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It followв that }l,'J tend to zero ав 'L gоев to infinity: 

JA"' 'l.~ ~~~~9~ 1 <J .._. 2.~ м~~. (2.2) 

Тhе toroidal coordinateв have а property that neigh bouring вра с е po-

intв, which роввевв the eame coord inateв р -= / х" + ~'- and 2- differ-

ing Ьу вign, have (for 9~ а..) eввentially different ~ coordinate в . 
For example, pointв IJ, !" IH l)have coord inateв fi. = а и f ( .1f!:::._ , 

{ 
2.a.IHI) Y"+u'"' 

Э:::!: J(- lj"--a.Lf • Thiв rевеmЫев the вituation with а logarith-

mic function: being analytically continued from the poвitive ~ вe­
miaxiв, it takeв valueв differing Ьу 1jн' depending on whether the 

continuation contour lieв in the upper or lower вemiplane. 
Por }J.._ fixed and variaЫeв ~~ '1 the pointo :С,~ , t- fill the 

entire вurface of toruв: t_p-Q · CiL-jA)t.~t"-= a'/H~.Letfl=}iocorreвpond 
to the toruв То on which the вolenoidal winding iв performed. Then, 

for }.\L}Aol">J..Io) the point :X.,'1,t lieв outвide (inвide) То. Тhе ra-

dii or tье сговв вectton R and or tье ахtв нnе d.. are: R:: ani.JI~, 
с\:: Q . c.\L).Io • Por }.1 ~ оО the toruв degenerвteв into the filament of 

the radiuв а lying in the t=O plane. Outв id e the вolenoid the VМР 
iв free of circulation and it may Ье viewed вв gradient of воmе 
function <1 /3-S/. Ав the S Л,. de iв d i fferent from zero for the 

clooed contour С paввing through the hole of То , J.._ iв the 

multivalued function of c oordinateв .>'. ,~ , t • 
Coneider firвt thin вolenoid l !г t~ i) • Ueing the Coulomb gauge, 

and VМР given in 111, one hав the following defining relationв for 

the J" function: 

'dd.o _ J1 е ~ Sl . ')( 
1 

R.n w1<э ·- P,,t. 
<.\. (}~ - C~_}l-t.;~:)- Гi · i..X\ -}\о) · {L.hj-1 - c..:;'J )'1L (2.3) 

'dd.o Л;.<. г;- t S11,З Qi 
- - ~ 1. S( с · Q.X \- l о · · 

0- d}t -C.k)A - (()~') - а у ).\) tCk_}).-C.V\'))' 1L _1/J_, • 

Prom now we mean an argument of the Le gendre functionв iв tk}L 
if it iв not in~icated explicitly. Conвtant ~ 1в ехргеввеd through 

the total number of coilв and current вtrength: 

~: 1~ 
с. 

; С.. iв the light velocity. 

Integrвte (2.3): ~ 

d.ol~ , y..):: ]~1)., Q.).pl-1Jlv) ·\ Q, С ~oi')J~ - Р, ( . d ') \:=:: 
fl -/1. ) k1-y. -t.:.\') IL ) ~ tlo.,t-H.;\') j (2.4) 

~ \} о,) 

=- fl SI<;! U.. IlXp l-'1-\-lo) - ~ i'IIIJ ~ {'' >-' " - 'J..i"(~v... ~~ l- 1-_,цG) t\. - to\{) - ~'a'IIIJ-
" ;) t \.)lo -t<.'> J 



Тhiв integralв may Ье reduced to the elliptical оnев: 

d..ot~.~\ :: fi .i\~CL. . Q.Xp\-l.J.I~;) · S cJ .. ~ Rч~..- Р.,~.,. . F ( ~> J 1. ) _ 
J l ~ 1 + c.l..)l- l+t.\..)< 

- P-,,.L ·l- ~~t-~">A 't \ ~ 1 - ~-) - '),~~ .1} . 
') Н·С.I..)Л ~c.i..)&- СС\~ 

(2.5) 

~::. Q.'!.( ~ii\. ' \ t\+Щ.\)(1-C.O?)]'/t. 
L 't JcL.~-c.c~') • 

Here 

It followв from the laвt expreввion and (2.2) that: 

d.o"'- JI~QX'~l-ly.o) · ~~ c.o~')s. for tr_- ()О, (2.6) 

So, вt lвrge dietanceвdlo fallв ав 111~. Now develop integrвndв in 
(2. 5) under сов n.:J , вin n'J : 

d.(): ~с.. · ~хр t-l}lo )· t -1~ t-L ~~~~~') · [ Ql/tt Qllt'f1+QII-~1. )- l ~L· Qh-JI&. 7) 

~ . 

: - 1.~ ."~ ilxpH.}Io) ·[ 2 s, .. fl.? . ~ R~L · \ Ontl- 0~~-v~ )dJ + j( 0- tos ~) · S~~· 
0 L 

-L ~''"'~ " э " Tвking into account the relation ---: 1v- 2.Ji'l1-~S·)~"'Jand compвr-
11.(~"-1/чl ~ 

ing the coefficientв at ~il\. rЭ , one getв the following analytical 
expreввion for the integral from the Legendre functionв: 
}" 

~ ~~t · Q~-v~_ · ~~ · tly:: -ч' {ч1n2. -1) · [ 1?.!·( G .. н. +Q .. -1 )-1 Pl·{l_}· d;.: <2 • 8 > 
() 1. ~ ~ l ' 

F'ro~(2.7) 1t followp,. that the integral ~ ~Q. dt equalв 

С' (\ d~ - (' ~cL - ~-
Q. ~ .. J1Q с~.р.-сс~Э - J .,:> d~ -- Чsr~Q. Q.xp{-l}iv' , i.e., the magnetic ... -.sr с 
field flow~if contour рвввев through the hole of вolenoid,and 
zero otherwiвe. 

For the finite вolenoid the direct integration ot the VМР compo­
nentв iв very cumberвome. The taвk iв eimplified very much it one 
extractв firet trom Jv the linear dependence in ~ : 

1 - J . "" (2.9) ,..., o-v - О. · 'i .~ + О.. · tl.;н.o~~ · (( . 
Here cl 1в а funct1on to Ье found, and the conвtant '6 iв to Ье deter­

m1ned from the correct value of the magnetic field tlow:~=-~·0.-c.AL.Jt~· 
Outвide the вolenoid \ ~' }1о) tunction cl вatiвfieв the equation: 

D.J.=O (2.10) 

4 

• 

..... 
which coincideв with the gauge c ondit ion d1'tl J.\ : О • Inвerting there 

(2. 9 ), one getв equation for J: : 

dt.J: Cth 'dl + а<[ = 
oJA~.. + ~ 'dJL- -a'Jt.-

we вееk the вolution developing 

"6 . Sih':1 (2.11) 
(С~).\_ {.o S~ )\IL 

both вidе в in ~i~ \1.') 

r :: 2 J .. t.}l) · ~~VL n.CJ . (2.12) 

Тhе expenвion coeffic ientв Jk(~) have the f ollow i ng form: 

d.~~.t}l) ~ АУ'.. · ~~-~11.- ·1 ~ · n. · ( QYI-Yt. ·GY'o.. +- Ч,_~,!.· С:Ь~) ) ( 2 .1 З ) 

wьвrе we put ror ьrevi ty : 'i ·~ 1~1( .C"'=rR .Q 11 .~ h.u J11 
()<о 1... .. н 0 'fi-YL 11 - L 'J' :Г 1 

t il.-: J I. Qw.-vJ S~dy.-- • Тhеве coeffic ient в c onta in arЬitrary с оnв­
Р. 

tantв ~~· Тhiв iв due to the fe~t t ha t the gauge cond i ti on i в only 
nесе вваrу , but not вuff icient one • .Л ~ ma y Ье f ixed Ьу uвing the .... 
vector equation S\ -: ~1.a.c1J., valid outвide t he вoleno id . Ав а re вult, 
one hав two following conditionв on ~ 

. 1 ..v J-\p + ~· ~iYI<.) · ~~.}-< 
~ (i - t~}HASIJ) dJA - ~in~ · $\.у dG- t ~).\ ·Cc\<J J J.. : ~ ' 

/ с~- м~ ( 2. 14) 

t t 1-.. r-l.y . eos~ Y'de + ~i .. ~ ·SI.j ·~ + t ~i~~· e.I.J 1d::: Ji! - ~ ~ 1 ~4л-ссf.)), 
~ ~k J- с.с~э 

f\_p and 5\ t bein' the cylindrical c omponentв of VMP were written 
explicitly in refв. 11. Inвert ing them into (2 .14 ), one obtainв t he 

following finite-differencэ equati onв for Л IV 

( А _L.Л~ -l.Л. ;,. .;).n 1 -~ · ~ · ~Qi .rY~.t.. -~( ... -I}C -lt~o.н)( 1+ 
J\ 1\. 1. .. - . 1. ~ 'i\-'/a, о t 11.- •lt. l " ,_ .. -. 1- ~tl 

;- P~~ Vz, ·l n. ~.._- itn.-1)1).__1 - t0\.+1 \<;t}м\1~ = i ~· ~~ ~ а~-11{~- Qllt~\-
()1 ' + KV\.. l}l) / (2.15) 

L vt J\. 'tl. - t 1.~-1 )J\VI-1- t t.._~,I.Л.м,1 ; R-1/l.-
- 'l 'У t · Qfl-'/1. ·\.У\. t.CO\. - i tYlн)tll+ t) (i\.~1 - t tl\- '' tn.--t) tY\.-1 j + 

_, \) 

t R-'/t. . ~ Vlt.~~~-- t t~+ l)t~+ t'> 'JJM\ -1 \,.n.-l) \ ..... -Htr-1,::- t .А .. ~ R.,I.JI·). 
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... 

Here1 .А"': 1 Gn-v,_- C.L.Jo' ( Q.,.~v.~. + Q.,._~~\ for n.:t: О, .Ao=Q_yL-c~Q~. 
Functionв R~ R~ were obtained eвrlier in rer/1/ 1 

) 

R~ = ~· [ l'll.,. К )Q"',.Ift.\tl.y.o)- t ~- 1/t. )Q~-Ir'1.tt"-;o\} QI'>-YL(Ch,,)l11)· R-t, 

R ~:: t · ~ · Ql/t {tl .)Ао) · Q_,,t.le.LJo)' Rчt.., 

R~ = -~ ·l QMVL{tl.~o)- Q\'1-~/t.ttl..yo\} Q\'\.-YL.(d.yo). е./1.. 
~ = 'lJi~. 

rr 
Ав JL~ do not depend upon }A.I , they could Ье cвlculated Ьу fixing 

~in(2.15).Тhe simplest way to do it is to consider the case of small 

~· Ву collecting coefficientв вt the first nonvвnishing degree of 

~ , one getв the following вувtеm of equationв: 

,..;' 

JЪ•мl + ~\\-1- tj ,.,_::-~~\\. ~rчt-\- 'l. ~ { Qм•t~tl.yo\- Q.,_"z.ltL}Io) 1· Q,._Vt.(tk.}\o)J 
\ - (2.16) 

(\t+t)J>м 1 +\~-~~~~-~- 'l~J>"- = - h~-1/Li + l~·Qn-~~{.~o) · 

• [ l\'1.~ t \ Qll-tl/l.ltl)-1 0)- \ '11..-
1
/1.) Q'ti-Vt l Ll.}'o )1 ' 

"'(i\0 t.t.o 
wherej..,::J\.~l.l'l..."б'"'JY~-) '1)~:: \ (Q-.-!;_)\I.ycljl• Тhеве recurrence rela-
tione are valid for '~'~"'"-' 1 • For 1'1::0 , one hвв the вingle relation: 

JЪ,: 4{ + 1~ Gv. (C.LJ1o)Q_,11 {CJ.)Io) . 

Тhеве equationв are вatiвfied if1 

~'+1 -~11.. ·\?:1/t.\~ + 1~ . QI'I-Vt.tti._}( 0) · Q~o~+Vt(tLpv). 
From thiв one findв JlW~< : 

(2.17) 

~-1 ~-1 

J...~ = 1.~\\. ·Ъ~+~· f(\C.~t)-1.~1.~·L Qy.-.l.ltl.yo\ ·Q +!.ttl.~o).(2.18) 
1'.=0 1(.:0 .\. "' ... 

Above we hвve uвed the independence ..А"'- of _).А,- вnd extracted them 
from the zero }Jv limit of (2.15). Ав theвe Еqв. вhould Ье valid 
for arЬitrary )J./ , they may Ье viewed ав recurrence relationв for 

С,"-, 1)~~.. In fвct, excluding the juвt found..A.11. from {2.15), one 
obtainв the following equationв for the integralв1 

t ~ f"'- t ~IL-!) fn.-1- t \II.·H) · Fм-~1 · Pn\, -[ YL(-w.- t \n-i) (~.-~- t{n+l)• 

• t~-н} Q~-\. + 1.~"-t\1. · ~~~i-Y1. = ~~'-J \Q..,_~IL- Oнvs)) 

6 

~ nt.·F .. -l<~o~-i)\1\.-t\ f. _J. tll.tl)\~+.11 . 1 1. oi _ L ..... L '11.-1 1.. t.} ....... t 1 Г'\1- 1/l. 

(2.1 9 ) 

- r "'1.(\1.. -lt\1-i)t~o.- it1.)C"'_'- ~\..,ti)\'-'+-\:.)C'~-+11 J\i + l 1- ~ 'U'ti-Yt. 

_l__ . \\ i J. . t tl ( 1"\ 1 Qt Qi l - о + 4-n1.-!. t'l'l- 1/2... + Ч l }А \Хм'(1..-+ ~>-Vt.)- L n-Yt.J - J 

(~4=0). 

.м 

Here {:'~:: S ( Q~-1. \\Ly ~)\ . For YL"' О we hвve вn add itional relвt ion: 
\) 

\ \=
1 
+'L) р_,,~.- С 0-1/z,.: 0-v~..- c.L)A ·Qy1.. (2.1 9в) 

Inвerting coefficientв.liV given Ьу {2.18) into {2.13), one getв: 

d.~~. ().\) = 'lS ~ · t R-1/t ~~~ ~ QYI-Yt с.)~ R. 'lt. ' [~ · i-l (~+1;.)1. + 
n-1 ~=о 

tli · ~0Q~-v1\tlyc) · Q"+Y1 lt\.pu)J. -v (2.20) 

Now we mвke uве of the fвct thвt the function J... iв known for the 

thin вolenoid {Eqs. (2.4), {2.5), {2.7)). Тhе coefficientв <1..~ are 

found from the relationв вimilar to {2.12): 

~ _ \. 10 . cp.tpl-l.).lol \ ~ .... ~ L'' ·(Q Q \D Q ·1 <l- L"'" · ~Ifl.\()= . L -~ . ~.!. М\..-1- .. . ,\-2. l 1\-l {2.21) 
~ti..J"-Ц;I~ ,_ t 1- а.. • 

From thiв, one obtainв i~l~) 1 
о \ ..v ........ ,...., 

d,'II..\JA)=-L\ · ~o · ~'/1- J 1(\)::-'l.~Q.~pt-ljo) 1 
{2.22) 

~"' = i ~ ·[ t Q"'.~ + Q""_\ \ · Rt- 'l а..,_;. Р~ 1·t Q"'_"_i с- Q"'"'"·t) . ... 
It iв clear that <k..,I)A) вhould coincide with <!.~ iy\ as)Jo_,.oQ •. 

From thiв fact one getв the relation: 
~-1 " 

1- · n. · \1~ - k E ... -Q~~_t(~\+lL ~~+Чt\1. -~ }·P"_vt=-~ · SI\. {2.23) 
"': 13 

• In the limit of вmall~ , it gоев over to the following one1 
'11. - 1 L 00 

' ..L-._ - :!! = - l \ j_ J__ . ( -' - + 1 -t "' ...!__ ·) L \1'--~'Vt.\ 1. 11 L m .,."t._I/Ч \!o\+v.-'lt.. 'м+..,-~ ... ·· · .,._."_1/L 
К=О ~t~=l 

that permitв one to get explic it valueв for воmе numerical веriев. 

7 



For examp1e for h.:: i , one 

~ ~1.:: ~1. - 8 
L t.,_,t._! \ 
'"'= 1 ч 

hав: 

сО 1 
that iв we 11 known, For V\::: l '\ \ -­

L 'iv-1.-~ - 18 
v.=• etc, In gene-

I"" 1 _j__ the fo11owing re1вtion(ll>, l)takeв р1асе: - J. L к'--(~~/ ll~r._} . 
Jt..:l ~ 

ra1, 

In the oppoвite limi t ( J-1 ... IJO ) , one getв 
\.J\1 ,,_, from (2,23) two identitieв: 

l\ f (\ l • st't. \ _1 -
L\ll · j liJ~>.-! \ ~"} Jji = L - L \I'+Hl. ) 

о ~ ~о 

I f'(K-i) . i't~-t-11-+t) 
1<=1 \"'\l'tl) . \"'l~-1'..+1) 

~ ~& f('-'+tl 
, ... \\\ -\- 1) 

Piret of theвe coincideв with the we11-known re1ation 161 
Ь11 

~ ( Q" )·t \{ }' J )'\ ::- t ~-+ 1 yt ( v + 1 ) • 
\) 

The вecond one 1ooke 1ike the Dougo11 formu1a 161, but dоев not 
reduce to it. 

Еqв. (2.19) and (2,23) permit one to ca1culate exp1icit1y &11 

the вumв ~"'- and integra1в F.., and C'l\. , We demonetrate thie eva1uating 
them,taking h. = i .~ ав an examp1e. ComЬine (2.19а) and (2.23) Vt:=!: 

l (:i + 2.) R,,t -с~. Q_,,L = Q_,,L - c..I..JA Q,,t.) 

( ~ +1) Рчt. -(l · Q,I~,., ~ ~JI't . Р.н. --kS, 
Prom thiв, ехрrевв F, 111d С., through S 1 1 

с ' = i \?,, t.. t .!( ~ .,J,,I. -l ~ 1) - f Rд .. t Q_ IJt, - с~ . Q,,l..) ) 

F\. = ·~ Q_,,~,· t .n't.\J.n -1$.) - t Q,,t. ·l Q.•ft -c.L~ Q.,~.} -l 
(2.24) 

Furtber, веt n.::!. in (2.19): 

t 1. · Q,~l.- ~1. · Р.~ = ~~~)А t 0-ч~.- QJ,~- ) - ~ R,~ + с. · Q~~.- F. · Р,~ , 
(2.25) 

t(C. Q~L- h.· p~L) ::-~ Р.~~. -~ · Ltl:,м( Q~.~.-+Q:,It\-lQ~tt]+CQ,:1-F. · P.~. 
Т&king the ratio of two 1авt equationв, one obtains an explicit va- 8 
1ue for ~~: 

!. r ~ 't. ,.., Q_,,L 
j),: L.П · l"•ft.- lb·tl.j.A.-Q....,.:!..=-. ..,..n-_....,.1"\....,...,-=Q,...... • (2.26) 

щ. r:::ч.t. t'y:t -v1-

8 

ТUrning now back to (2,24), we find out ana1ytica1 ехрrеввiоnв for 
integra1вF.,C, 1 

F Q_y,_ Q; '/~ ' Q 1 Q L Q ) ,::tLyQ'- .n _Гii . Q -r '1,;\ -'lt.-c.y. ,,~, -2) 
1/1 \~tlt. l"'ttt -1/L (2.27) 

f' - k P..Yt.. Q~~ ' () (Q . . () ) 
\. 1 - с. .У. /)4 . n _ n1. Q -r f/vt. · - r,. -су · Yt • 

СУn. r-f.t. IJ;z.. -'lt. h 1' 
Now make one more etep and get h1 Cl.- , At firet, ехрrевв .Z.. and l.l.-

through St. ueing one of the Еqв. (2,25) and (2,23) for Vl: 1 

Ct Q~- \~+~о) р;~:::- ~ ·SI.JA·\ Q_,,ж. + QJ.JL} 1 (2.28) 

с.,_ Q311.. - t rl. + 1i > R,1. = ~ ~ 1. - f 9v~ · 
Further eet'Y\.='t in (2.19) and exc1udei;,C>. Тhie iв a1waye роввiЬl~ 
Ьесаuве tbey are contained in the ввmе linear comЬination r\ p~1-C.,Q~a..· 
Тhе reвu1ting re1ation ie: i. · 

1 
1 

Ct · Q~L-~l. · P~~ =f.tC. · Q~,.t.-~1 D~/1.)+~P1/t. + ~tc~QVt.- Q~J. 
(2.29) 

Inвerting into it \=-._) С.1... from (2 .28), one getв $t.. Тurning back 
to (2.28), one obtainв 1=',}.1.-. 

After theee pre1iminariee, exc1ude F~,Ck from (2.20) Ьу uвing 
(2.23),andgetd.~,~.IA) 1 

d. d.~ I.)A 1 11 "' о. О n (2 30) 
~ly.): ' t" ' + L ~ '..J'"' IJio) . t-'"'-'11- J • ' \- t.Jt~,- :rOI 

k-• Q ... 
where _f)~ -= 2: Qt(-1 lt~o)· ~·rC.L..Jio)- ~ Щ-L..~о- i) = 

l'o::O "-

::: - I_oo Q\1. - Ya..tt~o) · Q~'-~Vt. (C.I.j!o). 
K:W\ 

Ав • reвu1t of theвe manipu1at1one, one евсарев comp1icated in­

tegration procedure and ехрrеввев the generating function d... for the 

finite вo1enoid through itв counterpart d.o for the thin вo1enoid, 
which iв known exp1icitly (Еqв. (2.4), (2.5)): 

J_ 0 t~ 1}\ 1 
J.t~,y.):: \ _ ~)t\)l-l}'o) 

00 
" ..... • \' а.\) () ~ . r~Э + ..., . ~ ~c.~-l.o\~ . LY"' . ~-У~..· '" . 

~o:l (2. 31) 

Ueing thiв re1ation (2.2) and aeymptotica1 behaviour of the Legendre 

functions, one obtaine1 
~ ~ о.'> 

J. ~~,.)А) "' - 4 ~1-'>J.to 't '\.. . 
~~. 

't-+ oQ 
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Comparing thiв witb (2.6), one веев that in Ъoth cases the function 
d., fallв ав lfrt., ав 'Z tendв to infinity. 

з. Here we conвider вcattering of the charged zero-epin par­
ticles on the circulation free VМР of the toroidal вolenoid. In order 
to keep incoming particlee out of the region whereЦ*Q , one вcreens 
thiв field uвing the infinite repuleive potential of the вuitaЬle 
geometrical form. We 8hall mainly make U8e of the two topologically 
nonequivalent 8creen8: the 8pherical one, containing 80lenoid 1ro 
в8 а whole and the toroidal one containing ~ and differing from it 
negligiЫy. The repul8ive potential8 Ъeing infinitely high, the wave 
function8 vaniвh on the Ъoundary of thв impenetraЬle ecreen (в8 well 
88 ineide it). 

So, one h8e the Schroedinger equation: 

_ t,L( ..L- t:Q. .Ar:. )'LI( + \f'V ~ f ЧГ • <з. 1 > 
t'м 3Х:~ ~(. 

where \f.: ~ , \V':: О ineide the вcreen and at i te Ъoundary, and "\f:: О 
otherwiee. Тhie equation may Ъе 8lightly modified: 

< з.2 > 
л ,,r ti.e 'dW ~,_ n,_ 
u't' --_А,,,- --J1 · '+f" +•llt.._v)l•Г.:Q 

t.,( о~'<'- t..'"c." \" 'V 

Неге it wae taken into account that dilf R =0 . Eq. (З.2) iв equivвlent 
in turn to the Lippman-Schwinger equation: 

"1 :. \{о + ~ Go ~ 'i ,1' ) · \[ L ~ ) '!) l \• ) ~ lf ' , (З.З) 

where Vo and G~ are the w8ve 8nd Green functionв in the вЪееnсе of 
the electromagnetic field ( emf for brevity). 

t~-V+v-t.)\tf"o=O (~-Y+"'t)Go = ~"'t1 - 1'J 
) < з .4 > 

Moreover, we веt in (З.З)z 

·-\Г _ 'l L е .А ~ + .~ (\ ~L-v, - ~( ~ 4)'.~ 1;1.(1. J1 . (З. 5) 

Тhе following expreвeion ввtiefiee formвlly Eqe. ().1), ().2): 

i. Q ) \\5' = 'Ро . txr ( t;-t . cl . (З.б) 

Тhе function d.. determined Ъу the relвtion :А= ~W.~ J._ hав Ъееn cвl­
culated in the previoue вection. 

10 
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1 
1 

Now, we diвcueв воmе coneequences of ().6). It iв well known 
/ 5 •71, that the Aharonov-Bohm (А.В.) effect вriвes only if the 
вingle-valued functione~re uвed. We demonвtrate thiв taking вolution 
(;J.6) 8В an example. It ie evident that if 1tfo in (З.6) iв everywhere 
8 eingle-valued and continuouв eolution of the Schroedinger equation 
in the 8Ъееnсе of the emf, then ~ undergoes а finite jump 88 
one раввее the circle of radiuв а lying in the ~=О plвne: 

'Чf(.9<a.,t;=~)-1\f(_r-o., 1 o-t) = ~tJ1 Q) · Q.Xp[ ;~e3\'~QICtk}lo - i)1. 
Ав the generating function d_ decreaвee ав 1/1 .. for't_,.oO , the 
aвymptotic Ъehaviour of \f and "iJJ differe in the ваше order; thie 
1n turn meane that the magnetic field doee not contriЪute to the 
вcattering amplitude if one uвев а multivвlued вolution (З.б) of 
the Schroedinger equ8tion. If one requireв the total wave function 
'U( to Ъе eingle valued and continued, one muet impoee on % 
(which iв the Schroed.inger equation вolution in the еЪвеnсе of the 

emf ) the following Ъoundary condition: 

н Г1i~Q \ 
'+'ol?L.a,t=t) =\fo(JLa , t=-€.) ·i?:)(fL 1;<:. ~~(t{LJ-I .-'\J (З. 7) 

Now, вurround в ole noi d w i t h 
>cl+R. Тhen, inвide thi в 

Relв'tion (З. 7) iв 8ati вfie n 

the impe net rв Ьle e phere of the ra d iuв R, 
вphere a nd on it в bouшJвry Vo equвl в zero. 
triviвlly (0:Q), end 'o/, give n Ьу (З.б), 

iв в вingle vвlued a nd c ont i nu ouв в olution of t he Schroedinger equв-
tion. Vo iв given Ьу : " 

'Vo=t~~(il(t)-~{~ ·2\2.~+1\ le. \-1~~1 {1'.1) 'dч:vttкR,I ~(Ц)\<J~) <з.е> 
~'- 1. \-lt~~~tкQ.,) 

8nd h8e the following 8вymptotic Ъehaviour ав '[-.DO: 

'% "'Q.xp liн) + ~ Q.xpliv.<.} ·1 \~s) 
!(:J~): ~ l (H+i) ~~VL~k.f/.,) • \l(QJs<js) · 

, where 
(З.9) 

t~\:. оJЧ 
Repe8ting word in word the previoue coneiderationв, one concludeв that 
the вc8ttering amplitude in the preвence of the emf iв the ваше 
ав (З.9). 

The в1tu8tion 1в more complicated if tbe eolenoid1Гo- ie emЪedded 
into the ecreen of the toroidal form. Por вimplicity take it to coin­
cide with the solenoid 1Гс . We reвtrict ourвelvee to the 1'1rst order 
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perturbation theory with reвpect to potentialвЯ~. Тhiв iв achieved 
if one uвев in the right-hand вide of (3.3) the function 1VQ inвtead 
of the total wave function 1.jF: 

~ = ~ + 1.te. r r t"L il'J 1'\ ~ -~'J' . 
0 ~ t .J \:ro ' J11< "3"Х.'"' 

(3.10) 

Here integration takeв place outвide the вolenoid То, where .fJI(: :f.__. 
Further, one hав: 

,\\,_ d~ :: 'd d... . ~4fu _ 
11 1 \L 3 3:. "f- -а "Х.~ -

{Mck-~)+-r\~~>1.-V) · \fo · d.- · 

Тhen: 

\\Г:: Vo+~z~c;o · Lti<J.'fo) +~~1.-V)t(o] ~v'. (3.11> 

Now integrate (3.11) twice in partв and make uве of Eq. (3.4) for 

the Green function Go : 

'\f: 1fo+ -~~ J('t\-l/0 t'i) + ~~ ~o{iv [GQ · ~Wtd.\f0 )-d.\(0 · <i'UidGoj . ,PJ'. 
( 3.12) 

Uвing the Gаuвв theorem one cen replace the volume integration Ьу 
the one over the вurface containing thiв volume. Тhiв вurface соn­
вiвtв of two partв: the eurface of the toruв10 and one of the infi­
nite radiue вphere s~ . Тhе integral over the toruв вurface vaniвhee 
вince bothVo and Go equal zero there. So, there remainв an integ-

ral over s~~. 1 

1 

. d~o 1 cAJl · -~ 
L \' [ " ~ t• '<\, 1 - ~ lfo "'- J!j <.1,& ц:, eoD, 

R .\ "' > ~ d.' - " IJ.'Jo \,1; 
Since et infinity:% ·" OJCrtiv.t) 

r .... _1 e.xpti"' Rl ""'1 ( . ;;1 ... ,) 
I.Jo 4st' R ·""'r -'"' ·t ·Vl 

, the laвt expreввion 

hав the eвymptotic form: 

i.. ,."~~~ e.L .Uo ~хр (i11- R\ ~~s~~< !tc.osCJ~).QX\~[щ ~~~~- t ·R'~d[ 
1~ t.C.. ~1-.,.}о R 

and tendв to zero а е R ...- UO • So, in the firвt order perturbation the-

ory 

lf:: Vv -+ ~~ J.t'l) ·~ ~'l \ , (3.1 3) 
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where '~o iв the вingle-valued and continuouв вolution of 
edinger equation without emf. From thiв it followв thвt 
totic form or\r and~ iв the веmе and the contribution 
into the вcвttering amplitude vaniвheв. 

the Schro­
the aвymp­
of' the 1-\ 

The ваmе reвult iв obtained if one 
вmplitude directly f'rom (3.10). Аввumе 
tion G:o coincidee with the plane-wвve 

cвlculвteв the вcattering 
that for 'l ~ ~ the Green func­

ЩI(il\l't-!:] 
one- ЦJI' l'l _ '(\\ • Тhen, one 

f'inde out the following expreввion f'or the ecвttering amplitude: 

j(~\ ~- ~ . ~Q.Xp(-i~Тl - ~') · ]( ~~о <А \Г'. 
15'{'\;С. . э-х. 'f-

(3.14) 

Uвing the ваше trick вв before, one reduceв thiв volume integral to 
the вurf'ace one: 

fC~):- ~;,<- ·<л а~ ~~f;0 ~ASl' - e.os~~(tos<J~+ ~ - ~').tx~tij~.~(<Ф~\- it ~')]. 
..... ~ 

Here V\. and n' вrе unit vectorв of' the obвervation вnd current in-
tegration pointв. Af'ter one angle integrвtion the laвt expreввion re­
duceв to 

_ _ 11 е. о..> ~Lj.lo 
f!~}) - '-\ 1;(. ~ ~1-'t.Jio 

1 

1 + c.os9s 1 С 1.t.~ :х.. ~i"J5 ~ J {\- I.~,. ·do(K~'-S1"\ )•toф.F.t\~W~s )f\..x~ J ' 
о (3.15) 

For any f'inite (but di f'f'erent from zero) value of -~S the вcattering 
amplitude vaniвheв авR"""'оо , во we get the previouв reвult. Both 
derivationв aвeumed that aвymptotic behaviour of' ~ вnd ~ iв the 
ввmе вв their plane-wave counterparts. Тhis takes place,f'or example, 
f'or вcattering on the impenetrвЬle вphere. 

Earlier we have uвed the Geuвs theorem in order to евеаре the 
volume integration in (3.10), Ьесаuве the behaviour of' the wave func­
tion in the neighbourhood of' the вolenoid is essentiвl in this саве. 
Тhе laвt one is not known explici tly Ьесвuве equation (!J +К._) 1f ;:;Q 
ie not sepвrвted in the toroidal coordinateв. We coneider now в conc­
rete example вhowing thвt the use of naturel approximatione for the 
Green and wave function in the neighbourhood of the solenoid could 
lead to а wrong result. Твkе the thin eolenoid embedded in в thin 
impenetraЬle вcreen. Тhie may Ье choвen вв an оЬlвtе ellipsoid of 
revolution with в large rвtio of eemiaxee (thie is convenient Ьесвuее 
equationlll+ll')lf=O iв вepareted in the epheroidвl coordinatee). P'rom 
the above consideration it follows thвt the magnetic field gives а 
zero contribution to the scattering amplitude. Now cвlculate the same 
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amplitude in the high-energy approximation /З,В/, For thiв we make 

in the Lippman-schwinger equation 

'IГ= 1.\fo + ~ Gol'i,'i'j\[.trV) .l!f(i'J .cJ\[1 

the following typical for thiв method s1mplif1cationв: change Green 
function G" with а plane wave function- L Q.xf~iк~~ '\'\\ ; inвtead of 

" щr 11.- ' 
~ under the integral make uве of itв high energy approximation: 

t 
t~~(iv.~+i!~JI\H) • Тhen, the вcattering amplitude equalв: 

~с._.., . t' 

.f \~\ = tL ~t"''() ~it. il'} .At ~x~(~,Q. ~ л\,н )<AV'. <з.16> 
l~tt v k~ -~ 

.; ....... , ..... ~ ..... -. -. 
Hera~:l<.-\1. iв the momentum tranвfer; У., =K ·VI. .~=~ - е.~ . A!4for high 
energy the вmall angle вcattering dominateв, the vector '\. may Ье 

coneidered to Ье perpendicular to the initial vector ~ /В/; во it 

liee in the х.~ plвne: Тhen: 
~ ($) . ~\ 

1~-vt' = ~~~'- ~tA~J . ~?ti\f)-~;1' .й~ ~r\~~).0~1H) = 

• • uO 

- - L! S d j.1x r 1. ; ~ j ) . [ Q.x r t ~ ~ ~ А1 н) - 1 l = t,, -~ j 

d 

- -L\\ t~~~(t:tф)-!) · \ ~o\\f)JdJ=-~~J l~ft';c.qJ)-!}J,t~\ · 

Here ~ iв the magnetic field flow. 
~ere, we took into вccount thвt major contribution to the integ-

rвl ~~1d~ соmев from the integrвtion path lying outside the 
всrее~ In fact, eвtimate, for example, Sд Л1 dl- for Р.:: 0 • Тhе 
potential -Й1 eq~alв / 1/1 -f( :'2.. J 

Тhen1 
R. 
?,. я~(o,tl ... 
\Я,tо,~) 
-ii> 

/) (;-о l-)- !i ~ J1l - 1 - 2.. . lP+dt.)VL 

~ that iв neglig1Ьle for the thin (§и.. 1) 

- J d\.-+~1. вolenoid. 

So, а naive application of the high energy approximation leadв to 
а wrong reвult. Тhis iв due to the nonvalidity of thiв approximation 
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in the treated concrete exвmple (there ie врасе region with вn in­
finite value of the potentiвl) and to using of the simplified wave 
вnd Green functions, which do not eatisfy the proper boundary con­
ditions. 

4. Тhе lack of врасе forces us to leave here the detailed dis­
cuввion of the А.В. effect aside • Inetead of that we mвke eome 
commente concerning interesting in many reepectв ref./2/. It ie вhown 
there that the contribution of the magnetic field to the вcattering 
amplitude differв from zero if the вcreen hав the form of the toruв 
into which the вolenoid~ ie emЬedded. The proof containв qualita-

tive argumentв ав well вв high energy and firвt order perturbation 
calculationв. Conвider them вtер Ьу вtер. ~ 

А qualitative conвideration iв due to the interference that tвkев 
place between particleв pвeeing the hole of the вolenoid вnd outвide 

it. Тhе interference in turn ie due to в рhаве difference between the 
correвponding wвve functionв. Thiв reввoning preвumeв implicitly the 
multivвluedneвв of the uвed wave functionв. However, ев we mentioned 
eвrlier, the вinglevвluedneвв of theвe functione ie the nесевевrу 
condition for the exietence of the А.В. effect /5,?/. Тhе repreeen-

' Q. 
tation of the wave function in the form '\if:: 'ifo · Ц~(~c. ~ Яo.dl2.) iв cor-

rect if under 'fo one meanв the multivalued wave function in the аЬве­
nсе of emf. Ав в reвult, the above cited qualitвtive reaвoning dоев 
not work and in fact proveв nothing. So, а concrete calculвtion ie 
needed. The miвleading chвrвcter of theвe quвlitative вrgumentв 
hав been diecuввed in /5/ вlво. 

At the end of the preceding вection we demonвtrated Ьу the conc­
rete example nonadequacy of the nвivв verвion of the high energy ар -
proximation. Ав wав uвed in / 2/ in the ввmе contвxt, it hав the 
ввmе drawbackв. 

'Ne point out three rеавоnв why the reвultв of 121 concerning 
the first order perturbation theory вееm unвatiвfactory to ue1 firet, 
plane wave funct1ons are uвed inвtead of thoвe satiвfying proper boun­
dary conditionв; eecond, VМР used in 121 have delta-type singular1-
ties outs1de the solenoid due to the singular gauge transformation. 
Тhis means that the neglected quadratic in potentiale terms are more 
s1ngular thвn the linaвr ones tвken into вccount; third, infinite va­
lue of the msgnetic field ineide the solenoid in the absence of scre­
en1ng (due to using of the plвne wвve functions). 

Pinвlly, some notes concarning recent intensive discuвsion on the 
axistenca of the л.в. effect. If one meвns under this the assent1al 
role of the electromagnet~p potentiвls in quвntum machвnics, the exis-
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tence of the А . В . effect iв without any doubt. For ехашрlе , it giveв 

riвe to the nonzero вcattering сrовв вec t ion of the charged part ic le в 

on the VМР of the cylindrical вolenoid . Note , that the generating 
function ~ in thiв саве equalв 0.1t { \ i:_ up t o conвtant and dоев not 
decreaвe at l a rge diвtanceв. Тhiв dоев not exclude tha t fo r certain 
configurationв of the вcreened ma~etic field the вcattering ampli t u­
de on the VMP could vaniвh . Thiв rевешЬlев the аЬвеnсе of вcattering 

on the Вargmann potentialв . 

5. Неге we co l lect the integralв and веriев of the Legendre 
functionв obta i ned in thiв paper and i n / 1/ and which we f a iled t o 
find out in mathematical handbookв /б , 9/, treatiвeв 1101 and original 

puЬlicationв 111 /: 

I \ll-н- 1 )/.Q Q - .ffl... ~ • L i 11.-Yt ~>•У1..- \t ~\,\}' ' 

п. 'н)\'\..Q Q _ 1r _t Q 1 ~) 
L ..,._ V~,. 'rt~Vt. - ~ k-'·J Vt.. \ 2. '-l..y. ' 

пт. I O v. -v~. · Q\\+Y~ ::. ~1.. . ( tH}'I- ' ) , 
tl.) 

IV . с\1- с."+ 1 -= \\н r~. ) QII - Y~ Dчу~. ( l~,:: ~ ( Q;_YL \ t ~ ) 1 

\;IQ 

v. ~ .. - D~-.~ 1 = ~ ~+ 'IL) R-Yt. Ql,>ry, ( <I:J._ = ~\ Р .. 1- у,_ 0~-у, ~) ' 
d [ 01 ( 1.~- 1.."- 01 ( 'l~-+:z.tJ] t ~ 

VI. ~ ~ J ·-YL 1;·1- ) -:! 1/L 1-J J:t. ' [l't~;~t.)~ _ iy2.-
- JГ.Q f 'tt+t-1 1..) r1 1.. ==-..f''1-.+l:z) , 
- - ~ ~ YL \ t с\ j' 

~ . 

vп . S P~~·O~-t·)l-JA d_м = ~(~~t.-i}·tRl(Q~<t~+Q~-i\-2RQ_l1+,.~1..· 
1. L 1.. t. а. 1. 'L ''"' 

о ~h~t) 

VIII. 

IX • . 

~ \'(1<.-l) Г\1-. - ~+\-' 
~;:'' r \"~'' . rt"-"'-т') 

-= l~ C(h~Y~.1 
r t \-.+1) • 

~ RQ1 SLtлdц = tkц P-i Q:_t'L - ln .tQ -tl." Q ), 
~ L _ ). г ~ ,J f'\1. . \') - {)\ ·Q L IY·~,.\ -у1.. .г у,_ 

~'11. -'(l "'''1. -~1.-
~ Ql r r Q ·\t 0-rL - ,;.._ 1 r\ lQ Q \ 1) 

~ \ Yt SLy J у :: ~l_f C)~t \\~.- ?.;t (j_~t - i'-V( -1_ -t~ i - J. , 

х . 

((1 

XI. ()О 

~ ~ ' r ( G~~ч + Ok-1 ) . Ql - 2. Qk-! . pi 1· t Q~<-1 - Q"Ч ) = 
h= l J' L 1. ~ 

- tJt~ - R - lь с~ Q~,,L · 
~L Q~t р_.,._- Р~ .. 0-vt. 

Sоше wordв on the derivation of theвe formulaв. Expr. I,II ,IV, V 

were obtained in 11/ Ьу coшparing two different вolution шethodв of 
the ваше equationв with the ваше boundary conditionв. Expr. III wав 
аlво derived there Ьу equating the magnet i c field flow to tbe linear 
integra l along the contour paввing through the toruв hole. I t wав 

proved independently,too. Expr. VII-XI have been obtained in the 
preвent paper froш the identity of the generating functionв for tbe 
thin and finite вolenoid if tbe thichneвв of the laвt one tendв to 

zero. Finally, Expr. VI wав obtained ав followв. Take from / 1/ the 
cylindrical coшponent .А of tbe VI4P outвide tbe вolenoid То 1 

'lJ( J.ff 
Qt ~ ~ ~ €.о')~,Н ~ - Q~ ~ ~ -~~~~.::..J.......:i:,___ __ 
ч ~ ~'tt.нt- н.J~i-i) 1k. - 4 ё)l" ~'l"-t-~1-l"'J>~.Y)'"-

on tbe otber hana JJJ equalв -~tt • where the function J.. (do 
not шiх i t with the generating ~nction introduced in весt. 2) per-
шit в different repreвentat ionв : & 

d. ~ ~ ~:х.· с~ '1' r'{ ~1х 5'' dJ' J.j ~ r f'l ( ~~-) 
=, 1~-'i' l = ~ J t'tt..-'-j' t.- l.J\>'(")~.g)Yt- =JJ j{fiJJ' \)J..i t_pj' = 
lP'f~A\ о о ~ 1) 

r=o р 
( f"\ ( t L + J'l) J _\) \ 9 

: 15{ \ J f.').+~t..- 1 tl) - 1-!J ~ \..Yt \ 1-Q. J Гj ::: lc':f -w5J L rJ. .. 1J-') -CcH J 

м 

d": \-\)"'-· ~ . [ Q с 
1+ &~о ·' ll-t .) 

•" - с 

It followв froш thiв tbat the 
Ч\' 
\ ~)~ ~ ~ 
~ ('l1..+ dt-1.d_p ~.g)YL 

P..--t ~l_Jo' d }'1 - R ( Q,._l SI.}' J ;A ., • 

(1+ t\..y)1/L --t ~ {l+e'-.JA)'3(t. J 

integralв 

d 2Jr 
1 С ( fdj'CJ-J 1GФ9)d~ 
d J ) t'1t.+~t.-'l.dJt.~~IJ)~ 

о о 

may differ utmoвt Ьу tbe arЬitrary function ofj) • Ав tbey bave tbe 
ваше l imit aв t -ei)C) , they in fact coincide everywbere. Ву integra­
ting witb reвpect to ~ , one obtainв VI. 

17 



I wish to thank heвrtily Prof. I.V.Polubarinov for uвeful 
diecuввionв вnd intereвting commentв вt the early вtаgев of the 

preвent work. 

Referenceв 

1. Лfвnaeiev G.N. JINR,E2-83-339, Dubna, 1983. 

2. Любошиц В.Л., Смородинекий Я.А., ОИЯИ, Р2-11189, Дубна, 1978; 

JETP, 1978, 75, с. 40. 
3. Ландау л.д., ЛИфшиц Е. М. Квантовая механика. "Наука", М., 1974. 
4. Philippidie С., Bohm D., Квуе R.D. Nuovo Cim., 1982, 71В, р. 75. 

5. Rothe Н.У. Nuovo Cim., 1981, 62А, р. 54. 
6. Бейтмаи Г. , Эрдейи А. Высшие трансцендентные функции, т. 1 • 

"Наука", М., 1973. 
7. Merzbacher Е. Am. J.Phyв., 1962, 30, Р• 237. 

Kretвchmвr М. Zeitв. Рhув., 1965, 84, р. 97. 
Bohm D., Hiley B.J. Nuovo Cim., 1979, 62А, р. 296. 
Касати дж., Гуарнери Ит. В кн.: "Методологические и философские 
nроблемы физики". "Наука", Новосибирск, 1982, с. 86. 
Kawвmura к., Zempo У., Irie У. Progr. Тheor.Phyв., 1982, 67, р. 1263. 

Вerry м.v. Eur. J.Phyв., 1980, 1, р. 240. 
Gerry с.с., Singh 'I.A. Nuovo Cim., 1983, 73, р. 161. 

8. Ситеяко А. Г. Теория рассеяния. "Виmа школа", Киев, 1975. 
9. Градштейн И. С., Рыжик И . М. Таблицн интегралов, сумм, рядов и 

nроизведений. "Физматгиз", М., 1962. 
Мagnuв .v., Oberhettinger F., Soni R.P. Formulaв and Тheoremв 
f or the Special Fwlctions of !.lathemвtiqal Functionв. "Springer", 

Berlin, 1966 . 
Прудников А.П., Брычков Ю.А., Маричев М. Интегралы и ряды. 

"Наука", М., 1981. 
10 . Гобсон Е.В. Теория сферических и эллиnсоидальных функций.ИЛ,М.,1952. 

11. van Hвerin~en Н ., Kuk L. P. J . Мath.Phyв., 1981, 22, р. 2482; 
van Haerin~en Н. ihid., 1982 , 23 , р . 964 ; preprint of the Delft 

Univ . Netherlandв , 1981. 

Received Ьу PuЬliвhing Depart ment 

on February 3, 1984. 

18 


