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.. 
INТRODUCТION 

lsotopic invariance of strong interactions significant1y 
simplifies both an experia~ental-data aмlysis and а theoreti
cal c:onsider at i on of Ьadron systeiiiS . 

However. in expcriments one has charged part icles. as а rule. 
Electromagnetic interac:tions between the particles ~reak thc 

isotopic invariance . t herefore, in many casea one has to handlc 
witl1 the so-c:alled pure nuclear variaЬlcs (phase- shifts , ampli
tudeв, croS$-sectiOI'aS, etc.) which are isoto pica.ll y i ovariant 
and are r elated to the corresponding observaЫes Ьу different 
electromгgnetic corrections 1 11 . 

Strictly s peaking, "switc:hing-off," th~ CoulomЬ foтces is not 
sufficient to repai_r the invariance. Tt remai ns broken Ьу the 
шass differences in c:hargcd multiplets. 

This effect with the other electromAgnetic: corrcctions •ome
timea is taken into account Ьу means of perturba.tion t:l1cory. 

Por ex4mplet such an account is used in the analysis of 
p-ion 1 21 and kгon 1*1 scatterjng from t1 nuc leon . 

ln many•body proЬlem• one usually neglcc:ts the mиss di ffc
rences . However, the incluslon of it into considcration msy 
produce qualitatively ncw results in s~ c~ses . 
. For example, as l1as been noted Ьу Kolyhasov and Kudryavt

se.v /.41, the energy rclease of virtual •N - charge-exchangc pro
c:esses originated Ьу the .ass differ ences gcts а ssall rd -
scattcriflK Lcngth imaginary part wh~ch is not concerned wi th 
t he pio11 absorp tion. 

As a:notl1er example the.rc -аrе,ш.ау Ье , the investigat i ons of 
the rd -scattering chargc a s_y11111etry in Р38 -region. Their 
results strongly dcpend on а А -isobar mllSS aplitting value 
and on whether a ccount of tl>e nucleon mass difrerencc is taken 
o r not / frl/ . 

Our paper is dcvoted со tl•• inf l ucnce of mass splittings. 
l>• • "'• • - "' •Q • 4. Ь. MeV a nd l> N • m0 - m Р • 1 .З McV on ~ow
~nergy .d - scatterl.ng observaЫes , naJDely. Lhe sc,attertng 
length and s-phase. 

The values of 6" and l> N are comparaЫe wi th the deutcron 
Ыnding encrgy 1• 01 • 2. 2 MeV. lle.nce, one cannot а priori а ау 
hov i t is ~PQrtant to take гccount of them. 

The Kolybasov and Kudryaytscv work wa s а first and Фtique 
one t ill now, -whi c lt had includcd 6• and d N into а low-energy 
rd -calculation. Тhеу exploited а nonrelativistic diagr am tech-
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nique and zero-rмj~e ~rN - forces . Thereby, t hei r r esul t ""'У 
onl y Ьс considered j ust as а firs t o&timation. 

Our calculation ia based on а finite-rank approxiшation of 
а nuclear-subsysteш Hami ltonian/ 10,11/ and uses а more realis tic 
oN -potential. 

То check а qualiry of the approx iaation . ve сошраrе our re
sul ts . i n tbe caso А ., ·Л н·О, v ith che corresponding &olutions 
оС t he Faddeev e quations. 

I n some liшiting case we reproduce the result of Kolybasov 
and Kudryavtsev. 

1 • 1SOТOP1CALLY NON1NVAR1AIIТ НAМILTO!IIAN 

Consider а system of а pion and two nucleons. Let Н • К+ W 
Ье i t s nonrelativietic Hamil tonia.n with pu1:e nuclear i nterac
t ions , where К describes t he f ree mo tiorl, and W is 11 sum o f 
all t l>e two- body potentials. 

I( we as sume t}te vacuum-energy as an origin of t he ene rgy 
scale , t hen 

8 
К • I К Р (/1) , 

е 

ко • .2 "2 
- -+--+m 
l!j;e 2Do 8' 

(1) 

(2) , 

whcre 8 = (r.,,r1 , r 2 ) is а co..Ьination of t he isospin third compo
ncnts of che par ticlcs , k and " are Jacoby 1110111enta of the re
lative • (NN) and NN 180tions, Ре and о8 a r e t he corresponding 
r &duc.ed 1!\ЗSSeS , mo L8 а SUID o f ID&SSeS of tbree partic les is 
t he isotopic s t ate 18 > , Р(8) is an ope r a cor of projec ting on
t o t ha t statc . J,et Р(~) Ье an isotnpic-spa ce proj ec t o r onto 
tlle State .)~> = l<t.(t 1t 2)t 12) tr > l'lhicb is an eigens ta t e 
~f th~ to ta-1 isospi.n . i'- ёw+(t1+ r_) , where ·~~ t r , t 1 , t 2 are
~so&ptns o f t he parttcleв . 

Us i ng the proper ty of а p r ojection operator 

vr i tc К = "$. P<~t1KP (~) • I Jt 11 P (~1P (81 P (~ ) . 
~ " ~-,е 

t be pr oduc t of tbe pro j ector s i n t be form 

P<~t') Р(8) Р(~) = 1'1 '> < ~'18><8 1 ~><11 l = 1'1'·> М~~~ < '11 • 

8 t'r' 11r'1e с 
•12' 12 

с 
с,, 

I Р (~) • 1 ve 
'1 

Re.prese.nting 

(3) 

м"," • , I 
'•а '12 

с ' ' 
'•'• '•2'12 't 11 ·~'t '•'t"t '2 '•'• 

1
12,.12 

2 

we de:rive 

К= 1: l~t' > K 11118 , <ql·· 
"'.,е " '1 

Froш exprcss i on (3) o f 11:-., we see that t hc operator К i s 
nondi.agonal ove r the states l•>· i . e . , it doe s not conserve 
the two- body t 11 and total 1 isospins . 

( 4 ) 

But a s ca n Ье see n from the a ame formula (3), tbe t hir d com
pone nt of t he to t a l i sospin i s cons e rved. Тhis reflec ts t he 
foll owing fac t. Defi n i ng the f r e e-mot ion Hamiltonian Ьу ( 1) 
and (2) , we dcmand its diagona lity over 18> , i. e ., the par
ti~le sort to Ье conserved. And the l at ter i n particular,шeans 
the total cbar ge (o r r ) con servation . 

If v e have ID 0 • mpand ш. t • со "о , then 
using the e qua lity ~ ~~:~~= 311,11 • we obtain 

к 11 '- к 8 • 
t he free 

Fuтther, 
Hasail tonian 

(4) t o Ье invari ant in isotopic s pace. 

So , the mass-s pli t t itlg b.reaks i so t opic i.tlvariвnce of, t hc 
Hami ltonian Н. In а sense this breaking may Ье c alle d a s 
а k inemati ca l one because i t is originated Ьу t he free Hamil
toni an, and t hc interact ion W, be i ng г pure strong opera tor. 
is isoto pically i nvari ant . 

' 2 , CALCULAТlONAL МЕТНОD 

То calcul o.te thc .rcl·-elas t ic-sca t tering am.pl itude , we use 
approxiшatc threc- bod9 equations, based on thc f ini t e-rank ap
proxiution of а nuc lear HauU l ton ian l t0,111 . 

Let us ex t'rac t, o ff the t o ta l Hamil t onian H~ R + W , tbe terms 
Н0 and V which describe tbe free re l ative •4 -t110tion and 
the s um of wN -potentials V • v 1 + V2 , r espective ly. 

H -~H0 +V + H A ' '!> (5 ) 

whcre t he r ema i nder Н А i s the llamiltonia n of t he NN - s ubsys
teш.. 

We need t he following Green-functions: 

- 1 ( -1 - 1 
Q(z). (z-11) , о л •> . (•- н0 - н.> . 'G 0(z) = <• - Н0 ) 

The e l astic sca t tering ampl itude is an asymptoti c -state ave r age 
оС t l1e operato r T(t) • V + VO(t) V which obeys the equation 

т • Т' • т•с0 НА 'О л т . ( 6) 

where Т' i a the amplitude of scatter ing f roa fixed center s . 
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Т'•V+VG0т•. т 

lf in the spectral upanoion of НА ve retain only the ground 
st:;ate н,.~ <о i.-0><Ф0 1 , then for the elastic amplirode 
< k',ф0JT 1 t ,ф0> '"' der ive f r o1D (6) а one-dieensional (over the 
variaЬle k ) integrat-equation / 11/ 

<Т> • <Т0> + < 0 <Т
0> 0 0(z) 1:10 ( & - < 0) <Т>· (8) 

Here h rackets < > c!enota tha average over 1Фо>· 
_ If we h'!,ve in mind tha fixed-scatterer approximation 

<t ',ф0 Jт•J t, фo> ао а basic one , then eq . (8) gives us а possi
bility of taking approxiiiiAtely into account the nucleon nюtion 
inside the nuclcus. 

Let ,• Ье а relativa NN-coordina t e to Ье considered as а pa
rameter, wben one solves eq.(7) . 

Wi tl>out perfoming а partiat-wave dec.omposition of tbe · state 
1 ;>, we, t hereby, tnke into account all partial waves of tbe 

relative NN-nюtion. 
.Really, as iв po_intad out in ref.'121

, the diagonality of the 
operator V over 1•> impHes its diaginality with respec t to 
var.iaЬle r of tlte statc l rLII > obtained Ьу the partial-w"'"' 
dccomposition 

1;> • ,/4::' I 1 rLМ> y•u(;) • 
Ll/ L . 

(9) 

Hovever , it is not diagonal vith respect to the angular momen
tUJD. 

He.ncc, avera.ging Т0 over 8-wdve function Фо, ve ge: t the 
projection L • О only for the initial and final states. !!ean
while, in interшediate statea ve have all values of L. 

З. FJU:E GREE!I I'II!ICllOii 

Doing the split (S) of the total Raиoiltonian Н, ve i.nclude 
the three- particl<> ..ass swa into the term Н0 • Тhen, according 

to (!) and (2), ve obtain Но• :E J8>(~+mв)<I1 J . 
Ву using diagonality of Но o~er th~~tates 111>, 

to invert the ..atrix (• -Но> and to wtite the Green 
Оо<•> =(z - H0)-1 of а rree relative r NN ""1110tion 

<} 8 k 2 _, 
1:1

0
( z) = :!: 111> G0 (z)<81, 'Со (z) • (z - m0 - - ) 

8 ~8 

it is easy 
funccion 
in the form 

After t .he transition to the iaospin basis 1~> the matrix '00 • 

as Но• loses the diagonality 

4 

• 

8 8 
G0(a) • ,:!: I'I'>G0 (&) 11., • ., <'11 · 

" "в 
(10) 

So, the ~~~ass diCfer ences in the particle iso11a1ltiplets get the 
noninvarianc" of '00 , and consequently , of the amplitude.s т• 
and Т with respect to rotationa in the isospin space. 

This leads to а difference """'0& the lengths of scattering 
of "+_ • tP- and .--aaesons from t.he deuteron. Мoreover , t .here 
arises an imaginary part of the lengths in tbe case of the 
charged pion . Тhе origin of that becomes obvious if one consi
ders the Cre<>n function ( 10) at а physical value of z. 

Having in mind that the zero-energy corresponds to the va
c.uum state, we write the r d-cotlision total energy as fol lows 
•= Ek - l< ol+mo . w!1ere Ek is the kinetic energy of relative · 
ud-motion , 1<01 is the deuteron binding energy, m0= m17+m

0
+mp 

is the &uш of tha ~sses in an incoming chдnnel . 
In а scatt<>ririg length cal culation Ek • О, hence in eq. (7) 

we have 'Go in the form -

1~'>м 11 • <"1 
Со · :!:--------~~-------

'1~8 . k2 
mo -m o-l•oi --A- •10 

·~е 
If in the incoming cltannet we have .,+_ or ·--meson, then 

for е, corresponding to an intermcdiate charge exc.hange state 
.,•рр or .,•nn, we obtain m0 - mq-1< 01 > О . Therefore, in such 
а situation\ function 'О...о has а pole which , in view of tl1e for:. 
mula (х+ !ОГ •-\Jод(х) + 1'"· 1/х, gets ад imaginary part of the 
amplitude Т0• '" 

4 • POТENТIALS 

Being а three-body proЬlem, lo.,...energy wd -scattering is well 
studied on tbe bas is of exact three-particle equat ions 11&1, Тhis 
gives us an opportunity to use results of e.x.act calc..ulations 
to cbeck quality of our approximation. 

Also, as in paper1t4l we aesume the .. N - interaction being 
described Ьу а separaЬle a ..... ave potential acting in the chan
nels 8 11 and Sa1 of th.e for11 

v,.(k',t) .л,./(k'2+/3:)/(t 2•/3:), (!!) 

where р. denotes the • N -isospin states 1/2 and З/2 . 
ln ret / 14 1 on the baaia of the Faddeev equations а sensiti

vity is studied of thc rd -scatteriog length t o variations of 
the depth Л~ and raoge jj~ of the wN-potential. And th e pa
raшeters Л a nd р suffer the condition to. reproduce experi
llental .tf -scatre/ing lengths. ln this calculation four c!iffe
rent se ts ot •N-tengtbs/1&·18/ are usec!. 

5 
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NN -interact{on is described in ref !t<tl Ьу the а -wave pO

tential which in our case corre,ponds to ave~agin& of tbe fixe~
scatterer amplitude <k', r'J~Ii,t>•&(j•..<) <k'J~(f}Ji> over tl>e Rul

then wave funccion <k',ф0 IT0Ik.Фo>•Jdr.""'0 (~ 1 2<t'IT0(i)lk>. 
Therefore, comparing thc Jfd -lengtl>s calculated ror the 

cqual masses m", = , m "о 4nd m • mp wich the corrcsponding 
result of ref . IH(we' can cstlmate а deviation of our calcula- t.• 
tion from tl>e exact one. 

Further. ve. recalculate the •N-potential paraш.atere, using 
in their relation to e><periJDCntal •N -lengths tbe experimental 
usses <m •• f. m.• . ш01mp).Such а recalculation takes into ac
count,to an extent; tbe wass aplitting influence on tbe ~
body potential. 

5. NUМERICAL RESULTS 

When the Faddeev equations are solved with the a-wave po
tent ials. only a~component is retained of the partial wave ex
panaion of the relative NN-motion. Thereby, to compare our 
resul tl for 11• = 11 11 • О with the corresponding aolut~ons of 
e.xact equations , we car-ry out an add.itional calculation, retain
ing in deco~~~posir.ion (9) only the first te1'18 (L • 0). 

Tha ~~ethod of solving ":\· (7) in such an approxiution is in 
detail described in ref. 11 1 • 

Tha Jfd -scattering lengtb а as а function of tbe .t+-yo-
te.ntial range-par..-ter Р with the fixed wN -lengths 116 

& 112 • - 0.267 fm, а зt2 • 0.164 1111 
. ( 

(12) 

is co~pared in ТаЬlе 1 with the result aF of paper 1141 • 

Tahle 1 

IJ112 • Pv2 (fш-1 ) •' (fll) & (fll) 
а'-а 

1 ar 1·100% 

о. 1 
' 0.1)250 0.0385 54 

\ ' 
0.3 r.: -• " 0.0430 0.0457 6 • lt r:,_ ' " 

' 0.5 .-: _" ;: ·~ ·~:).; 0 .0509 0.0517 2 1'~:-..~' : 

1 .о .!:. "J .\' .: ... . .., ~ .. ,':., . 
~ Hi 

0.0614 0.0625 2 
~· 

.з .о ~- .r. 0.0736 0.0795 8 
5.0 0.0762 0.0829 9 

10.0 - 0.0776 0.0785 2 

6' 

. ' 

l 

-

' 
, 

А rather significaot d~viation of our value from tbe exact 
one at а sшall IJ, ааау Ье explained Ьу the importance , in sucb 
а situation (long ranae 1//J of the wN -potential), of the 
NN -continuum states whicb are omitted (НА • ( оi Фо ><Фо .i> · 

The length а represented in ТаЬlе 1 is а aolution of eq. (8). 
For all IJ its differeoce fro~ the fixed-scatterer approximг
tion (7) is found to Ье tess than 2~. 

Comparison of our result for а with а F shows that for 
11" 1- О and 11н j. О we шау also hope to obtain (with 13 • 1 fm-1 
an accuracy of tbe calculation not worse than 10%. Equation (7) 
has, for separaЬle •N -potentials, an analytical solution to 
Ье obtained without tbe uae of expansion (9), i.e., allowing 
for all tbe values of L. 

Further, all resulte are obtained Ьу solving equations (7), 
(8) without this expanaion. • 

Taking the experi.mant.al masses of particleo, we explore the 
dependence of t .be wd-lengths 1) on the parDJOeter 13 with the 
fixed "N -lengtbs ( 12) (ТаЬlе 2) ; 2) on thc used wN -lengths 
with tJ112 а tJ 812 • 3 fш-1 (ТаЬlе 3). 

ТаЬlе 2 

fJ &(ord) - 10 6 8( - 6 wd)-10 &(w0 d) -10 6 a(w+d) ·10 ь 
(fa - 1) (fll) (fш) (fa) (fш) 

о . 1 4022 3847 - i2.08 3850 3849 - i3.09 

0.3 4688 4505 - i5.17 4539 4499 - i22.3 

о. 5 5194 5000 - i5 .64 5070 4981 - i29.5 , 
1 .о 5965 5749 - i5.81 5889 5708 - i33.5 

3.0 6587 6311 - i5.92 6573 6240- i35.1 

5.0 6323 5996 - i6.04 6303 5913 - i35.9 

10.0 ' 5174 4709 - i6.36 5072 4614 - i37 . 9 

The second colU&n of ТаЬlе 2 and the firat of ТаЬlе 3 con
tain the corresponcling results a(lrd) in tbe degenerated case 
А0 · 6" =0 .. 

The first line of ТаЬlе 3 corresponds to the 
(12) , and 'next three to the sets (-0.257 , 0. 126) 
0.148) fm 1171and (-Q.240, 0.130) r.t\81. 

,.N -lengtbs 
r.,ttet,(-o . 2б4, 

One. sees that t.akins account of th@ ID888 differences decr·ea
oes real parts of tbe w1d -lengths Ьу aЬout 0.003 fll and indu
ces iaaginary parts of tbea. ТЬе iaaginary par to are vea~ly 
aen~itive to •N -potential-para:~~e:ter variationa. 



ТаЫе 3 

rN a(rd)·10 5 l(r-d) -10 6 o(r0 d)· 10 a(w+d)·10 5 

(fa) ([а) (fa) (С т) 

/16/ 6587 631 2 - i5.92 6573 6240 - i35.1 

/17/ 2318 2046 - i5.22 2275 1982 - i30.9 
/ 18/ 5292 5008 - i5. 97 5271 4936 - i35.6 

/19/ 3899 . 3649 - 1.4.85 3864 3591 - i.28 .8 

ТаЬ1е 4 

Е• (MeV) B(•d) · 108 В(• -4)·103 S<• 0 d) ·10 3 S( .. + d)-10 3 

0 . 3 -168 -161 - 167 . '-159 

0.6 
~ . 

- 237 -227 -236 - 224 

0.9 fill' ;1J -289 
. 

-277 -287 -273 
-1 .2 ' -332 -318 -33о -315 . 

1.5 ~.~ -369 -353 -366 -зsо 
~~· 

1 .8 •·. -403 -386 -400 - 38Zo 

2. 1 - 434 -415 - 430 -411 

The inequality llala(r -d>l<llala(r •d)f • is due to а larger 
value of the <!nergy release (-5.9 HeV) of the process r•n ~ рр 
as compared vith that (-3 . 3 НеV) of tbe charge exchange .-р~ ,.ro. 

Fixing the • N-lengths used in ref .1•1 and silllulating а ze
ro-range rN - pot<!ntial <Р-•), ve obtain at fj• 25 r.-1 the 
value of wd -lengths (0.041 - i0.00036) fa, which is close to 
the result (0 .047 - i0.0004) fa о ( the Фentioned paper. 

Real parts of our rd -lengths are in а sarisfactory agree-

ment with the ""'asured value of it l l t l Rea(r-d)• 0.073~:~~~ fm. -

Тhе imaginary part originated Ьу the charge oxchange proces
ses is very small as coepared with the theoretical estimations 
or the one connected with the pion absorption (-0.007+0.002) ta111( 

Tlн~-re fore . exploring the pion absorption processes-one can, 
with а suffic ient accuracy, neglect tbe isomultiplets mass 
splittings and the isotopic invario.nce viola tion. 

8 

таые 4 containa the elastic 8-vave phase shifts of rd -
scattering (in degreea) ао functions of the kinetic energy Et 
of relative rd -aootion. The calculation of them is performed 
with fJv2 •Pata • 3 f•-l and IIN-lengths (12) . 

The second coluшn of tbe tаЫе displays the phase shifts 
~ calculated vith A.•A!f • O. 

Taking into consideration of the шass differences leads to 
tbe splitting of the rd -phase-shift s. 

The presence of opened channels .. -d ~.f'm and .,+d ~ ,.rpp 
decreases the elaetic acattering cross-section as compared vitb 
the equal-aass саее , and consequently, causes tlte inequality 
IBU!d)l < 1!<·-d)l < jВ(w•d)i. ~ 

At а fir&t sigltt euch а negligible contribution о(• the mass 
differences to the low-energy n<l -obвervaЬles seems to Ье sur
priзing, especial ly in viev of tho energy release exceeding 
the deuteron break-up thresbold Ьу factor 1.5 for the negative 
pion and Ьу more than twice for the positi ve one. 

But scrutinizing the on-shell charge-exchange processes 
one sees that the Pauli principle and the parity conservati on 
lav demand the transition of tbe particles into Р ~scate of 
both the relative NN and n(NN) motions 

The overlap of suclt а wNN -state witlt an asymptotic one for 
the elastic a-vave •d -scattering is small . Tltereby, virtual 
chargc-axchange processas put а little contribution to the s 
vave sc.atterin.g. 

In conclusion ve thank Prof. V.B.Belyaev and Prof. A.L.Zu
barev for stiraula ting, diecussio·ns and interest in our work. 
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