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ln recent years the quasiparticle-phonon nuclear model 
{QРМ)/ 1 -4/ is widely used for the description of fragmentation 
of nuclear excitations of simple structure (such as one-phonon 
or one-quasiparticle states) at intermediate and high excitation 
energies. Within this model one is аЬlе to describe а wide 
set of experimental data in spectroscopy for even-even / 2/ and 
odd /З, 4/ spherical nuclei. 

Despite the successes of the QРМ, а further improvement of 
the model is necessary due to the fact that some physical effects 
firstly not included into the model formalism could play an 
important role in the numЬer of cases. Such investigations 
have been performed in ;s-т 1 for even-even nuclei. ln this paper 
we consider odd spherical nuclei. 

Тhе QРМ equations for odd spherical nuclei have been obtained 
in/BI,where the considered model wave functions contain compo
nents ranging in complexity from one quasiparticle to "quasi
particle plus three phonons". ln the equations used in numerical 
calculations only contributions from components not more complex 
than "quasiparticle plus two phonons" are taken into account /3/, 
Hovever, in the equations from refs/8/ and /3/, the anharmonic 
effects of phonon excitations of even-even core and Pauli prin
ciple corrections due to the fermion structure of the phonon 
state are not taken into account. 

Тhе influence of the mentioned effects on the fragmentation 
of highly excited single-particle modes, which has been analysed 
Ьу the use of equations from /3,8/, is expected to Ье not strong. 
But, as has been shown Ьу investigations in /4,9/, these effects 
are substantial at low excitation energies and influence stronp,
ly the fragmentation of "quasiparticle plus two phonons" sta
tes. 

In this paper, within the QРМ, we obtain the equations for 
the energies of excited states and structure coefficients in 
their wave functions using model wave function of an odd sphe
rical nucleus in the form: 
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where а t;n and QX/Li are the creation operators of Bogolubov' s 
quasiparticle with quantum numbers j = (n, f, j) and projection 
of total moment т, and i -th phonon with moment and projection 
Aj.(, respectively. ~о is the ground state wave function of 
even-even core. The phonon creation operator is expressed in 
terms of quasiparticle creation and annihilation operators as 
follows: 
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We write the commutation relations between phonon and quasi
particle operators: 
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For nuclei with negligiЬle nurnber of quasiparticles in the 
ground state, i.e., when the randorn phase approxirnation (RPA) 
is valid, one has < ~о ai~ajт~o> -O,so frorn the orthonorrnaliza
tion relation of one-phonon states one gets 
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Further, we suppose that the rfr and ф arnplitudes satisfy the RPA 
equations for the separaЬle interaction between quasiparticles 
and thus the condition (5). 

The QPM Harniltonian consists of phenornenological rnean fields 
for neutrons and protons, usual monopole pairing interaction 
in the particle-particle channel and separaЬle inultipole and 
spin-rnultipole forces in the particle-hole channel. Interaction 
in the particle-hole channel is isotopically inyariant. А more 
detailed description of Harniltonian can Ье found, for exarnple 
in / 2, 10 / . 

i ·:to:.l .."'. 

i: ""~·-' ' 
·' 

-t:, .. ~ 

3 . 



... 

We write the QPM Hamiltonian in terms of quasiparticle and 
phonon operators, assuming that Ф and Ф amplitudes do satisfy 
the RPA equations. 
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where Ej is quasiparticle energy, f~, =<ji\Rл(r)i,\YAILI\j' > 
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change т-+- т corresponds to the interchange n +-> р. Index т in I.' 
means that the sum runs over only one type of single-particle 
spectrum: neutron or proton. Using (З) and '(4), we get the nor
malization condition of the wave function (4) in the form: 
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where fJ-. mi_ and кf functions have form; : 
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WithA =v2A+1; f unction K<ЧIL2i2,Ai'IL}i'j i Л 1 1L 1 il' Л 2 11 2 i 2 ) is а comЬi-
n a ti on of Ф a nd ф-phonon amplitudes, and its explicit form is 
given in /б / . 

The average of Hami ltonia n Н over the wave functions (\) 
is e qual t o : 
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Th e e xpression for matr i x elements U :1.
1
1 (Л1) of Hamiltonian (б) 

"21 2 

between one- and two-phonon states is given in 121. The inclusion 

л · 
. . 111 ( . (9) f of terщs conta~n~ng U, . Лi) ~nto accounts or the anharmo-

"212 

nics o f vibrations o f even-even core. Using variational princip
le we cot.йd obtain t1-1e general system of QPM equations with the 
wave function ( 1). But, be f ore going to do this, we make some 
approx imations for (7) and (9). f 1 ,К

1. and 'J!{ f unctions appear 
with taking into account Pauli principle in the wave function 
(1). I f one neg l e cts Pauli principle c orrections these f unctions 
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are equa1 to zero, As has been shown in /б, 7•9/, f 1 and К~ func
ttons are a1ternating quantities and their diagona1 va1ues are 
much greater than nondiagona1 ones. Our investigations show а 
simi1ar situation )or mx functions. It can easi1y Ье seen from 
the taЬle, where mл va1ues with Л = 2 for states with · J rr = 9 /2+ 
in 209 РЬ and J" = 1 /Т in 61 Ni are shown. Va1ues of m~,as in 
the case for f j and К.1 ,have different signs and reach maximum 
in diagona1 terms. 1 J J 

,.. The maximum of f J• m Л and К j functions in their diagona1 
va1ues is. natura1 from the physica1 point of view, because Pau1i 
princip1e is vio1ated most probaЬly in the configurations formed 
Ьу id_entica1 quasipartic1es. Keeping this in mind, we on1y use 
diagona1 approximation in our further ca1cu1ations. In this 
case (7) becomes 

< Ч'*(JМ)Ч' (JM)> ~ 1"' с1· 2 11 + I [D~1 
(Jv)] 

2 
[1 + f(JJ,\i)] + 

v v v л~ J 
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123 Js з 2 
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where f (Jj,\1) = f J (j,\1 1 jЛ i) , 

(12) 
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2 2 1 
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х [ ф . . ф. . ф . . фj . - ф . . ф . . ф . . ф . . ] • 

lзl4 1114 JзJ2 112 1314 1114 1312 1112 

For the "quasipartic1e p1us phonon" configurations, which are 
forbidden Ьу Pauli princip1e, f(JjЛi) = -1 and these states 
automatica11y are exc1uded from the norma1ization condition and 
fo11owing expressions / 9/ . If vio1ation of Pau1i princip1e takes 
р1асе in the two phonon components, КЛ = -2 and these components 
are a1so exc1uded from cortsideration / 6•7/ . At 1ast, if Pau1i 
p_rincip1e is vio1ated in the "quasipartic1e p1us two phonon" 
component, name1y, between quasipartic1e and one phonon, m = -} 
and thts component is exc1uded automatica11y. For examp1e, if 
two-quasipartic1e component l2p 312 Q2p 312 12+ gives 100% contri
b~tion to the structure of 2~ phonon in бONi for 1/2- state in 
6 'N1 which is forЬidden Ьу Pauli princip1e, 
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' 

'lln ( 1 3 1' + +) 1 .., ~ 3 +1 + 3 J"222 .4 ,22 =тJn4(22'22 ~2 ' 22) - -1. 
(13) 

Thus, the strict commutation re1ations between phonon and qua
sipartic1e operators enaЬle one to take into a ccount Pau1i 
princip1e. 

In the diagona1 approximation the average of Hami1tonian 
is much simplified and has the f ollowing form: 
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S J(jЛ ,Лiill, Л11 1 1 Л 111, Л f 2' jЛ) 
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S(JjЛ 1 A1i1 , Л 2 i 2 ) = 
[ 1 + ~ к\л i 2 ,л 1 t 11 л 1 1 1 , л 2 ЧJ[1 + mcJJЛ I Л 1 t 1 , л 2i 2)J 

From ( 14) one can see that states forbidden Ьу Pau1i princip1e 
give no contribution to the average of Hami1tonian. Using va-
riationa1 princip1e, 

l>I < Ч'* (JМ)НЧ' (JM) > -11
1 

[ < Ч'* (JМ)Ч' (JM) > -1]\ =О (15) 
v v v v v 
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we obtain the system of three equations 
1 

· Л1i1 2 
1( 1 -ТJ 1· +~[(D . (Jv)) k +ы, · . -R(Jj 1Л 1i 1 )-ТJ 1 )-v 1 J 1 Jl "Р1 v 
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1 л 
х [ 1 + 2 К 

3 (~ i2 , л 1 i 1 1 л 1 i 1' л2 i2)] [ 1 + m(Jj 3Л3 1 л 1 i 1' ~ Ч 1 + 

Л 3 1 3 Л 1 i 1Л 2 i..! Л 2 i 2 . 1 Л 3 . . . . 
+ 2 ~ D. (Jv) .F., (Jv)U,. (Л 3 1 3)[1+-2 К (Л,;2 ,Л 1 1 1 I Л 1 1 1 ,Л 2 1i]х 

123 Jз 13"3 "1' 1 ' 

1 

х [1 + 
. - Л2i2 Л1i IЛ2i·2 i3+Л1+Л2+ J 

f (Jj
3 
Л 3i 3

)] - 2\1'•2 ~ ··о . (Jv) .F i л (Jv) (-) х 
123 12 з з 

л3 
1 Г(j2} 3 Л 1 i 1 )[1 + ; К (Л2 i 2 ,Л 1 i 1 I Л 1 i 1 ,Л 2 ii1 х х 1iз 

л 1 л 2 Л3 
1 

J Jз J2 

х [1 + f(Jj~Л 1i 1 ) + f(Jj 2 Л 2 i 2 )]\ =0, (16) 

• 
ID~i (Jv) [ ( . + ы, . - R(JjЛi) - ТJJ. ) - 1 Г(JjЛi) 1 х 

1 1 /\1 . v .J 2 

Л1i1Л2 i2 Л2i2 
х [1 + f(JjЛi)) + ~ .F., (Jv)U, . Щ) х 

12 )/\ "1 1 1 

х [1 + ~ Kл(Л2i2,Лlil i Л1i1,Л2i2))[1 + f(JjЛi))-
Л 1 i 1 Лi лл iз+А 1+Л+J Л 1 Л Лз 

-у'2 ~ F . Л (Jv) jЛ 3 (-) 1 J . . 1 Г(jj3 Л 1 i 1) х 
1З . J з 3 J з J. 

х [1+; KЛз(Лi,Лli1IЛ1il,Лi)][1 + f(Jj;лli1) + f(JjЛi)] = O' 
(17) 

Л1i1Л2 12 
FiЛ (Jv)[(i+ ыЛlil+ыЛz i 2 - S(JJЛ IЛ1il,Л2i2) -ТJ Jv) х 

х [1 + ~ Кл (л2 i2 , л 1i 1 1 л 1 i 1, л2 i 2) ][ 1 +т (JjЛ I Л 1 i1, л2 i 2)1 + 

10 

+; f D~i(Jv)U~~~21(Лi)[1+ ~КЛ (Л 2i 2 ,Л 1 i 1 IЛ 1i 1 ,Л 2 i 2 )] х 
1 Л2iL А л 

х[1 + f(JjЛi)]----=.. ~ ID. \Jv)Г(J 2JЛ1 i 1 )J 2 Л х 
2\1'2 iz 12 

i+A1+Лz+J л~' Лz л 1 л 
х (-) 1 .. 1 [1+ -К (Л 2 i 2, Л 1 i1 I Л 1i 1 ,Л 2i~] х 

J J J 2 2 

х[1 + f(JjЛ1i1) + f(Jj 2Л 2 i2)) + D~;\Jv)Г(J2 JЛ 2 i 2)J 2 ~ х 
i+J..:.л л 2 л 1 л 1 л 

х(-) CJ .. I[1+ 2 K (Л 2 i 2 ,Л 1 i 1 IЛ 1i 1 ,Л2 i 2)] х 
J J 2 

х [1 + f(JjЛ 2 i 2) + f(Jj 2 Л 1 i 1 )]1 =0. ( 18) 

We obtain the basic sy~tem of QPM , equations for odd spherica1 

nuc1ei, substituting the expression for .F\1i 1Л 212 (Jv) from (18) 
)/\ < 

into (16), (17). 

5(ТJJ) = (
1

- ТJJ -
2
1 ~ D~ 1 (J~)Г(JjЛi)[1 + f(JjЛi)] =0, 

v v л~ 1 

A1i 1 . 
D . (Jv) [(. + ы, i - R(J j 1 л 1 i 1 ) - ТJ 1 ][ 1 + f (JJ 1л 1 i 1 )] -

J 1 J l "1 l v 

1 ~ 
- 2 2З 

А А л 1 л 2 Лз 
(2Лз+ 1) J 1Jзl J 2 J J 11 Г(j1 J2Л2i2) 

[t 1· + ыл i + ыл i -S(Jj2Лзi.\:212,Л1i1) -ТJJv] 
2 2 2 1 1 

х 

Лз 
[1 + j.к (Л 1 i 1 ,Л 2 i 2 IЛ 2 i 2 ,Л 1i 1 )][1 + f(Jj 2 ~ 2 i 2 ) + f(JJ 1Л 1 i 1 )] 

х 

[1 + m(Jj2Лз IЛ2i2,Л1i1)] 

л i л л Аз 
х {о/ 1 (Jv)Г (j 3 j 2 Л 2 i 2 ) 1. 1 2 . \[ 1 + f(Jj 2 Л2 i 2 ) + f(Jjз.\ 1 i 1)] + 

з J 1 J Jз 

( 19) 

х • 

A2i2 Л 1 ~ Лз Л1+Лz- Лз 
+ D . (Jv)Г (jзj 2 Л 1 i 1 ) { . 1(-) [1 + f(Jj 2 Л 1 i 1 )+f(JjзЛ2 i2 )J\ 

lз J J2 Jз 
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1 
2 

~ 
234 

,,, " 

..\114 Лзi3 Лз iз , 
D з' (Jv) U Л i (Л 1 i 1) U Л i (..\1 i 4) 

1 2 2 2 2 
х 

[Ej 1 + <и..\2i2 + c.J..\3 i3- S(Jj 1..\ ll\i2,..\3i3) -71 Jv] 

[l + .!...кл 1 (Л3 t 3 ,л2 121 л2 t 2 ,л3 13 )][l + f(Jj 1 л 1 t 4))[I + f(JJ1 л 1 i 1)J 
х 2 + . . 

• ' [ l + ~ (Jj 1 ..\1 IЛ 2i 2 • Л зi з)] 

+ 1 Л 3 iз . --= ~ D. (Jv)Г(j J' Л . '~ J1+A1+J v 2 23 J 3 з 1 2
1 

2' J з (-) 
AJ ..\2 Лз 
. J . 1 х 
J 3 J1 

Л 1 u:::: (Л 1 i 1 )[l+ ~ ~1(Л3 i 3 ,Л2i~Л2 i2 ,Л3 Ч][l + f(jj 1 Л 1 i 1 )] 
х \ х 

х 

+ 

х 

[l +т т 1..\ 1IЛ2i2 • ..\3 i3)] .. 

- [l + f(JJ 1Л 2 1 2 ) + f(JJ 3Л 3 1 3 )] 
+ 

[Е 1· +<иЛ i +<иЛ i - S(Jj 1Л1IЛ2i2 • A3i3) -71Jv] 
1 2 2 з 3 

Л 3 u~~:~(Л3 i 3 ) [l + t Кл'л 11 1 ,л2 t2 1 л~ 2, л 1 t J)Hl + f(Jj 3 л 3i з)] 

[Е J
3 

+ <иЛ 1 i 1 +<и~ i 2- S(Jj3Л3 I Л2i2. Л1 i 1) -11 Jv] 

х 

[l + f(Jj 3л 212 ) + f (Jj 1 л 1 i 1 ) ] 
1 = _l_Г(Jj1 Л1i 1) [ l + f(Jjl Л li 1)]. v2 [l + ~(JJЭЛ3 IЛ2i2,Лiii)] 

(20) 

With coefficients D~i found from the system of equations (20), 
one can solve (19) and find the energy "'J for states Ч' (JM). 

v v 
It should Ье no'ted that equation (19) has the same form even 
with taking into account more complex components in the wave 
function (1). Actually, this equation is the matrix form of Dy
son equation in the QPM. One could obtain а similar system of 
equations in nondiaвonal approximation using (7) and (9). 

If we assume that the odd quasiparticle does not influence 
the structure of two-phonon excitations of the even-even core 
and neglect Pauli principle corrections, the f К,\ and ~ func
tions become zero, and our system of equations is reduced to 
the system of equations used in / 4/ for calculation of radiative 
strength functions in odd spherical nuclei. Further, if we drop 

12 

all terms containing U~2 i.2(Лi) which are important for the descrip-
"313 , 

tion of fragme·ntation of "quasiparticle plus phonon" states 141, 
we get the system of equations firstly obtained in /8 ~ Neglecting 
of terms containing U corresyonds to the usual assumptions 
of phenomenological models/11 . Such equations have been used 
for calculation of deep hole strength distributions and neutron 
strength functions / 3, 41. If "quasiparticle plus two phonon" com
ponents are not included into the wave function of an excited 
state of an odd nucleus, all terms of (20), except those in the 
first line, disappeari and one вets the system of equations 
firstly obtained in 19 • Then, assuming f(Jj..\i) =0 one gets the 
well-known secular equation of the superfluidity nuclear model/12~ 
Comparison of equations ( 19), (20) with those from /3,4,8,9,12/ 
shows that the inclusi_on of Pauli princip.le ' leads to the renor
malization of matrix elements and to the shifts in the energe
tic poles. In the number of cases, these corrections play an 
important role /5,7,8/ . 

Thus, our system of QPM equations is most general and it 
contains all approximate equations used in the t alculations 
for odd spherical nuclei within the QPM / 3,4,9/. These equa
tions may Ье used for calcula'tions of various characteristics 
of low- and high-lying' states in odd spherical nuclei. 

ТаЬlе 

~JJ01..\( ,Л1i,l..\2i2, j2л'2) values for states with 
J"=9 2+ 1n 2о'9рь and J 17 =1/2- in 61 Ni 

. ............................................................ . 
Bucleua j.. 74 ~4i.. -\_f~ j1. ~ JИ.f 

1113/2 2 2+ 
1 

2+ 
1 111)/2 2 -0.018 

209РЬ 111)/2 2 2+ 2+ 111)/2 2 0.006 1 2 

111)/2 2 )- 2+ 111)/2 2 -0.0001 1 ) 

111)/2 2 2+ 
2 

2+ 
2 111)/2 2 о.ооз 

2РЗ/2 2 2+ 
1 

2+ 
2 2pJ/2 2 -0.67 

2pJ/2 2 2+ 2+ 2pJ/2 2 0.12 1 ) 

2р)/2 2 2+ 2+ 2pJ/2 2 1.12 2 2 

61N1 

2Рз/2 2 2+ 
2 

2+ 
4 2р)/2 2 0.18 

•••••••••••••••••--•••••••••••••••••••••••••••••••••••••о•••= 
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Тhе authors are g,rateful t o prof . V.G. Soloviev for helpful 
discussions of proЬlems considered in this paper . 
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Дао Тиен Кхоа, Вдовин А.И., Воронов В.В. Е4-84-501 
Основные уравнения квазичастично-фононной модели ядра для 

нечетных сферических ядер 

Получена в общем виде система основных уравнений квазичас

тично-фононной модели для нечетных сферических ядер. Уравне

ния учитывают эффекты ангармоничности колебаний четно-четного 

остова и nоправки, обусловленные требованием выполнения прин

цила Паули. Показано, что выведенная система уравнений содер
жит все варианты приближенных уравнений квазичастично-фононной 

модели, широко используемые в расчетах. 

Работа выполнена в Лаборатории теоретической физики ОИЯИ. 

Препривт О&ъединенноrо иНститута цepllloiX нсспедованнй. Дубна 1984 
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