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1. I ntroduction 

Qua ntum t unnell ing phenomena are of f undament al intere s t f or 
the unde rs tand ing of a varie ty of processes in the mic row orld (decay 
of quesista t iona r y e t a t ee, nuc lear react i ons with sub-barrier pa r­
ticle emies i on. s ub-ba rrier f ueion , spontana ous fissi ons, etc. ) a6 
we l l as for a l ot of i t e pract ica l a pplicat i ons (Josephson ef f act, 
hi ghest -preci sion investigat ions of solid-body aurface s within an 
ac cul~cy smal l er the n a t omi c diame terB/1 ~ etc.). 

The be hs viour of a single (e l ement ary) qua ntum me chanica l par­
t icle in an exte r na l potsntial f i eld was w id~ ly understood st il l at 
t he beginning of tho deve l opemen t of quantum mechanics. Neverthe l ess, 
presently, i nves t iga t ions are going on of severa l spec ial situat ions 
l ead i ng to qua l ita t i va l y new and part ially surprising results. For 
example , we mention pene t ra t i on t hrough singu l a r potent i a l s whi ch a re 

/ 2/ nonpenetrab le in the quaaiclassical approx tmet i on ; r esonance - l i ke 
pene t rabili ty of a potential compose d of l. £ - f unctions a t finite dis­
t ance /3/ ; and the exiatence of bound ata tes with posit ive energiea 
f or potent i e l wel l s whose teils show a damped OSCi l la t ing behevi our 
( t he bou nd s t a te may l ie even above t he oscil l a t ing psrt ), which is 
due to multipl e reflection above the barrl er/4/. 

up to now, there ere only a very f ew investigations concerni ng 
barr ier penetre t ion of complex particles exh ibiting intrins ic dagrees 
of fraedom (e.g., nuc l ei). Freque ntly, in such type of probleme t he 
inner e t ructure of t he partic l e i e completely ne glected. 

On the other hand, it could be shown/5 ,61 t hat in the case that 
instrinsic exc itations can be excluded (existence of 8 gap between 
ground state and fi ret excited state and comparab l e small energies of 
the center of mass motion), t he tunnel l ing of 8 complex perticle 
through an external bsrrier can be essentia lly intensified i f taking 
i nto account the mutual i ntrine i c motion of t he particles in the 
ground state of the complex. 

Another very intereet i ng reeult is t he find i ng of ref. / 7/ that 
in the case when i ntrineic excit a tion i s poasible , the penetrabil1ty 
of an asymmetric external potential for a complex part ic l e can s how 
a very pronounced l eft to right aaymme t ry (at the Bsme energy of t he 
incoming particle ). 
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These r eeulte have'been obtained ei t her i n a rather echematic 
way or by us i ng eevera l simplifying assumptions to coneider a 006­

dimans ional pair of partic lee interacting via an infinite rectangular 
potential colliding with an externsl r ectangular barrie r . 

Owing to the la r ge numbe r of pra ctical con eequences of the above­
mentioned s f fects s more i nvolved cons i deration should , therefore, be 
of intere et . 

The aim of the preeent paper is to analyae i n TDHF approximatIon 
the beheviour of (effec t ively) one-dimensional nuclear alabs of dIf fe ­
rent thickneas (par tic l s number per unit area) when interecting wiLlI 
asymmatric a s well as symmetric sJt ternal potent i sls e nd t o comper.. Lhe 
resu l ts wi th those of refs./5- 7/ . 

2. Quslitat i ve Considerationa 


lYe start with a brief llesc ription of the baa ic l rloull 01" l'CIrll . 

/5-7/ 

First. c ons i de r the penet ration of an ex t ernal barl'!'1 Vex) LJy 

two identica l elementary part icles . In NKB approx imoUun Lh .. ~ nItHt­

miss i on coefficient D(Ejis give ll by 

O(E) ~ exp [- ~ - )' Jx ] . ( 1 ) Jbv""'::'z-m-(-V(-x) --f ...... 
Q 

Prom eq. ( 1 ) it is obvious thst the transmi asion c oefflctnntn .l~ 
exsctly the aame for the case when the two partic le o ore nOIl,,11lorod 
to form s compl ex and the intrinsic motion ia fully neglec ~tllJ I £I nti 

for the case of i ndependent penetration of both par t icleo n iJuu 1Lu­

neously. In the f i rst caee one has to double WI. V()O, E , lin" 1t'I 

the sec ond to square eq. (1) end i ng up with DICE) i n both ox l r .. ru 

l imits (in genera l , however, thie is only exact i n t he quaeicluIl111uIll 
cas a). 

Turning t o s ome inte rmedia te s i tuation of t he two pal' ticlell I n i ­

tially being bound in the ground state of the complex j. , we docolII­
pose the wave function of the system with reepect to the full Bet of 

intrinsic WBve functions ~. 

-f(X1 } Xl) = L F.. (R)I"" (f) ( 2) 

with R::(X. i-)(l)f2. ) f=-X'" 
1 -)(1 . 

If t he energy of the incoming compl ex part i ole ie smeller thsn 
t he energy of the fira t axc i ted s tate, one can neglect a l l terms IV!th 

ot. >0 i n e q. (2). 'l'ben I for t he wave f unction Fo (R. ) • describing the 
mot i on of the compl ex 8S a whole , one end e up wi th the Schrod i nger 
equation/6/ 
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fi1. " -2M F. (I?)+Voo(R)Fo(RJ=- EF.(R) ) M;2m (3 ) 

wi t h the ef f ec tive pot en t ia l fe l t by the compl ex part ic le 

Vo.(R) = fJl. (jt){2[V(R - lr )+ V( R ~ if)J elf (4 ) 

which eppears to be t he externa l potent ial f or bot h cons t i t uents ave­
reged over the in t rinaic mot ion . 

Using the nomalization condition for lo it i s easy t o show t hat 

f Vo o(R ) d R= z f V(R)rJR , ( 5 ) 

If the psir of part i cles is much smal l er t han t he half wid th of t he 
potential, Voo (R)appro8ches2V(R), i.e . , it f eels twice the potential 
of each of ita cons t ituents . A reduction of the barrier height i n a 
more rea listic case can dr ast i cally enla rge penetra bi l ity f or not t oo 
small incidant energies ( t he corresponding broadening of the ef fec ­
t ive barrier cen , however, diminish penetra bi lity at very smell ener­
glee). This is the essence of the "intens i fied tunnel effect " /5/. 

Consider now an asymmetric potential exhibit i ng a steep f a lloff 
on the one side and a fla t ter one on tbe other aide . It cen be ehown 
/7/ thet its penetrability for t he tw o-part i c l e complex 1s exact l y the 
ssme f or approaching the barrier from any of t he s i de s i f r es l exc i ­
tations can be exc l uded. However, if other channels come int o pl ay and 
the corresponding terms are retained i n eq. (2), the transmission coef ­
ficient is larger for approach i ng the barrier from the fla t side . 
It is argued/?/ that this ia becsuse tbe complex part icle becomes less 
excited in this case end , consequently, more ki netic energy rama i ns to 
tunnel through the barrier with a higher probebility. Considering onl y 
the ground and firat excited states, numerical calculationa have been 
performed for e one-dlmansionel pair of particles interacting via a n 
infinite rectangular potentia l and colliding with an asymmetric atep 
potent ial . The reaults confirmed the above qualitative expectetions . 

It ie of great interest to consider analogous problema for a 
c omplex ofN>l particles. Intuitively one could cleim that the i nten­
sified tunnel effect 19111 increas e wi t h increaaing part icle number sin­

ce more and more i ntrinsic degrees of freedom "help" the system to 
"adapt" itself t o an external barrier and to collectively overcome it. 
On the other hand, wi th increasing particle Dumber the excited s tates 
come down in energy and the spec t rum of states becomes more de nae. 
Hence, the neglect of i ntrins i c exc itations becomes lesa mot ivated: 
aince intrinsic excitat i ons decrease tbe kine t ic energy of the sya­
tem, t he barrier should become l e s s penetrable. 
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To get a reasonable guess about the N-dependence of the as ymmet ­

ry effect is poss ib ly even more diff icult. -Hs hsve t he f eeling that 
for a given degree of the potential asymme t ry it could be mo s t pro­
nounced for s ystems of diameters c omparab le with t he thickness of the 
potent ia l. For a gi ven partic l e number in the complex it seems to us 
that t he e f fe ct should i ncrease wi th i ncreasing potent i a l asymmet r y . 
Exect i nvest i ga t ions on t his line are, however, i n order. 

In a quenti t at ive N -part i c l e descript i on of the two oollective 
barrier penetra tion effects, it is des i rab l e t o i nc l ude also dynami­
cal deforma t ions ss wel l ss break- up and fragmanta t i on channals which 
may play an essent ia l role i n the g i ven probl em anu hsve not heen 
invest iga ted explicitly in refs.! 5-71 (e.g., break-up of 0 ,Jeuteron 
when co l lid i ng with the ex terna l barrier) . 

Since the exact N- part icle Sohrodinger equation for tho given 
problem cannot be s olved axa otly we t rea t it in the standurd 'I'UH F' 
approx imation with ef fective nucle on- nuc leon in t erection{1/S-121. I n 
TDHF the wave f unct i on i s described by a Slater determinant ApOcll'ied 
by t be criter i on tha t at eve r y t ime, the deviat i on betwoen I L 11m] the 
exact solution of the Schrod inge r e qua t i on is mi nimi zed . 'L'ho aOl'res ­
ponding va riation principle yie l ds a nonlineer system of CO UI.lIotl sin­
gle-particle Schrod i nger e quations f or ea ch i n it ially occ1lpie rl orbi­
t al, and, therefore , is much more easier to handle than the oXf;lat prob­
lem. However, due to t he nonlinearity of the equations til" [Hlperpo-: 
s i tion principle of exa c t ( l inear) quantum mechsnics 1s 10oL. This 
haa a l ot of conse quencss/8- 12/ like some claas i ca 1 (determj nlotic) 
f eature s of the TDHF solutions , the existence of a61i ton-like oolu­
tions, s purious asymptot iC cross cbanne l correlations , and oorres­
ponding f undsmental ques t ions of the interpretation of numerical 
resul t s. We shoul d have t hese a pe c ific fea t ures which are the price 
for the drastic reduct ion of the ful l prob l em in mind for the inter­
pre t ation of the barrier penet ra t i on result s presented below. IIare, 
we ma nt i on i n pass i ng that no problems with i nterpretation arise if 
one is aatiafied with expectat i on values of one-body operators (e.g., 
meaD part i cle number t ransmitted or refls c t ed in the g i ven problem) 
instaad of trying t o look for specif ic channels , i.e. S -mat rix ele­
mant s . 

For aimplic ity of numericsl c a l cu l at i ons we rest rict ourselves to 
t he considerations of an effec t ive one-dimBnsional elab geometry. 

3. Mode l ana Slab Charac t eristics 

We perform our investigat ions of barri er penetration in the fra­
mework of the simple, ef fect i vely one-dimensional, model for nuclear 

" 


slabs proposed in ref./8/ . In this geometry the s lab has a finite di­
mens ion in th e :i! -direction and is trans lationa l ly inva:r i ant in direc­
tions pe rpe nd icular to the Z -axi s. So, the single-particle wave func­
t i ons are of t he form 

( 6)-Yn;:: (r, tJ ~ ift exp [i (k.l~ - Ii k; t/2 mJ] <1>" (Zit) 

and wi t h t he effective nuc l e on-nucleon interac t i on chosen to be a s im­
plified Skyrme f orce 

V(;;,~)=(t,,+tt~f)J(r:-r: ) (7 ) 

with t. =-1090 MeV fm 3, t, ..17288 Me V fm6 , and f being the one-body 
dens ity N 

fer, t)= S>(z,t)== ;[ an J tPn(l;,t)Jl. (8) ,, -1 
we have t o solve numericall y a c oupled s ystem of one-d imensiona l Schro­

dinger-type aquations for t he evo lution of the single-partic le orbi­
t als ¢~ ocoupied in t he in it i al s t ate: 

it;~" (i,t)::.[-;~ ~;2.'" i t.f(~,t) + ii,t') f~(i!,t} + V(l;)] ~n • (9) 

Here V denotes t be ext erna l potential. The (constant) occupation 
numbers Q~ monotonica lly ds c rease with increasing 1'1 expre s s i ng the 
fac t tba t for highe r orbit a l s less plane waves fulfill the condition 

tKJ.l:s [(2r"/"/)(EF-E,,)t·~ iCMd(nJ , (1 0) 

So, bJ. :oher orbitals enter the density with smaller weights than l ower 
ones. 

I ni tia l conditions are construc t ed from stationa ry solut i ons of 
eq. (9) (with V(i):aO ) boos t e d into direction of the ex t erna l barr i er 
by mult i plying wi th pl ane waves corres ponding to the e iven ki netic 

/ 8/ ).energy of the s la b (for deta ils see
The Pau l i principle bae been built in from the beginni ng and i s 

se t isfied a t all t imes s imply beca llB'l a ll t he partic l ea are moving in 
the aame potential/8/. 

Since in the following we sball i nvestigate slabs of different 

thiokness Jf w 
.fi. -= Z. a ..... K:'•• (I'I)/rr (11)..... qpt 

it is useful to illus trate t he corresponding s ta t i onary solutions. 

Pig. 1 shows theA -dependence of s i ngle-particle energi es ~~ • the 
Pe rmi energy E~ end the number of occupied discre t e states N • Note, 
that our a l a b mas s table sli ghtly devi ates f rom that of ref . /8/s ince 
in that work an addi t i onal f ini te range Yukawa i nter act ion in t he 
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Fe rmi energy f F (heavy line ) i s 
shown. The upper absc i ssa i s l a ­
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.
beled by t he three -d i mens i ona l 
equivalent ma ss number de t ermi ­
ned from .JI = 2. r. A.,, f • ... 
effective force, eq. (7), bos 

been cons idered. "LIag i c " slsbs 
.., 

--------. occur when a new e i genva l ueI -=----- ----~ 
-'5iO o 11'50 1..0 ~ ZoO ~ dives below £F • The nearly e qu i­All ", I 

distant "shells" have 0 distanc e 

of 

tJ.)1I-~O . Hfm-2 J (12 ) 

while the first "magic" slab has a thi ckness of ..ll- =0 .39 fm-2 • 111 

using the notions "shells" snd "magic" slabs one should, hOWaVel", have 

in mind that translational invariance in the transverse directiono g i­

ves rise to a continuous spectrum, so that no gaps in t he single-pa r­

ticle spectrum appear/8/. Nevertheless, one can expec t t hat "map;1c " 

slabs are to some extent distinguished in a dyns mic a l evo l utiofJ alnee 

the continuous transverse degrees of freedom are f ro z en. As could be 

expected, the Fermi energy oscillates around the nu c l ea r matter va lue 

for the energy per nucleonfo =-1 6 MeV. 

The numeri c a l method used to solve eq. ( 9) is a f inite-sarisH 

expansion of the evolution operator with the mean- f i eld Ham11toldan 

h taken at hs lf time step • 

4>rr (t + .1 t)~J -; [- fAtf h ( t + I .1t ) +VJ] J q,,, (t), (13) 
~_o J. 

Numeri c a l stable results could mos t ly be ach ieved f or s spatial step 

siZe of,d l= 0.5 fm, a length of the numerical box L = 100 fm, a nd l= 4 

( f or a discussion of numeri cal sta bility , with respect to slab col l i­

s i Dns, see also r e f ./1) /). An exception was the energy region a round 

the first discontinuity of the transmission probability (see below). 

In this case 1 has been substantially enlarged in order to decrease 

the degree of nonunitarity of the approximate evolution operator in 

eq. (1) characterized by eigenvalues greater than or equal to 1 a nd 

causing exponential amplifications of the wave functions and corres­

ponding strong violation of norm and energy conservation. In fact, 

6 

such type of instabi l i t i es cannot be fully exc luded in th i s way; we 

rsther have shifted tbe time of their onset to a l a ter i natant, out 

of the time int erval of i n terest. 

I n connection with numeri ca l s t ability i t is i llterest ing to po i nt 

out that, while in slab collisiona the evo l ution of the main parts of 

the oenslt,Y profiles (f~O.1f.) comes c l ose to t he stable result s 

a l ready at step siZes of aboutd i!= 1 f m and onl y the smal l -densit y ta i l s 

("promptly emit tad particles" -PEP) are drastical ly dHferen L from 

the stable shapes (reached at aboutd~ = 0.5 fm), in the given connec­

ti on of barrier penetrations t he evolution of the dens i t y profiles 

at all and, hence , tbe t ransmission co efficients l'each s t abilit.y onl y 

for.dl ! O.5 fm. For a step size of A.i: 1 fm the dependence of the 

tra nsmission coefficient DlE) on energy per part ic l e E (for 0 6iven 

potentia l Y and s la b t bickness .Jf.) is qua lita t ively similar i n sha­

pe. The essential difference is that for the seme vslue of D r oughly 

wic e tile energy is required as c ompared t o the eta b le cese. Further­

more, t he curve D( E ) exhibits BIDa 11 atochaat icripple s obviollsly be ­

ing connected wi th ullsufficient numerical accuracy and d j sappearing 

with cl e creasing <1 ~ • 

4. Numerica l Results and Discu os i ons 

A detaileu inveetigati on of intensif i ed a nd asymmetric barrier 

penetration i n the preeent model wou ld require to independent l y vary 

barrier height, the degree of aaynnnetry of ~he potential, slab thi c k ­

ne ss, and slab i ncident energy . For each combination of '~hBse quant i ­

ties a f ull TDIlF evo l ut ion acc ording to eq. ( 9 ) would have lo be per­

fo rme n. To l imit the number 01' necessary calculat i ons we restrict our­

selves t o the considerat i on of an asymmetric Gauasian 

_ {exp(- 2~IzCl1: ) li!QO 
( 14 )V(id- Vo exp (-Z1/2C\," ) J c:$'O 

with V.: 10 MeV, Q. ~ 1.5 fm , a~:: 3.'3 f m, and c onsjder its penetrabi­
-2

lity for slaba of thicknese ..,(= 2.0 , 1.0, 0 . 8, 0.75, 0. 3 fm and i nc i­

dent ener~ies per partic l e in suff i c ien t l y sma l l steps ( in order to 

get smooth curve s for D(E) througb t he calcul ated points) ranging 

from ve lues for which DC E) :2 0 up to energies for whic h D(E) =1 • All 

these calculatlons have been done for a pproaching the potential from 

the steep side as we l l a8 from the f l at side . Additionall y the aBlD.e 

ca l cula tions have bean performed for the symmetric Gaussien potentia l 

Cl.= Q .. '" 2 . 5 fm (wi th unChanged Vo ) in order to compare witb the asym­

metric results. 
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It is known that s i ngle-particle effects p l ay a cruc ial role in 
TDHF nuclear dynemica/ 8 - 12/ Minute changes in ini tiel conditions 
msy easily result in qua l i ta tive changes in the neture of t he consi­
dered reaction. Therefore, we start our presentetion of numerical re­
sul ts with the discussion of the time evo l ution of individual s i~gle 
particle wave packets and ita re l ation to t he barrier penetration 
process of the slab. In Fig. 2 full ss we ll as part i e l densities are 
displaye d for an i llust rative example. 

~. Contributions 
of individua l 

single particle orbitals::r rJ - I I . I··.. 

'V l.~I~#~'J\~N~''-L~·i' r~-·~~· --

n," 

0JJ5 

... 
Il,I5 I·OOtm.l; 

Q" 

'"" 
""' ... Q .. 

E'~';;~,I;! 1.. . _~- fh\' a. 1+.. /2. ( t hill lines, 
marked by a correspond­
ing number n- 1,2,3) tolII~ the full denaity 9(i)
(heavy lines) at various 
times for a .JI= 1.0 fm-2 
aleb colliding with the 
potential eq. (14) from 
the steep aide at EIA .. 
= 7.41 MeV. Port-O the 
external barrier ia al ­
so Sh~D (betcbed region) 
in arbitrary units. The 
~osition of the maximum 
lZ~o ) of tbe potentia l 
is merked by a vertical 
tb i n line. 

ti .1I 

I"_I'<T!~ 

~IO " " 
z l lm l 

In t he given case only 3 orbitals ere occupied (compare Pig. 1). After 
having so l ved the TDHF equstions (9) each single particle wave packet 
can be i nde pendently considered as moving in the (given) t ime-depen­
dent meen potential8/ • The wave functions 9.. may be decomposed into 
Pourier components, the dominant veloci t ies being 

V..:!: = VO :t[#i-(E.. -W)]": 
wbere V. is tha ini tial velocit y o.f the sleb, E.. is the atatic e i ­
ganvelue of f,. and W is the average well depth wh i ch is initially 
- 50.3 MeV i n the given case. Por quali t at i ve discussions we omit Lhe 
time dependence of W in t he fo llowing. '*The velocities V..-, Vo 
and the veloc it y V.. which e cless1ce l part icle needs t o overcome t he 
barrier (1 0 MeV) are: 

v.t ~ 0 . 202 c, v.-. 0.05 c 

va.+ = 0.279 c, V; --0.027 c 

V,+= 0. 351 c, ~-.-O. 099 c 

V." 0.126 c, V.... 0 • 146 c. 
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In r estricting di s cussion to t he domi nant components V~± one sboul d 
have in mind t hat t he Fourier decompos ition of 4>.. raa l l y yields a ve­
loci ty di s tribut ion around V .. !:. The V.~ component has suffic i ent velo­
city to overcome the barrier while V.- being pos i tive ( i .e. ,also moving 
towards t he berrier) is eubstantially smaller t han v~ end, therefore, 
ia reflected f rom it. This leads to the significant deformat i on of 
the f irst orbital at t = 120 fm/c. Shortly after, the V1- c omponent 
is reflec t ed from the backward edge of the mean field potent ial well 
wh i ch moves with V .. and,hence, acquires velocl ty v/" which enebl e s it 

to ovarcome the barrier. At i:~ 180 fm/c it is really seen t hat a la rge 
f ract i on of the first orb i tal is beyond the t op of the barrier. The 
small fraction wbich could not overcome the barrier corresponds to tIle 
sme l l-veloc i ty components in the tail of the distri but i on of the Fou­
rier components. The second orbital begins to "f eel" tbe bs r rier at an 
earlier instant since it is cloeer to t he surface of the sleb. Hence, 
a slight deformation can be stated already at t= 60fm/c. It ia , howe­
ver, caused only by the reflection of a small amount of velocity com­
ponenta from the barrier s ince VL+> V. end V.: <; 0 (i.e.,moves awey from 
the barrier). So , the second orbital moves first to the ba ckward edge 
of t he slab, then to the opposite edge being lDainly concentrated et 
~<O for t= 240 fm/o when the first orbital is at ~)O. A deep mini­

mum i n t he total deneity. consequently, arises connected wit h a cor­
responding barrier in the self-consistent mean potential suppressing 
free motion of the orbitals in the whole slab. In the given situati on 
tha repul sive ext erna l potantisl dominetes the attract i vs nuc l eer force 
between the two halfs of the slab, so t hat i t becomes partly reflected 
end transmit t ed. The third orbital is even le s s deformed t hen the se­
cond and its weight in the totsl density (meaa field) is quite smal l. 
So, the frections of it, wbich are finall y trapped in the reflected 
and transmitted fragments, are mainly de t ermined by the evolution of 
the first and aecond orbitala. 

To illustrate the delicate interplay between repulsive externel 
potentiel and attractive nuclear force, we consider now a thick (~ G 

2.0 fm-2 ) slab colliding with the S8me potentia l as in the above case 
at two quite close incident energies (8.56, 8.62 MeV/A). Pig. 3 shows 
the corresponding denaity profile s and velocity distributiona 

VCi!,t)= -"- ~ t a .. Jm (~: t tP .. ) (15)
f(z,-f) ..... 

at several t imes. Note, that in t ha init ia l state from (1 5 ) follows 
Vtl,t:O): V. as it shoul d. Por both incident energies the evolu­

t ion of the syst em i s nearl y the same with respect to both dens ity end 
ve locit i es . I n both ceees at about t::o 120 fm/e 8 deep minimum of t he 
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-2 ~';""I-I ~. Dens i ty profiles (heavy
A,201m l ' 8,Io2"",,'A! _ I linee) a t s everal times 

for a s l ab of t hickness.A ~ 2 .00.1;1oml.ol.... CL 
",. 

fm-2 col l i d i ng witb the same po ­.~ ~d 
tential as i n Fig . 2 at incident 
energy 8. 56 J.'leV /A (full lines) and 

ell ~:I SOl.... n 8.62 J.IeV/A (dashed Hnas). The ver­
tical tbin line marks the posi­
t ion of the potential barrie r whi­

I ~Oll'l ~ 

~ tIfIJ 

0'1 Dtll 11ntmA: 
 l e the two h orizontal thin l i nes 

n1l'. ~1 	 denote the incident velocity VoleB which the slab would have in the 
0.1 	 absence of the barrier, and - V.le 

for an e l astic reflection . The;~ ~1-~.ll {n 	 scala to the rjght c oncerns velo­
cities (in units of c ) Whi l e t heor; (\~ - leI left-hand sca l e corresponds to~~ 10""' J ~ l ~~ tlDl the density . 

0.1 ~ n~ 	 n ~! o -
N 

r\ ~~ D)" 	 1JfA~ . _ _.. _.. .111> 
de nsi ty eppeara at 2)'0 lead ing 

f~ !'r, 

··'0.1 

01 
to the transmiss ion of s firstU.'(ln~ 'J;()rlTl.\:·, o 

aj~ 	 l nl 
~_ .--1-.___ fragmen t while the remaining part 

of the s l ab atil l atanda on t he~~ ",0"", rr[\ t r G,\ .Q I t op of t he barrier. At a bou t to = QCI!! lJ~ 1\ 

-ll "lQ" '0 0 ",'-"i; i, .t:l 
 = 240 fm/c a further deep mi nimtllil 

z!lml 
ar108s at Z<O. At t he h i gher 

energy i t is s l i ght ly closer to 

r'" 0 • The right-hand ].>art of the fragment has sl j ghtly larger velu­

ci t ies 1. hal1 f or tha lower energy case, alth ough i n bot h case s i to ve­

l ocit ies ere negativa . So , it seems at t = 240 f m/c ss i f t he remaining 

fragment bacomea reflected aa 8 who l e. At later illstants , however, i t 

becomes cloor , that this happens only f or t he l owe r incident energy 

while at the higher energy pa r t of t his fragmen t is t r ansmitted. It 

ia quite surprislne t ha t not on l y t he f i rs t trsT. s mi tted fre Rtllent but 

also tbe second one have ve J oc it i es c l ose t o V. 

Substantia l osc illations of the density for large times i ndicate 

t hat part of the ini tia l kinetic energy ia converted into int ernal 

ex c itat i ono . In the exampl e sh own in Pi". 3 the excitation energy 

amount a to 4 1 ~(; , and in that of Fig. 2 t o 2(,% of the total energy of 

the syatem. Since in both csses t he incident energies are epprox i ma­

te l y the same and the same barrier has been consid e red , one cen conc ­

l ude t ha t the degree of exc i t a t iOI1 decreases with decreaa ing slab 

th i ckness , i.e., decrea s ing n umber of occupied orbita ls. Por a ve r y 
2th i n slab of", = 0. 3 f m- (one orbital occupied) at the aame incident 

anergy onl y 2 . 2" of the total anergy go into excitation. 

',ve turn now t o Lbe discusaion of the energy dependence of the 

t ra nsmiss i on c oef f i cient D(E) for Blebs of different thickness. He 
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determine this quantity by simply counting the particle number at 

}:)' 0 at large t , 1.e., 
to 

O(E.) =1- 1 5'£ (Z,t .. +OO) "' ~ (16 ) 

We ment ion 1n passing that eq. ( 16 ) 1s not an exact def init ion in 

the sense of time-dependent scattering theory . In principle, the de­

finition of D(E) should contain the integral of the diagonal part of 

the N-particle denaity ma t r ix at t. .. + 00 over ~ .. '10 for each coordi­

nate Z,.. " 1 Z", • Although in TDHF approximation the N-particle density 

matrix at a ny time reduces to the antisymmetrized product of one-par­

ticle density matricea fE (~.). the N-fold integral over l! .. >0 does 

not reduce to eq. ( 16 ) since the single-particle functions t .. are 

not orthonormal in the right half-space (the discussion of Fig. 2 has 

shown that asymptot ica lly any orbital has components as to the right 

as well as to the left ). Howevs r, due to the we l l-known artifact of 

that standard TDHF theor!8-1 2/ called "asymptotic cross channel cor­

re l a tions" . a more exact express ~on for D(E) would not axist in the 

sense that it would continue to dapend on time e ven for t .... ..0. The­

refore, in accordance with the aim of TDHF to optimally describe ax ­

pactation valuea of one-body operators (particle number operstor in 

the right half-space, in the given case) we use the mora "classical" 

definition of eq. (1 6 ). 

For a slab of A = 1.0 fm-2 colliding with potential (14) from the 

steep side the transmission coefficient 0 i s shown in Fig. 4 as a 

function of energy. The somewhat unaxpected result is that it is dif­

farent from zero and unity only in a very small energy interval (be­

low the barrier height V. ). At E = E,= 7.315 MeV it immediately 

jumps from zero to about 0= 0. 6. Then, with further slight enlargement 

of E it slightly increases t o a bout D= 0. 6 5 at E..' 7.492 Me V where it 

has a second d isc ont inuity and a c quires unity value for E ., E ~ • The 

caaa of E = 7. 41 MeV lying i n 

between E1 and eO. was a l ­
'O 'r---~--~--""'--'T1 


~-::-./ 
 ready discuased (Pig . 2 ) . D. f~~:::>--
o. ,.4 . 1 0rm, 2 

Uj 01 ( "" d' 
bID· .f'!tIVO .. "' ! 

~. Total (full line) and!., .,.0.,11,",1 I partial transmission 
OJ.O:K''Itml I coefficients (dashed linea ma r ­
o,oOlt,..,.-l ,., 

ked by the number of the cor­\~,' 	 i.. 	 responding orbital) for s slab""" i of thickness J{; 1.0 fm-2 colli ­,, -- -___-- ..- -------J 
ding with potantial (14) from 

(l 01.3ll 71> 11.\ 'f1jQ the steep side as functi ons"" ElMeVIAJ of inc ident energy . 
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The E -dependence of the pertial transmission coefficients Dn (E) 
(percentage of the " - th orbita l be ing transmit t ed) near the d1scon­
tinuities indicates that t hey e r e not caused by discontinuities in 
the behaviour of s i ngle orbitals. Indeed, at any energy f rom 7 to 
8 /.leV a deep mi nimum of the density arisea (as sh own i n Fig. 2) in 
the vicinity of the position of the ba rrie r t op . For E<Ef the double­
-hwnped complex is reflect ed and f or E>~.. t ransmitted as a whol e. 
Only in between Re have partial ref lectioa and t ransmi ssion as in 
Fig. 2. Near the 'diecont inuit i es the percantage of each orbital being 
l oca ted on each side of t he densit y minimum changes smooth l y. It is 
i ntere st i ng to note that t he reflected fra gment for E". < E < E2. 
hes approximat e l y the thickness of the fi ret "meg i c" e lab (0.38 f m-2 ). 

This may indicate some s pec ia l role pleyed by such "elementary" frag­
ments - at least i n "1P- TDHF dynamics . 

Fi g. 5 shows t he ener gy dependence of t he transmi ssion coeffi ­
cient f or slabs of thickness JI= 2.0 f m-2. I n each of the t hree consi ­
dered cases three discontinuitie s at different positions are charac­
t erist ic. 
- 101~~--__~__~~~-'__~__~__~__~-' !1&:.....2. Ene r gy

de penden­
ce of t he trans ­~ 09 ~ .4-2.0 fm2 I I _____ Jn ___ 

oe 
u miasion c oeffici~ 

ent f or t he poten­
tia l (14) from t he 

01 

06 s t ee p side (dasbed

) 
~ i line ) the fIs tI :05 
.
I 

' 
' side l dot t -dashed 

0< [."0~--~ line ) end for the 
corre s pond ing sym­

0) 
metric pot entia l:~(;~ . 
(full line).Sla~s0' 

with.lf,. 2. 0 fm­r!
0 1 , I are consider ed.Ij 

~ 12 n ~ ~ E 

EIMel /A) 

Prom Pig. 3 we have seen that the or igin or this discontinuities in 
tbe 8eme as forJr: 1.0 fm-2 sla bs: t he delicate balance between repul­
sive externel potential and attractive nuclear force "decides" whetber 
a deep minimum formed due to the corresponding appropriate posi t ion 
of t he singl e part i ole orbitals leads to the transmiasion of a fur­
ther fragment or not. I n Fig. 3 displayi ng the origin of t he dis­
continuity of D(E) st E..-S.6 MeV i t i s seen that the fragment addi­
t ionall y transmitted slight ly above Ea 1e also approximately or the 
t bickness of the f irst ''magic'' s lab. Witb i ncreasing energy tbe num­
ber of fragments remains tbe same Rb1 le tbe t ranemitted one s increase 
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more or lees umoothly i n thicknes s . Aft e r the r iret discontinuity or 
D(E) one hes one, after t he sec ond-t wo , and slightly above the thi rd­
three transmi t t ed fragments. At E» E. the sleb 1a transmit ted and et 
E<"~ reflected ss B whole without be ing f r agmented. 

5. Intens ified and Asymmetri C Pene tretion 

Now we return to t he questi on of whether the asymmet ry in t he 
penetrabil1ty of asymmetric barriers predicted i n ref /7/ f or an i dea­
li ze d one-d imensiona l queaideuteron can be seen f or a many-particle 
system i n 1D-TDHF. Fig. 5 demons t ra t e s that the eff ect is really pre­
sent for mos t of t he energy regi on whe re 0 < D<-1. Wh i le f or E., 7.1 
looV the barrier penetrabilIty i s pc~ f or approaching the potent i a l 
f r om its fla t side, the pene trabilit y f rom the steep side is less than 
unity up to Eo. 15. 6 MeV. For E< 6.6 MeV the result is opposite to 
the expecta t ion of ref./7!, i .e., t he pot entia l is more penetrable from 
the steep sida, The eff ect in this energy region i s , however, muc h 
less pr onounced. It i s i nteresting to note, t hat the penetrabi l ity 
tor the corresponding symme t ric pot ential , a lthough most ly lyi ng i n 
between the two values f or t he asymmet ric pot ent ial, can t urn out 
to be highe r as well as smelle r t han both va l ue s for t he esymmet r i c 
case in some quite SIDal l energy r egions . 

Por sma l ler slabs and t he seme pot en t i a ls the s symmetry effect 
is l ess pronounced. So, f or J(: 1.0 rm-2 s l ebs the energy difference 
of the di scont i nuities where D( E) r eacbes uni ty values for both si­
des of t he potentiel (1 4 ) is nearly the same a s Ea. - E.. i n Pig. 4. 

The corresponding va l ues of E.. nearly ooincide. For s labs of th i ck­
- 2ness A<O.80 rm no asymmetry effect coul d be established (in ecc or­

de nce wit h s very emaIl amount of excit et i on). Moreover, f or such 
s laba the penetrabi l ity j umps immediate l y from 0 to 1 at energies 
somewhat be l ow t he barrier height v.; . That is, thin slabs behave like 
olassioa l objects. The fsc t that t hey penetrate t he barrier already 
at E~ Vo is probably connected wi th the finite dimensions of the 
slab which lower the effactive potent ia l felt by them. 

Concerning the "intensified tunne l ling" considered in refs. /5 , 61 
Re first consider the question of wbat to compare our results with. 
Since for any finite s lab tbicknass i n the given geometry t he sla b 
consists of an infinite number of nuc l eons, there is a substantia l 
difference in cons idering e i~her the single-particla penetra bi lity 
in the N-th power, i.e., t ha simul t eneous penetration of N independent 
part iclee (N"'oO) or the penetra t ion of a particle of DlBSS M =_N, 
energy E.. : ",.E (IE - energy pe r pert ic l e) t hrough a pot entia l of 
he i ght V; =,vv. • While for N· 2 one ge t s nearly t he same result in 
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both ceses (and exac t l y the same i n first order NlCB), f or N~..o one 
gets i denticel zero for any potentia l at any e ne rgy i n the f ormer ca­
se but e step functi on for D(E) "ith dis continuity et E= V.. in the 
latter case f or any potential. This is because for a fixed velocity 
v the wava number k: Mv/ti goes to inf i nity with N ...... i.e.,one 

has the same situation ss if' the mase M " ould be finite snd 'Ii .. 0 
(clessical limit). 

Hence. we diRcuss the effect of collective emplification of bar­
rier penetrability by comparing the TDHF reaults with the classical 
valuea DCE<V.)iiO and D(E~V.):-1 • Then, in neerlyall consi­
dered cases substantial i ntensification of penetrability can be estab­
lished. The only exception is for thick.A =2.0 fm-2 slabs approeching 
the potential (14) from the steep aide with energies E> V. (compere 
Fig. 5). In thia caae roughly half' of the tota l energy is converted 
i nto excitationa "bich ara expected to auppress the effect/5 ,6/. It 
1s interasting, bowever, to note that although in the other cases tbe 
excitation energy may amount up to sbout 40%, penetrability ie sub­
stantially enlarged. Por thin slabs VI ~O. B fm -2) this is seen from 
the fect that the discontinuity of D(E) lies below V • • It comes the 
closer to V. the smaller Jt • This means that the effect rea l ly 
increases "ith increa s ing slab thickness although the amount of ex­
citation anergy is also increasing (see abova). Pig. G displays the 
.4 -dependence of the position of the firs t (i.e., the only, for~~O.B 
fm-2 ) discontinuity of D(E). Since per definition penetrabi l ity is 
intensif'ied for E ') E"1 , provided tbat E"1 '" V. the above statement ia 
clearly i l lustrated. The extrapoletion of the cslculated points in 
Pig . 6 and the ~ -dependence of the degree of excitation leads to 
the conclUsion that the effect vanishes for ..II .. 0 • 

Fig. h. .A -de pendance of the po­
eition of tha firet dis­

continuity of D(E) for the poten­

I· 
 tia l (14). The full circles are 


"'r--.,:- v. 
01 

our numer ical results while the 
full line ia dra"n to guide tbe 
eyee. a) and b) denote tbe approach
of tbe potential from the flat and 

.. , 

°0 -0.1 - 01 Q6 (II W \i steep sldea, respectively. 

Tn this limit tha slab has no innar structure in Z -direction and 
behaves l ike a point-like classical object. 
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MUch of Lhe features obtained for s leb penetration of external 
barriero reoemble the appearance of soliton-like objects. These sre 

i ) tbe role of nearly "magic" slabs near the discont inuities 
of D(E); ii) the classical bebaviour of thin slabs (only one orbita l 
occupied) i n colliding with the barrier; iii) the relativs stability 
of the shape of such slahs or fragments, and iv) the closene as of 
their asymptotic velocities to the ino i dent velocity. 

Moreover, "e bave performed numerical calculstions for symmetric 
collisions of ''magic" slabs "itb .A.~.A-.. cO.J9 fln-2. Even for rather 
high incident energies (E•._~ 25 MeV) most of tbe mass i. concentra­
ted in tbe two final fragments baving penetrated each other retaining 
nesrly their initial sbapes and velocitias. Part of tbeir loas in 
mass and anergy is carried by a small amount of PEP /13/ and a small 

pieca of matter with central density substantially lower than f. re ­
maining at ra at around 2 ~ 0 • 

However. since soma amount of excitation is always present, the­
se objects behave like reel solitons only asymptotically for E•._ .... 0 
or vanishing external potential in tbe penetration problem. Then, 

one bas to do with freely translating slaba in its ground state, which 
are known to be solutions of tbe TDHP equetions (9) • 

Another interesting observat ion on this line 1s that in higb­
-ensrgetic slab collisions fragmentation occurs into axactly as muc h 
fragments as orbitels ere occupied initiallylB,13/. Each such fi ­

nal fragment conaists of components of all orbitals. 
It is possible that tbe appearance of soliton-like components in 

the considered 1D-TDHP problems is an artifact of considering e one­
dimensional problem, since it is known that the transition to more 
dimensions can suppress tbe existence of stsble solitary solutions. 

A second remark conoerns tbe "classicel" definition of' D(E) 
Via eq. (16) whicb was necessary due to some consaquences of' nonlinea-· 
rity and, bence, some classical features of the TDHP init ial value 
problem. Recent l y, eeveral methods have been "orked out to approxima­
tely requantize the mean-field theory (see ref./9/ and references 
cited therain). Por example, quentum fluctuations around the 
"classical" TDHF "trejectory" in the c l ass of detenninantal wave funo­
t ions can be taken into account using path integra l methods. The point 
is thst on this line any observable quantity is also influenced by 
"trajectori es" in the vicinity of that with the least action ( onl y 
tbe l atter is considered in standard TDHP). They may have discont i ­
nuit ie s of D(E) at slightly different positions, so that in a re­
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quant ize d vers ion of TDHF th e discontinuitie s could be smo ot had out. 
Unfor tuna te l y, t he se me t hods ar e s till f ar from pra ctica l applicabi­
lity . 

The ap pearanc e of d i s continui t i e s i n t he e ne r gy dependence of 
D(E) was also Ob t a ined i n the c l a s s ical limit i n t he f ralilewor k of the 
coupled channel met hod / 14/ • Withou t cha nne l coupl ing one he s a cla s ­
sica l one-st ep funct ion f or D(E). Taking i nt o acc ount N coupled chan­
nels, t he class ical limi t y ie l ds a N-step f unc t i on f or D(E). Quantum 
eff ec t s l ee d to a. smoothing out of the discont inui t ies. 

Prom t hese r emar ks we c onc lude t ha t t he appeerance of s t ep-like 
discontinui tie s in our 1D-TDHF re sult s i s one more c l assi cal fea t ure 
of t he TDHP theory. Independent ly on whether t hey would exist al s o in 
3 dime nsions t he y shou l d be smea r ed out if t eking int o account quan­
t um fluc t ua ti ons. 'He cla im , hOltever, thet this wou l d not change our 
qua l i ta t ive resul ts on intensif i ed and asymmetri c barrier penetra­
t ion, since it i s quite un likely that quantum f luctuations would slao 
sh ift the shapes of D(E) i n e ne rgy and relation to each other for 
approach i ng the potent i a l from t he s t eep or flat eide. 

So , we c l aim that t he effect~ pred i c t e d i n ref. / 5-71 for very 
a i mple a i t uations could be demonstrated t o exist also in a more i nvol­
ve d many-part i c l e treatment. 
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H3Al1ep n., IIMICHlIIO. n il . , 3.gp..u 6 . H. E4-84-487 
YCl1J1eHM8 ....,HM,... r"MII npoHMlja_OCTM 5."..epa 
AI1JI IIAepIIWX C:1l<>e •• npM«Sn.... eHMM . a.MClllllero OT .peMeHM XapTPM-~Ka 

3~eICTW YCMneHMII lot HapyweHMII CMMMeTpMM npoHMljaeMOCTM 5ap..epo. Cno*HWMM 
~aCTMIj."'M , 08naAa~MMM BMyTpeHHM,..M CTeneHIIMM CB060AW . MccneA~TCII • paMKaX 
a.aMc,..ero OT apeMeH... cpeAHero nonll C Mcnon ..30aaHMeH 3~KTMaHoH oAHoHepHoH 
r eOMeTp...... cnoea Myn~eHHWx ~eKTMa Hwx CMn CKMPHa He*AY HYKnoHaMM. Ko~­
~M IjMeHT npoHMljaeHOC TM O( E) aW~McneH KaK ~YHKIjMII 3Hepr MM HaneTa~ero lola 6a p .. ­
ep cnoll M er o TO~MHW . AeTan .. Ho 06cY*Aae TclI HanM~Me CKa~KO. a nOBeAeHMM 
O(f ) . ECT_ OCHOaaHMII npeAnonaran , '4TO Kaa HTo. we nonpa. KM K CTa HAa pTHOM 
Xt3B- KapTMHe , Ka K M yaenM~eHMe paaMepHOCTM. npM. eAeT K cr na ..... a HMG CKa'4ICOa , 
HO He M3MeHMT Ka~eCTaeHHWX peayn_Ta Toa. OHM aaKno~a~TCII a TOM , ~TO ao acex 
paccHOTpeHHWX cny~allx npoHMljaeHOCT_, AeMC TaMTen..HO , c~ec T.eHHo YCMnM.aeTCII 
M MMeeT MecTo ~KT aCMMMeTpMM. Ka K npeAC Kaawaanoc_ paHee lola OC Hoae npoCToH 
KaaaHAeHTpoHHOA MOAen ... . 

Pa60Ta awnonHeHa a na60paTOpMM TeopeTM~eCKoH ~aMKH OHAH . 

CooO.eRHe O&beAHHeHHOrO HHcTHTYTa IIAepKWX HccneAoBaHHR. nY6Ha 1984 

Hldl e r P., Nlk l shov P.Yu. , Zakharlev B. N. E4-84-It87 
In tens ified and Asymmet r ic Barr ie r Penet ration 
of Nuc lear Slab. In TDHF Approx imation 

The effects of Int ens ified and a s ymme tr ic barr ier penetration by com­
pl ex particles exhi b i t ing Intr insi c s t ruc t ure are Investigated In the frame ­
work of the tIme-dependent mean- ' Ie l d theory using an effective one-dtmen­
s lonal slab geometry and a sImplif ied Skynne nucleon-nucleon erfectlve 
In t eraction. The t ransmission coef ' lc lent O(E) has been Investigated as 
a function of Incident energy E and s l ab thlckoess. The appearance of d is­
con t Inuit ies In O(E) Is discussed In deta i l. It Is argued that quantum cor­
rections to the standard TDHF pic ture as well as the transition to three 
dimensions possi bly smearing out the discontinuities shou l d not alter the 
qual itative resul t s . In near l y all considered cases the penetrabil i ty Is 
reatly substanti a ll y Intens i fied and t he asymmetry e f fect manifests Itself 
as predicted ear l ier using a simple quasldeuteron model. 

The InvestigatI on has been performed at the Laboratory of Theoretical 
Physics . J INR. 
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