 

) = Cl>j (:t
i

, (0) _ 0, i_ I , 2, 3. (J 0 ) 

Let us int roduce three se t s o f polar coordinates 

0:; P5~, <p. - aretg(YI/,. ), 0 < <p . <.!. , i -I, 1 , 3. ( J J) 
t t - 1 - 2 

and from f ormulae (2) we obtain the connect ion between different 
angular variables : 

2 2 2 ,2 2 (J 2 ) tg <p. ( <Pi ' Ui ) ~ (tg Yki + tg <PI - ~ ki HI + tg Y tg <Pi + ~.I ),ki 

where ~'i - 2'kl tgYkitg<P 1u. . 
System of equations (6~ in coordinates ( J J) is then wri t ten 

in the form 

[.~i + E-vi ( pco.<p,)I.,(p , <Pi ) -vi(peo·<Pi ) 1: <p , <P1Ihl4>k> ' ( 13)
k,li 

where 

1 a a 1 a
l!.. - - - (p-a ) + -2 "'i (p, <Pi) ~ "'i (peo.<P i , PSlo<p,). 

, P ap p p a<p2 , 
Equalities (9) and (JO) are reduced to the following boundary 
conditions 

"'. 
t 

(p, 0) _ "' .(p, 
1 

"_
2 

) _ 0, 0 < p < ~, 
- - (J4) 
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cIJ (0, q,.) _ cIJ . (_ , q, . ) _ 0 , 0 sq,. S';", i _ 1,2,3 . (15)
ill J 1 i:: 

From (7) and(8) we obtain the representation 

- 1 1 Sin2¢, 
<p, q,j Ih l cIJt > - - f du j . clJt(p, q,t)· (16)

2_1 sID2q,t 

In integrals (16) the angle ¢, is func t ion (12) of the integ­
ration variable Ui and angle ~i ' whose value is fixed in the 
left- hand side of eq. (13). In this integral we shall make the 
change of variables u j ~ ~k. 

Upon solving eq. (12) with tespect to the variable u. we 
calculate the Jacobian I 

duj(q,\, ¢t)/d¢k - 2't; c<>ses 2 Yltj Sin 2 q,/Sio2q,j' (17) 

The upper b + and lower b k- int egration liari.ts over t be variab­
le¢k will \'e found from eq. (12) written in the form 

2 
1{';'4I.(¢j,u\-tl)_I{';'\,(¢)- rg « tj yt \ ;q,j)' ( 18) 

The condition 0 S ~1r selects t he only solutions to eq. (18) 

expressed in terms of the functions 

c (9) - IY • . - ¢ .I , d.<¢. ) ~ min(y.\+ q,. , w - Y•. - q,.) (19)
k t . 1 1 .. I .. 1 ..I 1 

by the formulae 

b k+ == d,k' b t _ = Ct , £ki > 0 ; bk + = c ' b _ =: dk'_(ki < O. (20)t t 

Functions (19) for some values Y
t f 

are drawn in -Pig.l. 
Making use of (17). (19). 

(20 ) we rewrite (16) in the 
form 

<p, q,jliil·t> ­

(21 ) 
d (<!>,)t 

-coses! y r d<!>tcjJ(p, ¢o). 
Itl..k(</>.)

I _ 

Thus, t:he operator b in polar 
coordinates (II) acts only on 

o the angular variable and i s r e­~N 'P ~ 
present ed by an int egral vith 
variable lu.its and contains a s Fig. 1 

" 

a parameter the angle Y whose values are fixed by the 
ratio of particle masses (3). 

Let us now proceed to study the spectral properties of the 
operator b go 00 (all indices are omitted). We look for the so­
lutions y(¢)' 1:0 the equa tion 

d(¢) 

Ay - by , Ay(¢) - coses2y f d6«() (22)
c(¢ ) 

in the class of functions continuous on the interval 0 :;; ~ .::; rr 12 
satisfyi ng the Dini condition /161 and the same boundary condi­
tions ( 14) that hold for the components <I> ,i. e, • yeO) _ y(./2) _ O. 

We shall denote the above class of f unctions by HiO,rr/21. 

Theorem I. In the class of functions K[o. 17 121 all solutions to 
eq . ( 22) are of the form y (¢) - sin2n ¢ and compose an orthogo­
nal basis with the corresponding eigenvalues An(Y) 
= sin 2 n yl (n sin2y),where n"" 1,2, ••• 

We shall continue an arbitrary func t ion y(¢) <; K[Q ./2] on the 
in terva l [./2 , . ] t hus obta i ning t he function y(¢J eKro .J with 
t he f ollowing properties ' 

y(¢) - y( q,) , 
(23) 

y( ; + ¢ ) - -rei - ¢ ) , (24) 

where 0 S. q:, .:S "/2. On the interval [ 0, rr1 we i n t roduce a comp l e t e 
ort hogona l system of f unctions I, COB 20~and sio 2nq" wher e n = 
-1 . 2 • .... Then y(¢ ) may be represent ed by t he uniformly conver­
gent se r ies -
y (¢) ~ l: b sin2 n ¢, 

n B 1 n ( 25) 

whi ch may be integrated term by term. According to (23) and (24)
the coefficients equal 

" " 12 
b ~ -2 f d¢y - (¢) sin2nq, __ 4 

f dq,y(q,)sin2¢,
n 11' 0 11' o 

and coefficients of the expansion over the functions cos2n~ 
0= 0 , 1, ••. are zero owing to (24). We look f or the solutions t o 
eq. (22) in the form (25) and with account of (23) we get 
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l: b (A - sin 2n y /( o Bin 2y» sin 20 4> ~ O. 
n =- 1 n 

with the fol l owing solutions : b I- 0, bm::z 0, m f. n , n "" 1, 2, .. ~ n
The eigenvalues 

A _ A (y) _ Bin2n y l (nsin 2y ) 	 (26)n n 

depend on the parameter y. and the corresponding eigenfunctions 
are determi ned up to arbitrary factor b n and have the form 
Yn(4))=bnsin 2n4> .These functions form the basis in class K[o•• l. 
and consequently, in class K[O.rr /2] ­

Note tha t the eigenfunctions have a definite parity with 

re spect to point rP "" 1T / 4 : y 2m + 2 are odd, and' Y 2m + 1 are even for 

a l l m"", 0, 1,2, ... 


3 . 	 PROPERTIES OF EIGENVALUES OF KERNELS h ~o.oo 

Let us study the propert ies of eigenva lues (26) as a function 
o f 	 the parameter 0<y<,,/2 . Clear ly, A (y) = 0 if there exi s t s 

In. teger f , = 1-, ••• , n- I s ueh h n ",. 'f q ­an f - tat Y "" __ll.e., 1 ­
2 0 

~y/( T7 /2 ) is a proper rational fraction. 

Th e l atter holds val i d i f the particle masses obey the equa­


lity 

1/2 " 
Igy = tg \, - (mJM / mlmk ) -lfIr q . 	 (27) 

Let 	no is a denominator of t he fraction q . then zero is a multi­
degenerated eigenvalue of eq. (22), (A (y) = 0 for all 0 multi ­
pl e to no) . and th e correspond i ng eigeniunction is an arbitra ry 
l inear combinat i on of the f unctions sin2nom4>.where m = 0, 1, . ... 

Cons ide r t wo example s . Let mas ses of partic l e s be equal, then 
y= 	. /3, 00 = 3. To the eigenvalues ASm( . /3) = 0 the eigenfunc­
tions sin6 m ¢ cor re spond. To the r emaining eigenvalues 

A •A1+ 3m( ; ) - (I + 3m)-I . 2+3m(a ) = _(2 + 3m)-1 

the re c orrespond t he functions sin 2(1 + 3m) 4> and si02(2 + 3ml4>l'here 
m ... 	 0 , 1, .... In t his case eq. (22 ) is equivalent to the equa­
tion A2y''(4) ) + 4y ( 4) ) _ 0 ; yeO) _ y(. /2 ) = 0, provi ded A'; 0, 
which may be ob t ained following ref. 1171. Now l et masses o f par­
t i c l es be re lated by the condit ions mi > mj' m, m. (m.+m.)/(m ­.II:; 

- mj ) then Y=Yki = 1114, 00 = Z. To the ze't'o elgenJaluks J 
t 

A2m 	 (./4) ~ 0 t her e correspond t he funct ions sio 4m<,t>dd with respec t 

to 	the point 4>-,,/4 and to othe r s A 2 I(.R.) = (_I)m+ 1 even func­
~ 4 2m _ 1 
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tions sio2(2m - 1)4> . For odd values of 0 - 2t + I. k _ D, I, ..• the 
eigenvalues are expressed in terms of the Dirichle kernels/ 16/. 

•A (y) _ ~ D.(4y) - __I 1 (I + 2 l: cos4my) (28)
2t + 1 2t + 1 2t + m-=l 

and their sequence satisfies the limit 

lim(2k + I) A2 'k+ Iy) = 2r5(y). 	 (29) 

It 	is not difficult to obtain appropriate recurrence relat ions 

An+i-Y) - _ 0_ Ao(Y) + _ 2_ cos 2(0 + I)y. 0 _ 0.1 .... (30) 
n + 2 0+2 

and representations for eigenvalues for even 0: 

A2t (y) - -I l:• cos(4m - 2)y. t _ I. 2 .... 	 (31) 
t m-l 

From de finition (3) wri t ten in t he fo rm 

2 
lfIy = a+f3+af3. a = m/m,. f3 = m 1 m•

J 

i t 	 follows tbat y 0 if". fJ .... o~ y .... 1112 if a ...... _ or f3 ..... Conse­-1' 

quently , at. finite and nonzero masses of particles the pa rame­
ter Y satisfies the inequality 0 < y < rl2. Note that "n(0) _ I, 
A ( ,,12) _ ( _ 1)0+ 1 f o r all int eger 0 and prove by induction the o
following 

Theorem II. Provided tha t 0 < y < ; the inequalities 

1 A (y)1 < I" 0 _ 2. 3 . 	 (32) 

are valid. 

Clearly, IAz(y>l- lcos 2 yl < I, let 1"n(Y) 1 < I for an even 0>2, 
L e. , , - 1 < A (y) < 1_ '. where Os'SI. FrOOl (30) we obtain the 
upper bound 1\ .. ICy) 1 < 1 - 0.1(0 + 2) < 1 t hat proves the theorE!lll. 
For odd 0 the proof is siailar. Let K1C K[o. ~I2J be the class of 
funct ions orthogonal to t he first e igenfunction YI(4)) _ sin2.p 
corr esponding to the eigenvalue .\l(Y) _ 1. 

According to theorem II, for any physical val ues o f masses of 
part icl es 0 < m. <_ . i ... 1, 2, 3 t he operat or h in the class Kl is 
a cont rac t ing ~pping /18/. The i tera t i on s equence of functlons 
z + 1 ""' bZt + r. where %0 and r are arbi t rary functions from the 

c l ass K " converges i n .et r ices L2 t o t he exact solution z(~)
1 7 
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d(4) ) 
of the inhomogeneous equation z{4» -coses2y r dfz{f)+ C{4».Let 

c(¢ ) 
us ment ion one more prope r ty: 

lim ~n {Y) - 0, " O<Y< '2 ' 
n~~ 

(33) 

Some eigenvalues as funct ions o f the paramet er yare drawn in 
Fig.~ and 3 . Arrows mark the va lues of y = Y for some three ­
part1c l e sys tems whe n m. < m . • Olk' ki 

J I 

4. CONCLUSION 

We shall search t he solution to sys t em (1 3) in the fo rm 

¢l. {p, ¢.) = 2 p-
1I2 

C. {p)sin2n ¢I' I , 2, 3.
I 1 n= 1 In (34) 

For the functions Gn{ p ) we may readily find the s ystem of se­
cond-order different i a l equations 

fIN{p) + {E+{1- 16 n'1/4P'1c (p) - ; v (P)f (p)= 
n l n mao 1 lnm l n 

(35) 
= 2 v. (p) (Am{ylr ( p) + A (Yk.lC (p», n = 1, 2 •... 

m.. 1 lnm JJ Jm m I km 

and the boundary conditions f . (O) = fl (~) 0, n "" 1,2, . .. gene­rated by the conditions (15).ln n 

8 

Instead of the exact and, generally, infinite systems of eqs. 
(35) one may consider a finite and approximate system of equa­
tions (n. m = 1 • • 0. N) for the following three reasons. Matrix 
elements of the two-body nonsingular potential 

rr 12 
v (p) =.::.. f d¢sin2n¢v. (~cos¢)sin2m¢

iom 4 0 1 

are decreasing/lSI with increasing In - ml not slower than 
In - m1- 1. The eigenvalues Am .0 for m-. (33) k and the funct:1ons00 

p- 1/2r. (p) should decrease not slowe r than m- wi th increasing 
m as ~~ provide the continuity of the second partial derivative 
with respect to the angular variable of the component (34 ). 
The terms in the r.h.s. of system (35) describing the influence 
of the third particle on the couple of particles decrease with 
m ~ - faster than the sum of terms in the l eft-hand siJ e. We 
point out some properties of a three-body system following from 
the representation (34). Substituting (35 ) into (5) we ar rive 
at the following representation of the Faddeev component : 

"'. (p, 4» = (8")-lp -5/2~ nC,n{p)"'n{¢, ) ' (36)
1 I 

n= 1 

which results in the known /4 ,51 asymptot ic behaviour 

-&/2
"', (P.¢) ~ O{p ). 

p~ ~ 

The functions OJ (4)) _ sin2n¢/{nsin2¢)have the same depend ence on 
the angle ¢ as the eigenvalues on the parameter y and, con­
s equently, posses s the s ame properties (28-33). For t he t otal 
wave function, allowing for (5), (16), ( 22 ) and (36) we obtain 
the expression 

-1 _ 5/2 00 S 
'" (p, ¢ . ) = (8") p 2 n w (¢) 2 f' n{p), (37) 

• n- 1 n I k= 1 
a nik 

where O"oii = 1, ~ik "" An(Yki), kl L The wave func tion (37) does 
not contain terms - CtJP), where lD are i ntegers obeying equal i­
t ies (27), i.e., such that Am( Yki) = O. Th is kinemat ic proper ty is 
specific for all three-body s ystems masses o f which obey con­
ditions (27). The system of equations (35) may have nontrivial 
solutions noncontributing to the total wave f unction (37 ) . These 

solutions satisfy the condition 2" a2ik f k2 {P) a nd will be 
k=lstudied elsewher e. 

In conclusion we no te once aga in tha t. th e eigenf unctions o f 
kernels h go 00 do not depend on the particle mas ses unl ike t he 
eigenvalues : In the c l ass o f functions i n which we look for 
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the solution of the Faddeev equation in the case of the bound 
state with A::: f::: L::z 0 the eigenfunctions form the angular 
basis. Thus, we believe that the use of the results obtained 
will greatly simplify ~he analysis of solutions of the con­
figuration formulation of the three-body problem. 
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ryyYIbnuea H. n. 
CneKTpnJ1I,''101t 

C}1CTeMl.' 11111 (II P 

C06C'fHt"'III.11 

PilT(lptill t UI,l"P_IItIUi)(I'If 

IIn.IIlIH,llllolB 06~eAHHeHHoM HHCTHTYTe ~AepH~x HccneAoeaHHH Ha4a n 
B~XOAHTb CfiOPHHK "Hpam1(ue coo6UjeHUR OH.f1J1". B HeM 
fiYAYT nOMe~aTbCR CTaTbH, cOAep*a~He opHrHHanbH~e HaY4Hwe, 
HaY4HO-TeXHH4ecKHe, MeTOAH4eCKHe H npHKnaAHWe pe3ynbTaTW, 
Tpe6YKlU4He CP04HOH ny6!1HKaI.&HH. 6YAY4H 4aCTbIJ "CO<>6cqeHHH 
OHRWI, CTa TbH, BoweAWHe B C60PHHK, HMeIJT, Ka K H APyrHe 
H3AaHHR OHRH, CTaTYC O$H~HanbH~X ny6nHKaI.&H~. 

C60PHf.1K "KpaTKf.1e co06~eHHR OHRW I 6YAeT BblXOAMTb 
perYI1R pHO . 

The Joint Institute for Nuclear Research begins publi ­
shing a col l ection of papers entitled JINR Rapid Communi­
cations which is a section of the JINR Communications 
and is intended for the accel erated publ ication of i mpor­
t ant results on the fol l owing subj ects : 
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Physics of elementary part ic l es and atomic nuclei . 
Theore t ical physics. 

Exper imental techniques and methods. 

Ac cel erators. 

Cryogenic s . 

Comput i ng mathematics and methods. 

Soli d state physics . Liquids . 

Theory of condenced matt er. 

Ap pl i ed researches . 


Being a part of the JINR Communica t ions , t he artic les 
of new collection l ike al l other publications of 
t he Jo int Institute for Nuclear Research have the sta t us 
of official publications. 

JINR Rapid Communications will be issued regularly. 

!'upyshev V.V. E4-84-808 
Spectral Prope rties of Kernels hgo,oo of Integra l lTerator s 
of the System of Integra-Differential Faddeev Equations 

For a system of three different particles we have found 
and studied eir,envalues and ei ~enfunctions of kernels hgo oo of 
integral operator s in t he in t ep,ro-d i ff er entlal Faddeev equa­
tions. It is shown that in the problem on bound thr ee­
partic l e states wi th ~-wave t wo-body po t entials t he se equa­
tions reduce t a syst0ms of second-order di f f erentia l equations 
for the func t i on of one va riahl e . 

The investir,atinn WHI bN'11 pcr roIlTled a t the Labor a t o ry 
of Theore t i cal PhYRic'B, .l 1r~R . 
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