


tions in the ground states of spherical nuclei are taken into 
account. As an example we will demonstrate the role of both ef
fects for low-lying states calculating a simplified scheme. A 
comparison of these basic equations of the QPM with other theo
retical approaches will be carried out. 

I. THE MODEL HAMILTONIAN AND THE GENERAL SYSTEM OF BASIC 
EQUATIONS 

The Hamiltonian of the QPM consists of the average field as 
the Saxon-Woods potential together with the pairing interactions 
and the effective separable multipole and spin-multipole iso
scalar and isovector forces. An explicit derivation of the Ha
miltonian in terms of the creation and annihilation quasipar
ticle a+,a and phonon Q+,Q operators can be found in ref. 111 • 

The terms of the QPM Hamiltonian including the phonon inte-
raction can be written as: · 

+ 1 
H = :I WAIQAili ' QAjd + 2 

All I 
:I <A11l1A21' 2 iA-Il>x 

~"1 1 1 
A21J.2 12 
A ll I 

A212 + + 
X [ UA I (Ai) QA II I Q~-11 I Q A-111 + 1 1 1r-1 1 "'2 '"2 2 .. 

A-ll A212 + + + 
+ (-) VA 1 (Ai)QA u.l Ql, 1 QA,I + h,c,) · 
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Here Qt#J.I (QAIJ.I) are the phonon creation (annihilation) operators: 

+ 1 AI + + A-ll AI } 
QAIJ.I = -2 :I lr#u•[ajmaj'm' ]AIJ. -(-) c/JJJ' [aj'm'a Jm ]A-ll (2) 

jj' 

r/l~l· , c/J N· are the phonon amplitudes; wAI are the frequencies 
determined through the corresponding RPA equations/1/, In gene
ral the model Hamiltonian has a complex form, so the expression 
(I) is correct under the assumption that neglected terms 
vanish if we take the functions as a superposition of one- and 
two-phonon components. A 1 .\e 1 

The coefficients U,\ 21
2 (Ai) and VA 11

2 (Ai) are defined as 
follows /1,14/: 1 1 1 

A212 A1+A2-A 
UA I (A i) = (-) V (2A1 + 1) (2,\ 2 + 1) x 

1 1 

I (-) 
<h ifA(r)YAIIJ2>vJ1J2 A1A2A .\111 ~~2 A212 At11 

X :I [ - I . l (r/1 cP +"' cP ) + 
J1J2Js ,;2'!JA1 J2J1Js JaJ1 J2Js izJa JaJ1 
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+ 1) X 
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+ I 
j 1 j2 j 3 

1.\1>.2>. >-tit .\2i2 .\2i2 >-til 
·--:::::;:::::=::--- J' J' J' 1{1/J. . ¢> . . + 1/1. j ¢ . . ) ' 

y'2'!J >.t 2 1 s JaJ 1 J2J 3 J2 3 JsJt 

where < J1 11 f>. (r) Y>. II j 2 > are the reduced matrix elements of the 
single-paf-~icle operators, which generate the phonon excita-
tions; v .-. = uJ. u J. - v J. VJ. is a combination of Bogolubov 

J ll2 1 2 1 2 . 
tra

1
nsformation coefficients; '!l .\i are normalization coefficients. 

These expressions for U and V correspond to the case, when only 
phonons of the natural parity are included. 

The graphs associated with matrix elements U and V are re
presented in fig. I. 

We define the wave functions of excited states for even-even 
spherical nuclei as in ref. /14/: 

IJI T (JM) (H) ;Mr IJI 0' 
where 

+ 
®JMr 

+ 
f!JMv 

Jr + J-M Jr 
- I [ ~ v n JM v - (-) 'v n J- Mv]' v 

v + >.2 i 2 + + 
~ I Ri (J) QJMi + I P>. 1 (Jv)[Q>. J.l. 1QLJ.I., i l JM • 

>. 1 i 1 1 t 1 1 t ·~ 2 rt 
>.2 i 2 

The nuclear ground state is defined as the vacuum '1'0: 

eJMr'~'o = '~'o"'e;Mr= 0 • 

(5) 

(6) 

(7) 

(8) 

Thus, in compnrison with traditional ex:pressions of the QPH in 
which the wave functions of excited states IJI 

11
(JM) = njM

11
'1'

0
, where 

QAJ.I.j IJI 0 c· 0, expression (5) includes back going amplitudes - !!JMv 
act1ng on the modified vacuum (3). We want to allow here .tor the 
Pauli principle, so we shall take the exact connnutators ht:·tween 
operators Q and Q+. These commutation relations are given by 
ref. ilO/. From these relations and the orthonormalization condi-
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Fig. I. The vertices U and V. 

tions of the wave functions 
of ground and excited sta
tes, one can derive the 
equations coupling amplitu
des ~ , ( , R , P in (6, 7) 
as follows: 

Jr 2 Jr 2 v 2 >. 212 2 
I{[~v l -[(11 1 III[R 1(J)] +2I [P>. 

1 
(Jv)] + 

1 >.1 i 1 1 1 (9) v 

>.212 
>. . .\'1' 

+ .I P>. ~12 (Jv)P>.~ 1 ~(Jv)KJ(.\2i2, >-ii!l>. 1il'A2 i 2)! = 1, 
.\111.\212 1 1 1 1 
>.{t[>-2 i 2 

In (9) the terms containing K J(>. 2 i 2, .\1 i{l >. 1 i 1 , >.2 i 2 ) are 
caused by the Pauli principle. Analytic expressions for KJ 1n 
the general case and in the diagonal approximation are given in 

f 
/10/ 

re . · 
From the point of view of violating the Pauli principle the 

1- - - ._ ,, • ,. ._- .__, 

lliU~L U.U.Llb'-LVUo:J L.~.LlU.:> O..L~ 1..11~ \...VUlpVli.C:llL.;:) \....V.L.Lc;.opvJ.LU.£.1.1.Q L.V L.li.C.. 

diagonal part of K J. As has been shown in refs _ll1,12/ the 
corrections of the Pauli principle are not significant at low
lying energies and influence slightly the GMR. In the following 
expressions we will consider only the diagonal terms of K~ 

Coefficients KJ associate with graphs in fig.2, where graph 
2a corresponds to the diagonal approximation. Graph 2b is ne
cessary for calculating nondiagonal components in KJ. 

Using the linearization method for the equations of motion: 

+ ] + (H, 8 JMT = '7Jr(H) JMr • 

(H, 8JMr) = -'7Jr8JMr • 

or the variational principle under the assumption that the num
ber of phonons in the ground states is small: <'Pc)IQ+QIIJI0>,01 t 41, 

we obtain a system of e~ations to determine the coefficients 
~Jr, (~r, Rr(J), and P,212(J11 ) in the diagonal approximation 

II ~til 
for K J: 

JT V 
I I~ 11 [ (w Ji - 7J) R 1 (J) 
II 

.\212 A212 
+ I U>. i (Ji) P>. 1 .\til lt tl 

.\2i2 

(Jv)(l + ~ K J<-\ ~.>.r\1\it-\iJH+ 
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1
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2
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i=l,2, ... ,nt;r,v=1,2, ... ,n 1+n2; nt and n 2 are the full number of 
one and two-phonon .components in (5). Expressing all variables 
of system (10) through 

P!' = I ~t R~(J); 
I V 

51~ 7 
= I I; ~r R ~ (J) 

I V 

we infer a simplified expression from (10): 

.. I II 
M.L - -- Mkk" --

III I IV 

pt 
. . 
pnl 

:.111 

:Rot 

0. (II) 

Rank of matrix M is 2n 1• The matrix elements M kk' in different 
quadrants (II) are: 

I. 1 ~ k, k' ::; n 
1

: 

A2i2 ~ i 2 , 
UAt11 (Jk) UA1! 1 (Jk ) 

1 [ + 
Mkk'= (wJk-.,)okk'- 2,I. w' +w, i +i\w(Ali1'~i2) -71 

1\1 1 1 1\ tit "2 2 
A2i2 
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~ 

(" 

A2i2 A i 

9 
VA111 (Jk) VA~i21 (Jk') 

+ 1 J 
wAti 1 + W,\2i2 + i\w(Alil,A2i2) + 1/ ](1 + 2K (,\2i2,,\1 ill Alil ,~i2)). 

II. 1~k~ n1 ;n1 + 1 'S,.k'::;2n 1: 

M __ !_ I 
kk'- 2Atit 

A2i2 

A2i2 A2i2 
UA 1t1 (Jk) V,\

1 
i 1(Jk') 

+ 
wAtit +wA2i2+i\w(.\1it,A2i2) -11 

A2i2 A2! 2 
0 Ati1 (Jk')VA 1i 1 (Jk) 

+ 1 J 
w A1 il + w ~ i2 + L\w (A1 il' ~ i2) + 71 ](1 + 2K (A2i 2'Al i tl A1 il' A2 i2)) • 

III. n 1 + 1 ~ k 'S,.2n t; 1 :S k' ~ n 1 : 
(12) 

uA2i2 (Jk) v;2/2 (Jk ') 
At it 1 t + 

M ,=_!_ I [ w + i\w(A1 i1,\i2) + 11 
kk 2 Atit WA11t+ A2i2 

A2i2 

+- u~~!~(Jk')V~~ii~(Jk) . ' )(1+ :KJ(A
2

i
2

,AtitiA
1
ip.\9io)) 

"'AtilT "'A2 i 2 ,.. ~"" (#\ 1! 1' ,\ 2.& 2' 'I 

IV. n 1 + 1 s. k, k' ::; 2n 1 : 

. UA2i2 A212 
M kk' = (w + 11) o 1 A1 i 1 (Jk) U ,\ i (Jk ') 

Jk kk, - 2 I [ 1 1 
At it WA + w L\ ( . + A2i 2 t i t A2i2 + w At lt' A2 i2) + 11 

A2i2 A i 
VAt it (Jk) VA ~ 1Jk ') 

+ 9 t t . )( 1 J 
w At i 1 + w Arf2 + L\w (At it ,A2 i2) - 71 1 + 2K (A2i 2, At i tl A 1 i 1' A2 i 2)). 

From (12) one can find the eigenenergies .,
1

, by solving the 
secular equation: 

deti\M(.,)\1 =0. (13) 

System (10) is more general as compared with basic equations 
utilized so far in the QPM. From system (10) all equations of 
the QPM described, for example, in ref / 1• to, t 4/ can be derived. 
Thus, if we neglect the corrections of the Pauli principle, 
K J and L\w become zero and system (I 0) i~ transfor-
med completely into the system of equations of the QPM including 
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a) b) 

only the phonon interac
tions in the ground sta
te /14/, If we deal with our 
old phonon vacuum 11' 0 in 
which phonon correlations 
in the ground state are 
neglected, we shall derive 
basic equations with ef
fects due to the Pauli 
principle fro~ (10). In 
the case if K and V are 
equal to zero, the sy
stem (10) is changed 

Fig. 2. Pauli principle corrections K J. into the traditional QPM 

detll (w Jl 1 l 
-1/v)BII ,_ 2 A tit 

A2 12 

equations 111 correspon
ding to the well-know se
cular equation: 

A I A I u 2 2 (Ai) u 2 2 (A i ') 
Atll Atlt 

--------11 "'0. 
W +W - T/ A

1
t
1 

A2 i 2 v 

2. DIAGRAMS OF THE QPM. COMPARISON WITH OTHER MODELS 

All types of diagrams summed in the QPM are represented 1n 
fig.3. Diagrams in fig.3 a-c correspond to neglecting the 
Pauli principle. Diagrams in fig.3d-f contain the corrections 
of the Pauli principle. We also give in fig.3 the expressions 
of the matrix elements Mkk'(12) associated with these diagrams. 
Therefore, fig.3 can be a diagrammatic mapping for the QPM 
equations. 

Let us now consider how to rewrite these diagrams into the 
diagrams of other approaches including 2p-2h configurations, 
namely the NFT 13• 61 and the TFFS 161 • 

As has been shown in ref. 14• 121 the diagrams taken into ac
count in the NFT can be obtained if one of the intermediate 
phonons in the pole diagrams 3iven by fig.3a is noncollective, 
i.e., it can be replaced by two-quasiparticle states. Moreover, 
in the calculations of ref.141 only diagrams describing the 
coupling between the TDA phonons were included. It means that 
from diagrams in fig.4 arising by the above-mentioned transition 
only diagrams given by fig. 4a)-b) are included. Diagrams in 
fig. 4c)-d) associate with the back going RPA-amplitudes ¢. 
Analytic expressions for the contribution to the self-energy 
of a vibration associated with these diagrams can be infered 
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} 

} 

U(K)U(14!) 
wl + w2. =F 'l W1 +W2. + A<..l.'t2. =F 'Z 

0.) u Cr.> U (I<')( i + 'J'&z) d) 

VCt<..)V(t<) 

W1 +W;z.~fl tLb) rarae) w1 + w2. + ~w12. =F '2 
V(K)V(K')( t + 'Jt'lz.) 

U(k.)V(K') 

U)i + (1,)2. =J: ~ 
c) 

U(k.)V(K')( i +~/2) 

<Vi -t U)2. + L'lwu. 'F rz 

Fig.3. Correspondence between the diagrams included in the 
QPM with the matrix elements Mkk'(l2) a,b,c) if the correc
tions of the Pauli principle are neglected. d,e,f) if the 
correctlons ot the Paull pr1nciple are taken into account. 

f) 

easily from the QPM formula in the transition, when one of 
intermediate phonons is changed by two quasiparticles. Indeed 
as has been shown in ref.ll&,l61 the transition QAp.i ->[aj , 
a+ ],, is equivalent to a substitution into all expres~ohs: 

)2m2 ".--

At At it-J2+A 
¢ 8 18 2=Q; l/f 8 18 2=0s1j1° 8 2i2 +(-) 08 tj2 °8 2jl; WAi "'l jl+lj2' 

where lit and lJ 2 are the quasiparticle energies. Therefore 
A 212 

(3) for UA 1 (Ai) becomes: 
1 1 

A 2i2 A1+ A:o A (2A + 1 ) (2,\2 + 1 ) 
U 'A (A i) = (-) V X ss 1 2'YAi 

----
A (-) A1 A2A A2i2 (2,\1 + 1) A2 i2 

X l I f s , j v s , j I . , I (l/f j s + v ¢ j s ) + 
j2 2 2 J2 s s 2 (2A + l ) 2 
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A (-) A1A2A s-s'+At ~i2 (2A1+l) A2i2 
+ f sj2 V sj 2 I j 2 s s' I(-) (I/Fj 2s' + v' ---) f/J j2s' )] · 

(2A + l 

If we use now the quasiparticle vacuum lacking amplitudes f/JA2i2'>' 
J zS (s 

the contributions to the self-energies I<~. I(~ given by refC3~1 

arise at once from the sum: 
A212 A 212 

U 8 8 '.\ 1 (Ai) U 18 '.\ 1 (A i ') 
I . 
~ i t 8 + t s, + w A212 - TJ 
88 ~1 
Using the phonon vacuum which includes back going amplitudes 

f/J ~2 ~~s') we can receive from this sum I(c) and I(d) together with 
2 

U) b) G) d) 

r&f0itVY!Q! 
Qy ¢); B) (jy ~ 
Fig.4. The diagrams describing the couplings used in the 
NFT a,b,c,d) -without the Pauli principle C·:)rrections and 
the phonon ground state correlations, e) - with the 
phonon ground state correlations only. 
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I(a) and I(b) . The contributions I (c) and I (d) arise by the 
diagrams 4c)-d) which were omitted in calculations in ref. 13"51 

The role of collective and noncollective intermediate two
phonon states in the description of the GMR has been investiga
ted in the QPM in ref. 1121 . It has been shown that although in
termediate states with a strongly collectivized and a noncol
lective(practically a two-quasiparticle state) phonons contri
bute significantly to the total width of the damping, the con
tribution of other components are vital. Therefore, it is desi
rable to take into account all two-phonon components. 

The ground state phonon correlations give rise to unpole 
diagrams in fig.Ja) and diagrams represented by fig.Jb)-c). The 
last diagrams are changed into the NFT diagrams given by fig.4e) 
through the transition Q+ .... a+ a+. The Pauli principle produces 
a wide class of topological unequivalent diagrams in transition 
from QPM to NFT. In our paper there is no need to represent all 
these diagrams. As an illustration we show by fig. 5b) an examp
le of this transition for the diagram given in the left side of 
fig. 3d). 

U) 

/ 
~ 

b) 

Fig.5. Relation between the QPM diagrams allowing for the 
effects due to the Pauli principle with the diagrams in
cluded in the TFFS 161 and the NFT 131 a) Diagrams included 
in the QPM and the TFFS

161
, b) Diagrams included in the 

QPM, the TFFS 161 and the NFT 131 . 

11 



An attempt to allow for 2p- 2h configurations by a generali
zation of the RPA with the Green function method has been made 
in ref.

161 
• The authors of these works modified the TFFS Green 

functions by "invisible" effective quasiparticles and obtained 
equations for the vertices of the "1plh + phonon" configura
tions. The diagrammatic correspondence between this approach 
and the QPM in the case of separable interaction is given by 
fig.5. A variant for including intermediate two-phonon states 
as 2p- 2h configurations has been suggested also in refs/61 
and seems to be equivalent to the diagram in fig.3a). 

3. MODEL CALCULATIONS 

Solving the secular equation (13) turns out to be a compli
cated task even in the case when the exact corrections of the 
Pauli principle are not taken into account. To evaluate the 
influence of the effects due to the Pauli principle and phonon 
ground state correlations, we perform our calculations with 
a simple model of the two-level scheme utilized in ref. 1141 . In 
this model the wave function (5) includes only the lowest 2+ -
phonon (with energy w = w +)and one two-phonon component (with 

2 energy 2w2+ ) . 1 
1 

We calculate the eigenenergies ~~U~ (without the phonon cor
relations) and ~~u.y) (with the phonon correlations) in two ca
ses when the effects due to the Pauli principle are taken into 
account approximately 11• 9/ and exactly 110, 111. Calculations have 
been done with the modefied computing program GIRES 19 • 11 ~ The 
RPA-phonons are used as 2!-phonons, the structure of which is 
computed to reproduce the values of the reduced probabilities 
B(E2; 2~-+ o+) for nuclei represented in the Table, where the 
results of our calculations are collected. From this table one 
can see that the phonon ground state correlations and the cor
rections of the Pauli principle lead to opposite effects. While 
the interaction between ph~nons in the ground state tends to 
decrease the energies of 21-states, the Pauli principle leads 
to an increase in these energies and the influence of the cor
rections due to the Pauli principle turns out to be stronger. In 
semimagic nuclei both investigated effects are negligible. In 
nonmagic nuclei these effects are substantially stronger and 
affect considerably the energies. Analogous results are ob
tained by using the experimental values of 2i-energies as the 
phonon energies w2t though in this case these effects would be 

1 
more prominent because of a stronger interaction. We deal here, 
of course, with a simplified scheme, so our estimations have 
a qualitative character. 
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Table 
Amplitudes U and V ~nd the energies of states described 
by the wave functions ej..,'¥ 0 and Ojuv'~'o·I) The calculations 
containing the approximate account of the Pauli principle 
are represented; II) The calculations containing the exact 
account of the Pauli principle are represented. All the 
values are given in MeV. 

H
8Sn 124Te 144sm 148Sm 

I II I II I II I II 

u -0.460 -0.480 -0.016 -0.086 0.162 0.185 0.872 0.553 

v -0.089 -0.117 0.027 -0.005 0.009 0.025 0.264 0.188 

w 1.40 0.670 2.15 0.99 

'(_(U) 
i 

1.)28 1o335 0.6698 0.667 2.1439 2.1442 0.694 0.906 
-

r/~v) 0.966 2.2262 1. 319 1.401 0.6682 2.1438 0.484 1.180 
i 

~w 2.80 1.340 4.)0 1.98 

~L 2.872 3o015 1.340 1.803 4.3061 4.4639 2.276 2.556 (V) I 
. ~~v>,2.864 I 3.003 j1.339 11-783 14-306014-4627 J~~o 12.509 

CONCLUSION 

We have shown that the obtained system of equations of the 
QPM is fairly general and includes all particular cases derived 
in the framework of the QPH in earlier papers. This system can 
be utilized for calculating the energy spectra in spherical 
nuclei. Based on calculations with a simple scheme we come to 

I 

• 

! 

i 

I 

a conclusion that in nonmagic nuclei one should allow for both 
effects due to the Pauli principle and to the phonon ground 
state correlations to describe correctly the characteristics of 
low-lying levels. For the GMR, as it has been shown in ref.1121• 
the Pauli principle is not so significant, and the phonon cor
rdations would influence slightly the damping because the coef
ficients V (5) are small at these energies. The comparison of 
the QP~t diagrams with the diagrams of the NFT 131 and TFFS/6/ 
shows that main diagrams included in calculations by these ap
pruacbes are the same. Uoreover, in numerical calculations of 
the NFT only particular cases of the QPM diagrams are taken into 
account. 
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