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INTRODUCTION

Thanks to the papers of Bayen et al./h2/Gerstenhaber's de-
formation theory for algebras’3has found its place in mathemati-
cal physics. It has been shown that we may regard quant1zat10n
as a deformation of the usual assoc1at1ve algebra @ of €™ func-
tions on phase space.

We investigate associative one-parameter deformations of al-
gebra @ in the case when the new alggpra law ( *-product) is
given by a formal series expansion . The deformation

parameter t = ih( i is Planck's constant). The 2-cochains F, are
given by n-bidifferential operators of order <n in each argument.
The requirement of associativity is so strong for the deforma-
tion class under consideration that it determines the only func-
tion form for the #*-product. It is an exponential function,

We would like to remark that the unicity of the exponent
as a function of Poisson's bmaket for the flat Poisson manifold
has been found by Bayen et al.’!stheorem3fhe cage of general
symplectic manifold (for linear connection A such that VA =0)
has been also considered. Furthermore, notice earlier result by
Mehta"’ in connection u1th deformation of the Poisson Lie al-
gebra €"functions on RZ

We study the deformatlons on two-dimensional phase space only.
Tt is easy to generalize these results to multidimensional ca-
ses. The main result of the paper is given by theorem 8.

|. DEFORMATIONS OF THE ALGEBRA @

Infinitely differentiable functions N on phase space @ form
the associative algebra @ over a field 2 with an ordinary com—
position law. We denote the Kronecker product of m-linear spaces
150m0rph1c with the linear space underlying G by ('™, By an

qlmensxonal (f-cochain of @ an m-linear mapping f" :

@ is meant. We assume that the cochains are given by dif-
ferent1al operators. To formulate the results we use the follow-
ing (maybe somewhat 'monstandard") definition.

Definition 1

An s-differentiable m-cochain Fs with values in @, is
an m-linear mapping from @™ to @ that can be written
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The vector space Hom (& ™, @) of all this differentiable m-
cochains will be denoted by C"((d,d). CO(@.(T)is identical to (.
Let us consider an associative algebra (, which is a result
of one-parameter deformation of (f. The composition law in a,

is defined through the bilinear function

(k) (1s2)
uj

rt(u,\f)=|.l*\n’ = OtnFn(u.V)v (]'3)

where u,vell, {@wvV=uv ,F,,v) ¢ C (@ @) . The associati-
vity requirement for algebra (, :

I r4g

rl(rl(uvv)v W)=r1(u, f[(vy W)) (l-‘l)
is equivalent to having

b {F[F,(u,v), wl - F lu, F,(v, w]1=0 (1.5)
a4+ms=
n,m>0

for all u, w, w&l and all ¢=0,1,2, ...

We consider the coboundary operator &, according to the clas—
sical definition of Hochschild 5/.0perator 8, acts on the set of
all differentiable (-cochains according to the rule 8t
C™(d. @ » c™¥ (G, @)

m "
Bl (Uys weey Uy ) =0 f(u,, ...,um+,)+i2 l(—l)‘r(u,,....uium ponsilygiid

-(-1)m+lf(u1,....u,+,)um+1. (1.6)

m

It is the case that Spy18pm= 0. Z (@, Q@) is defined to be the
kernel of &, Bm(Cf,(i) to be the image of 8,7 for m >1, and to
be zero for m=0.

We shall use also a special form of the Lie product introduc-—
ed in/6/, Let 1'% C"@R.®). "¢ CX( (. @) , then homomorphism [f™,g"]:
€@ @ e c"(G &) » ¢ "™ (G.4)

m n = iln-1) . m n (m-l)(n--l)m.1 ilm=1) n m
= —_ o. -— —_ r 0.
L .e"] Eo(n f"o,g"=(-1) i50(1) g o £ (1.7)

is defined.
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Here
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The bracket product makes the direct sum @ C'(d, @) into a
graded Lie ring =

[fm.gnjzn(—l)(rn-l}(n-l) [gn,l"m—l; (1.9)

(m-1)(f-1) m

(=1) me™ gn}.hf’]+(‘1)[m-l)(n-])

o 0
[fg ,b 1,17 (1.10)
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We remark that 4 is a right derivation with respect to the
bracket product

(n-1)

8Lt g = (=0 st " g 141", sg" 1. (1.11)
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2. ALGEBRA OF DIFFERENTIAL OPERATORS & "

( i
We denote by lx:) I the operators acting on N such that

xf]ml(u)zu(“rn] 2.1

for all uw & M.

These operators constitute a basis of the vector space which
we make into an algebra 9 by giving on this space the composi-
tion law

(m) (m") (m+m )

Xn "X, = Enn* . (2'2)

Let us c(l,epote the direct sum of the m-algebras isomorphic with
T by ©'™We suppose that the s-differentiable m-cochains

F_ (u, v,.(..jw) (see (1.1)) are given by the differential operators
K& ™ 5 dce..,
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Therefore, we may speak about the product between any two m-co-
chains.
Definition 2

Let ", g™ C"(d, @) . Then there exists the product h"= rg"
such that h™c C"({,({) » and the operator corresponc,ling to h™is
equal to the product of operators f" and g"in B

By induction we get

Proposition 3

(m) o™ i—j (i) (m—1i)
(xu X)) -z _zocflcm_,’,o(n-j)e(m-n-1+j)xj Uy« OBl
= =
1, n> 0
- i n!
where 6(n) = v O
il (n —i)!
0, n< 0
We may now state
Theorem 4

There is only one j‘o(:;mal function of the operator

(., (1 )
Fedjxi vz’ + a2’ v xjt 44 generates a formal de-
formation of the associative algebra Q. It is the
exponential funetion.

Proof: Let us expand the functions f(F) in the formal series
int

f(F)= S a,t"P"
n=0

(2.5)
where
P’ =k§0 c:,\“l"'k.\';x(n"lk ur ) | (2.6)
and
a,=a;, =1 (2.7}

We search for such functions f for which (1.4) is satisfied
formally. Let us write the sum

m n
UE N |:|.ITEI=0F °i=UF
n+m=P
2 mobm o fkes k
1 s k-5 k4s (P-m) (P-m) (m) (m)
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Taking into account the equality
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Since the coefficients A1 and A2 are arbitrary, the condition
{1.4) for the series f(F) can be written

o f k o-k
b 5'.0amag,mCng_mG(m-k)ﬂ(?—m—a+k)[
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Using (2.4), we have
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-] (f-m4i) (f-i) {(m) 3. THE MAIN RESULT
Cc, C Blm~k—i+j¥0(k—~j)x__,.. u % RS 3: ) ) ) . '
[0k Can-i 06 ! ! ek b-m-0+2k-j ol We shall now derive an interesting generalization of a result
of theorem 4. According to this theorem €xp (tF) is the only

; associative formal function of F and we have identically
(m)  {€-m4i) (F-)

j D .
-CL.:Cy Ok—i+j)6(m-k=-j)x, ux

2 AR )[R | 21
o-k+j l-0-j n 5 3 i
§F" =— 3z ¢, [F',F""], (3.1
. 2 i=1
; t 1 ts jo+i—=jLi-m=i, :
.In .t_l:‘e. secznd Eerm e make consequent Teplecementn iy These equations have such a structure that for any n=1.2,..we
J=)=1 and ge may add to F"an arbitrary 2-coboundary operator 6¢" ¢ 82(4, @)
’ - multiplied by an arbitrary coefficient 2,C
g kL og-k
< _ _ _ < n n n
k20 meo 2n?lem CnCpn 0P ~m -0+ 0)0(m - k) i,j=0 F'osF ovagadg . (3.2)

In our case 96" has the form

(F-mai) (g (m) 2

n-1
o-k+jY Xlmgs 2k -j Y Xmek

R ) Qs ; i i o : .
[Ckcm_lﬂ(l-,])ﬁf_m—k—l+])0(k—j)x _6¢n -y 2] .20 C,J‘C;-j 9(n—i+j)9(n—j)x(;) o x[nZ-r]!qJ . (3.3)
I = 1=

“§ , mej . _ LY (f-9 (P-m4i) Naturally, one may ask what charges take place in higher powers
-G €L 8U-DOG-ROK=-j+i)x, U Xo-kimjXle04j-m 1 = 0" of F. We start with the following lemma.
Lemma 6
Let F < Z'(G, Q) satisfies the equations (3.1), then for any
_ MW (m) . x € C'(E.0) e have
Since each of the terms X, o oxp uxy has different nature,
the last equation gives rise to - .
v k N - k-i
k U'k ! I-J 8["'[];' Dx]l X]"'JIX]= E' C [OOI[Flo[F 1X]J.u._|. ]
amaf-mcmcp—m Ck Cnl-k "'E' i=1 k X
o-k+j . k=j _o-k k-g+f-m k k
=80 1i3m-1Cl 41O m=1C 0= kO lomstos bsj +LelF 7, 8x) %1, ), x4 [ o F e X183 )isidixl+ (3.4)
r k
© ¢ +LalF o, x1.x], 0] ,6x].
apdp  mi(P-=m)l=ap__ ca  (F-m+i)(m— i) (P=1,2.3,...).

Taking into account conditions (2.7), we obtain the only solu-

This result is obtained by induction. The properties of the
tion

bracket product are also used.
Next statement answers our question.
Proposition 7

Let F < ZQ, Q)satisfies the equations (3.1). If we make a

an =1/m!
which was to be proved.

Finally, let us consider replacement F"+ F" 4+ a, 84", then for higher powers of F we
Lemma 5 l would have .
2 ~ f . i1
Let G cC° (G M and X © € (@ Q). Then we have !Gl.x]=03x- plotk gk anc?n+k 5¢“[F(‘ )n*k+ anC?s-n“k L
The result is a straightforward consequence of definition 2 and

formula (1.7).
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(i-2)n + k n 8" (i-jn+k s 3
[F + an C(i-2)n+k'3— [uo[ + ay C(i-j)l‘.l-l-k ‘H—f [-..

. o ag” (3.5)
(F s a.Con ‘ii ]...)

here k=01,..,0-1, i=12...; j=12,.,i-%L

The proof of this suggestion is also accomplished by induction.
We omit it for brevity. Note that lemmas 5,6 are needed for the
proof. The result (3.5) practically asserts that formal function

n
exp(tl"‘+an--nf—1 Sdan ) generates an associative deformation of al-

gebra @ . 1t is clear that this function is the only possible
one.

We may now formulate the main theorem of this paper.

Theorem 8 - .
Exponential is the only formal function of ff:—é—P -.E‘.l a, 84" —

n=

that generate l)ass@c)iati(r};}e de{omations for algebra Gon U.
Here P =x) uXxy —-=xg wZX] is Poisson's bracket operator.

{asl is an infinite sequence of constants.
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Hsyuawrca acconuaruBHble aedopManuH obeunoil anrebpw €% dyax—
uMii Ha $as3oBOH IUIOCKOCTHM, KOIa KOLEend 3ajawTci nocpen—
CTEOM J[HpdepeHIHAIIbHBIX ONepaTOopOoB. NapameTp nedbopMalHu

t =ih. llokasano, uTo moBas gedopMalMs 3TOTO BHOA eCTh 3KCIIO—
HeHTa.

PaGora sunonHena B JlaGopaTopuM fAgepHbx npobrmem OHAH.
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differential operators. The deformation parameter t = ihlIt is
shown that any deformation of this kind is a formal exponenti-
al function.
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