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+The simplest diatom i c mole cule HD consists of proton P wi th 
mass mp • deuteron cI wi th mas s mel. and e l ectron e with mas s 

nne· As indapendent intern~ l var i ables we choose a vector R.... connec ­
t ing pro ton with deu t eron and a ve c tor 't connecting the mi dpo int o f 
the vecto r R and electron. Then, we tntroduce polar coord ~nat••
fR, e, '1'J ~r R and elliptical coordinates { f. '7. '1J fo rt h e vecto r 


the vecto r 'l. 

PX==!{SCM'-f2 J= : S sit> If i? =2 ~7 J

I 

(1 )S =V(§ '- IX1- r') (f ~ S... C>O I - f,. '7 " 1). 
The variable s 5 a nd 7 can simply be defined by distanc e s f r om 
electron to nuo lel 'Z, = "l.ef'&nd Z, = l.d 

( 1.)~=('l,+Zz)/R , 7= ('Z, -Z,)lR. 
An important point is that the unit vectors of the coordinate s ys tem-. 
for the vector ~ c oinc ide wi t h the spherica l unit vectors 1 .... -. - ...,. -. .... 

of 

e :0 e" =e¢ ej! e K (lb):z " I 
e1 

e / 1/ which are functions o f and ¢ 
The Hamilto n ian of the problem 1n these variab l es Is of the con ­

ventiona l form 

., .J - 2
H---A +V 1 ( -::- x/() ~ - 2m 'l - 211R' ~"':2 II ~ ... _ (2) 

I { ~2 { ( iJ ) ft K2_2 K t 
-2M(R+oR)+ m (T +?K C(+ _.. n ' 

where the following nota tion i. used: 

a == z.L. + ;;eR l.. 
I ch 2 02 12. ) 

{ I .( ( Inrl - m p .1... -::- + ..!.... + - IIn me mp+ma 11 rnp J'!1d tI! -:: m el + 
'p 

.... 
The operator of t he total orbital momentum o f t he system K and 

orbital DK:>mentum o f electron l are g iven in the unit vec t ors ee 
... ­efIJ ' and eN ' in particu:ilar 

... _ ( i. a .d) -(.0) ~( . d) (3 )

K- e - - -- - L-a .. e -L- +e - L _ • 
- 9 sine rJ <P If 'I> 08 R iJ lf 

The potential energy of the problem has the form 

-V= - ...!.... -.i. + -.L 12b) 
"t f 'l,l R 

and the volume element is expressed by 

- (2c)d7: = rdR {5' '7;d5 tire/If d((O', 8)cI¢. 
All the opera tors entering into Hamiltonian (2) should be given thro­

ugh the variables {R,8,CP, 5, "lIlt} (see. for instance . papers/2,3/) . 
The corresponding ShrOdinger equation 

HV(RJ) =EY(R, 'l) (4) 

is a usual starting point in the theory of diatomic molecule/4/. Of 

common use i s also the following way of its solution. The Hamiltonian 
is spl i tted into the -electron­

h = - /m tl Z + V (5 ) 

and -nuclear- part. Next , the electron problem 

~'f('ljR) -::c ( R)lf(Z i R) (Sa) 

is solved. the eigenvalues and eigenfunctions of which depend on A? 
parametrically. Finally, the vibronic s pectrum of t he molecule i s 
found from the equation 

( { a 2 } ,6 )[- 2ft (ff ~ aR) .. t (R) '1"/1 (R) -=. Ev 1"" (R). 
In this approximation the wave func tion of eg. (4) is of a simple 

form 

T.V (R, "i) = If (i; R) Ylf (RJ. (7) 

In the rigorous approach the solution o f the problem should be expan­

ded over the total set of eigenfunctions of problem 15a)/3/ . I n this 

case each operator of Hamiltonian (2) generates matrix elements, and 
eq. (6 ) turns into the system of ShrHdinger equations . 

The matrix elements forming this system of equations t end to cons ­
tant values as R.-,. oD(infinite separation of nuclei). This is well 
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demonstrated oy numerous pictures of matrix elements from revl~. /3/. 

This asymptotic e f fe c t is caused by that the total Hamiltonian (2) does 

not disintegrate into t he sum of subsystem Hami l tonians as R.... - in 

contrast wi th the physical situation. In particular, the approxima te 

wave f unction ( 7) does not provide an exact dissociation l i mit for the 

molecule, that immediately fol lows from the fo r m of the electron Hami l­

t o nian 15). 

This paper 1s aimed at constructing of an asymptotical ly correct 

Hamiltonian for the diatomic molecule. 

In paper /5/ the generalized variable 
~ 2 

P- f.f-.!!2.. ('! + £R) (B) 
- MR' 2 

has first been introduced, and after that in paper/ 2/ the generator 

II = l.-t ((j5)(1 + RrJ~) ( 9) 

has been found i n order to perform a "canonical" transformation of 

Hamiltonian as follows: 

-/< /I J f [ } {'OJH/\ =e He =H-[II,H +21 1I,[II,Hi + ... 
The transformed Hamiltonian H/\ happened to have a simple form /2/ 

1 V I (d 2 
5 a 3 I 

H,,:=. f I-2nyP l1=. :.fJ5 -211f oR' " R oR)- 2:t1/R' (11) 

.. K'-2Kf. ) 
Z M R 2 ( { iJ iJ ~R (})

since it does not con ta in t he cross derivative term R+ aR)(Z a'Z. + Tal 
generating matrix elements wi t h unphYSical asymptotic be~aviour. How­

ever, the generator A commutes with the operator l-e leaving it 

unchanged, but , un f ortunately, with t he same unsatisfactory asymptotic 

properties. 

Now we make a transformat ion which will i mprove the asymptotic 

properties of IJA _ To t h i s e nd , we introduce the general i zed v ari­

able 

(2 .. ¥) V'I'+ '/'W=ZllL ( '2) 

MR' f 
and form the generator 

wS2 =-1. K, (1 2a)
2 

( 13) 

1/ . sin. 'f' ( d ~ n ()). ,0 it 
1\, = L 5mB i)¢ - r:J {)'f + L cu..,. 08 

being the projection of the vector of the tot al orbital momentum K 
onto the axis perpendicular to the plane involving all three particles:1 

~ 

proton, deuteron, and electron. We now define the new Hamiltonian 

by the "canonical" transformation 

- _n. S'l_ [ HJ If [ II. ( 14)H/In. - e H/\ e - H/\ -.5'2, ,., + 2! n, n,H,.,J.r.. , 
Series (14) is exactly summed, hut here we keep only the terms up to 

an order of (m/ M)2 

H 5 d ) [ V -{-(~"R aR 
- -' A,' {75 - "'f' ".t, L,llilH n:='f 2m/j _".? [1 i K, fl2,L -W}- '''f', l' 21J." 3 ' Kl_:'_~ + /(,[1' 

OS) 

-"2 MfR' f 

+ - -- H rators 
' are th differential opeIn this expression i" and ;/....2j e 

d 
at 
 ( !5a)
I., -=YXZ+{ 111. =r. Ii 

::: . ~~~~~~~~~~~y,p)V'IZ+ y' 't''tJ.~. 
Hermitian operator with the volume element 

( lSb)== d'i:/fZd'LlIst 

and has a remarkable asymptotic behaviour 

H f V 1/.0' 5())".R.~ f[-2m,flJ .. + V7 -2t1f.{(jR1 ?7f(JR (15') 
3 g'-2t',} 

. 2/'1topl of 2t.I'iR'· 
It follo....s from this expression that t e Hamiltonian H S2. in the

A 
limit of infinitely separated nuclei provides an exact dissociation 

l~it of the mol ecule even in t he one-state approximation of type (1), 

since its electronic part 

(,6)l ~=-f!l~ + Jjv 
turns into the Hamiltonian of ato m H or D taking exactly into 

with account the isotopic e ffect as f(-+o-O /2 I 

4 5 



In conc lusi on, let us discuss the Hamil t oni a n HAn as compar ed 
to the resul ts o f paper /6/, in which an attempt ha s been made to take 

the iso topi c effec t into account within the tradit i ona l a ppr oach. 
The authors of that paper derived a cumbersome expressi on f or vibronic 

and rotationa l mass . A formal use of such parameters allows one to 

reach a be t ter agreement between experiment and theory i n the case of 
the rroleculi!!ir H2 spectrum. It fo llows directly from formula (15) 

that the vibrational mass coincides with the rotational one up to 
terms (tnj,..,)1. and should be pM . This conclusion does not contradict 
the results of paper /6/ . The discussion of the results of review /3/ 

can be carried out along the same line. 

The author is deeply indebted to V.G.Kadyshevsky, A.B.Pestov a nd 
E.A.Solovlev for stimulating discussions and to P.Fiziev for c l arify­

ing some mathematical questions concerning the >operator HAS2. and f or 

numerous discussions. 
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raMHn bTOHHaH anR AByxaTo~Hon Mon eKYnw 

flOCTpoeHo npeoOpasoBaHlfe ra~1HJ1bTOHl1aHa n p ocTemneff ~Byx­
aTo~HoH MoneKYnM , KOTopoe ynpoma e T ero B Hg npH 6eCKOHeQ HOM 
YAaneHUH onHoro 113 R,ilep J o6ecne'IUn aR TOQHhllI n p e,['!,en ,!lHCCOiUtu ­
lum o.toneKYJlhJ . 
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npenpHHT O~eAHH.HHoro KHcTHTYTa RAepHWX HccneAoBaHKA. nY6Ha 1984 
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Hamiltonian for Diatomic Molecule 

The transformation of the diatomic Hamil tonian is propo­
sed which simplifies its form and makes it asymptotically cor­
recto 

The inves t i ga tion has been pe rformed at the Laboratory
of Theoretical Physics , J INR • 

Preprint of the Joint In.titute for Nuclear Re•••rch . Dubna 1984 


