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INTRODUCTION 

Thanks t o the papers of Bayen e t al. It ,21 Gerst e nhaber' 5 de­
formation th e ory for alge bras/ 3/ has found ·i t 5 place in mathemati­
ca l physics. I t has been shown that we may regard quantization 
as a deformation of th e usual as soc i a t ive a lgebr a (j of t'oofunc­
ti ons on phase s pace. 

We investigat e a ssocia t ive one- parame ter deformat i ons of al­
gebra (j in t he c ase when the new algtb ra law ( * - product) is 
given b y a forma l se r ies expansion n ~otnFn ' The def ormation 

par ameter 1. "" rll( 1; is Planck' 5 cons tan t ). The 2-cochains Fn are 
give n b y n-b i d ifferen tial opera tors of order ~n in each argumen t. 
The r equirement o f associativ i ty is s o strong f or t he deforma­
t ion class under consideration th a t it determines the only f unc­
tion form f or the *-product. I t i s an exponent ia l f unction . 

We would like to remark t hat t he unicity of t he exponent 
as a funct ion of Poisson's bracket for the flat Poisson manifold 
has been f ound by Bayen et al . I I , theore m 3h'he case of genera l 
symplectic mani fold (fo r l i near connection A such that V 1\ =0) 
has been also considered . Fu r thermore, notice earl i er result by 
Mehta / 4 /~i n connection with de f orma tion of t he Po iss on Lie al­
geb r a e f unet ions on R2 . 

We study t he deformations on t wo-dimens iona l phase space on l y . 
I t i s easy to gene r alize t he s e result s to mu l t i dimens i onal ca­
ses. The mai n result of the paper is given by theorem 8. 

I. DEFORMATIONS OF THE ALGEBRA (f 

I nf i n i te l y different i able functio ns 11 on phase space mform 
t he ass ociat ive algebra a over a field ~ with an ordinary com­
posi t ion law . We denote t he Kronecker produc t of m-linear spaces 
isomorphic with the linear s pace underlying G by (j (m). By an 
m(~imensi onal t1-cochain of (j an m- linear mapping fIll : 

G m ~ a is meant . We assume that the cochains are given by dif­
fe r ential operators. To formulate the result s we use the follow­
ing (maybe somewha t "nonstandard") definit i on. 

Definition 1 

An s-differentiabLe m-~chain F s with values in (j, i s 
an m-linear mapping f r om (j( to (1 that can be written 

rh o ... \ 
,... 

"" 
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k l .k2 .···k m (k ) (k2 ) (k
m

) 

Fs(u,v, ... w) ", LA;) '2 " (S)Ui 
Jo • ••• III 

vi ~ 
:.: 

w,' m (I. I ) 
It] + k2 + .•• +lc.m=2 s 
i j + i2 + ··· + im =s 

wher e u, v ~ W ~Jl , 
Kj. k2 • • .. kA:. ,m 
t I' 12 , ••• • I m 

c;!!l and 

u l 
k
) ~ aku/aq'ap k.'. ( I .2) 

(m) 
The vector space Hom(d • d) of all t h is di fferentiable m­

cochains will b e deno ted by c "'(d . d). CO( d . d )is identica l to d . 
Let us cons ide r an ass ocia tive algebra fi t which i s a re s ult 

of one-pa r ame ter de format ion of fi . Th e composition law in a 
i s def i ned t h rough t he b ilinear function 

l 

~ " 
r, ( u. v) ~ u • v ~ :;: t F'n (u. v). ( I. 3) 

D =0 

where U v C Jl I Fo Cu , v)= u v , Fn Cu, v) (; C 
2 

«(1, (1) • The ass oc iati-I 

vity requ i r emen t fo r a l gebra 6 t 

r,(f,(u. v). w)_ r , (u. r ,(v. w)) (J .4) 

IS equivalent t o having 

L I F'm[ F'n (u. v). w] - F'm[ u. F'n (v. w) J I ~ 0 ( I . 5)n +m "", f 
n , m ~o 

for all u , w , .. <;; 11 and a 11 1 ~ 0, 1,2.... 

We consider the coboundary 0lserator om according to t he c l as­
sical d e f i n i ti on of Hochschil d 51. Operato r Omac ts on t he set o f 
all d ifferent iable C1 - cochains acco rding to the r ule om : 
C m( d . (j) • C m~1 ( d . d ) 

m . 

omf(Ul ..... Um+ 1 )=Ulf(u 2 • •••• Um+l) + j ~l (-l)lf(u J . ....U j U i+1 .....um+~ 

m+ ) 
- (-I) [ (U 1..... u ,;,l Um+1 . (1 . 6) 

m 
It is t he case tha t Om+ I O m~ O. Z (d. d) is defined to b e the 
kernel o f 0 In ' B nhr. (j ) to be the image of 0 m- J fo r m ~ I, and to 
be zero fo r m = O. 

We s hall u s e al so a s pe ci a l form o f the Li e product int r o duc­
e d i n ! fi ! . Let r "t c "'(d.ff). gny C n( d. d) , t hen homomorphism [ [m.gn]:

nCm( d.d) €I C "(d. d). C m+ - ( d.d) 
m 0.1 

[f m.gn] ~ :E (_ll '(n·J ) r mo.g" _(_l i m.J)(n" )L (_I)i( m" )g"o. r m ( 1. 7) 
i =0 I j ",,0 I 

1 S def ined. 

2 

Here 

m n 


f OJ g (uO . .. ·.u i . J • vO . · · ·v _ • u i +1 •... tl • l )
n 1 m 
( I. 8) 

m " 
= f (u O... ·• u j • l • g (vo •.• •• V ). u.i+1 ..... Urn_I )'

D
• l 

The bracket product makes t he direct sum e C "cd. d ) into a 

graded Lie ring 
 " 

m n (m -l)(n -I) n !"' 

[[ . g ] " - (-I) [g • r J . ( ) .9) 

)(m ' ])(P. JI [[ m n] f (m .l )(" .])[[ 0 f '.'(-I r . g . h ] + (-1) g .h ,rJ 
( I . 10) 

(f·1 )(n .l ) f j n 
+(-1) [[ h .r ,g ] ~O. 

We rema r k tha t Om is a right d e r ivation with r espec t to th e 

bracket produ c t 


m n (n · l ) m n m n 
8 [[ .g ) ~ (-I ) [or.g ]+(r . og 1. ( ) . I I ) 

Q'I( m)2. ALGEBRA OF DIFFERENTI AL OPERATOaS ~ 

m 
We de not e by I x (n ) I the op e rator s act ing on II such that 

( m) ( ) _ ( m ) 
x n U - u n (2 . I ) 

for a 11 u <; 11 . 

Th e s e o pe r a tor s consti tut e a basis of t he vector space which 
we mak e in t o an algebra ~ by giving on th is s pace the composi ­
ti on law 

(m) (m') (m+m') 
xn xn' = 'x o +n ( 2. 2) 

Let us ?er ote the dir ec t sum o f the m-al gebras isomo r phi c with 
X by ~ m.We suppose that the s - diff erentiable rn-cochains 

F'. (u. v"••!w) (see (1. 1» are given by the differential operators
'" (m •F' s G-..L ,1 . e ., 

k I' k2 . .. " l (l l ) (k 2 ) O'm) F's :;: A.. . m(s) x . u x . u U X;II • 12. '" • 'm I] 12 (2 .3)' m 
~ I + ~2 + ... ~!"IF 28 

II + 12+·" I m "" S 
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Therefore, we may speak about the product be tween any two m-co­ Taking into account the equa litycha ins . 

f m P- m f 0' fDefiniti on 2 ~ ! ~ f (m • •• k) c 1: 1: ~ O(m-k)O (f -00-0' + k) . 
f m	 m""O s= Ok .. O 0 = 0 J.:: =0 m::;;OLet , g mr;. C m(li, (j) • 	 m m mThen there eXl.s ts the prod uct h ::: r g 

s u ch that h mr;. C "'(d,(j ) , and t he opera tor cor respon~ing to hmis 

equa l to t he product of operators em and g m i n ~( m. 
 y 	 • f(m. m - k. f - m - 0' + k)By induction we ge t 

Proposition 3 	 we obtain 

(m) m j . 1-' 	 (i) (m-i)(xv x), ~ ~ ~ C ~ C m-!O(0-j ) 8 (m - n -i + j) x j UX o- j . (2. 4 ) 	 f (7 k (7 ·k
i == 0 j~O ~Up ! 'm 'Y_mC mCY_mO( m-k )O(f - m-u+ k ) . · 

m, a =0 b O 

1. 0 ~ 0 

where 0(0) ~ C i ~ __ nl -, ­

0' P-u (Y - m) (P- m) )(m){ n i l(n -i )! 	
(m) 

• A I A2 (x o _k. \J Xf~m.o+ k k x m- k O. n < 0 U 


We may now state 

Theorem 	4 


Similar l y,
There i s onLy one formaL funetion of the operato r(I ) (I) (I) (I) 
m , f 0' .F~ Ai xl Vxo + A~ ' 0 v x) that gene r ates a fo r maL de­	~ " ko· k ~ ! F 0 . 1 F 

fo r mation of the ass oe i ativ e aL gebra (j. It is the 	
T f n,m "",0 I::: m,o-d) k:O amar _m C m C e_ m 8( m-k) 

exponentiaL f unet ion . 	 n+m =f 

Proof: Let us expand the f unc tions f(F) in the fo rma l series
in t 

0' f - u ( m) (e-m) (l-m) (m) 
O(f -ro- u + k) A j ,o (x _' v Xe_m_ u+k)m-k­

~ n n 
A 2 x k u
 

f(F) ~ ~ a n' F

0== 0 	 (2.5) 

where 	 Since the coeff icient s .\ 1 and A.2 are arb itrary, the condition 
(1. 4 ) fo r the s e ri es f(F) can be wri t tenn n k n- I.:: k. (n) (n) 


F :: I C n.\ 1 A. 2 x n-k. \J x k

k~O 	 (2 .6 ) 

0' I k 0·1:: 
and 	 ! ~ am'e_mC mCe_mO (m - k)O(f - m -u+k)[.k . O m= 0 

au ==a ] = l. 
( 2.7) 

(1-m) (e-m) ) (m) (m) (m) «(f-m) (I-m) )(m) 1We s earch fo r such functions f for whi ch ( 1.4) is satisfied ~ ( 	
x m• k - x k U xu~k. U xf.m~u+k m-k == O.xO _1:: U xP_m~a+ k k U

forma lly . Let us write the sum 

U a I Fmo. F"f n, m:::O 1::: 0 
n+m :::P 	 Us ing (2.4) , we have 

! :: Y- m • k f-k-••+. (P-m) (e-m ) (m ) (m) 	 a e k o·k 	 m i 
::: ~ amae_m ~ I CmC'_mA. l A.2 (x'. m.kuxk )m- s U Xs 	 ~ ~ m::O 8,.,,0 kd) 	 am'P _mC mCe_mO(m -k)O(f -m- u+k ) ! ~ 

k=Om "" Q i = 0 j::::: Q 
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j i-j (e-m + i) 11- , ) 1m) 3. TIlE MAIN RESU LT 

[CkCm_k 8(m-k-i+j)8 (k -j ) Xo_k+i U x U X


f - m - o+2k - j m-k 
We s hall now der i ve an interesting generalization of a result 

of t heorem 4. According to this theorem exp(tF) i s the only 
.,' associat ive formal f unc t ion of F and we have identically

j i' -j 	 (m) U- m+i) (P-il 
- Cm_,· C, 8(k-i+j)8 (m-k-j)x,.u x .. , u xf .J o. 

It,. 	 " A. O-A.+J -0' -) 

8 F" =..:. nil c j [F i , F D-i ) • 
(3. I)2 i "" 1 n 

In the se cond tern ...~e make consequent replacemen t s j ~ i - j ~ i -Io m..... i., 
j - j - i and ge t These equations have s uch a s tructure that fo r any n ::: 1.2 .... we 

may add t o F" an arbitrary 2-coboundary operator 8<1>" <;; B2(d. (]) 
o 	 f multiplied by an arbitrary coefficient an~ ~ l 	 o-Ie. m 
~ 	 2 'm'P-m C mCr_ m8 (P-m-o + k)8(m-k) . ~ .k:::O m:::O 	 n n " 

I, J=O 	 F ~F +'n 8<1> 
(3.2) 

In 	our case 04> D has the form 

j i- j (P- m+i) (f-D (m) 

[CkC m_!P O-j)O(m- k-i + j)8(k-j)xO- k+i u Xf~ -a +2k _ i U x m_k D 

20 - I 

2 C i C'-i O( . ' )O( .) (2 n-i)
- 0<1> = :l: 	 vn-l+Jun-Jx(i)j U

i::::o 	 1 j == 0 n n x n-j (3 .3 ) 

)-1 lo-j 	 (m) (P- i) (P-m+i ) 
Nat urally, one may ask what charge s take place in higher powers- C k C m• k8(j-il8(j-k)8(k- j + i)x k U xo -k +m'=j'r-o+ j.m J=O. 
of 	F . We s tart with the f ol lowing lemma. 

Lemma 6 2 

Ii) Ik) 1m) Let F <; Z (a. (1) satisfies t he equations (3 .1), then f ol' any 
Since each of the t erms Xj l/ xy u Xn X c;; (1 «(1.(1) we have has different nature, 
the last equation gives ri se t o 

k· I .k 	 O' - l j i _j k 	 ,. 1 i k-i 
a maP_m C mCP_ m C l 	 S[ ... [ F . xl. xl. .. J. x J= _ Ck[ ... [ F .[F . x Jl. ... 1. XJ e m_k f i= l 


o- k+j It - j o-It koQ+'-m 
 k 	 k= a, a · C , . C . C , .C , . ,.. 
r - m +i m - I r-m+1 m - I 0-'"-+1 r-m+ I-Q + I.-J 	 +l. .. [ F . 0xl.xl.· .. l. XJ+[ .. .[F • x1. 8x J.... l. x J+ (3.4) 

or k 
+[. .. [ F • X l. x 1. ... 1.oX J. 

a m a f _ m m 1(p - IT!) ! =: ap _m + i am _i (Y - m+ i)! (m - i)' cr = 1,2.3 .... ). 

Tak i ng i nto account cond i tions (2.7), we obtain the only s olu­
Th i s resu lt is obtained by induction. The properties of thet ion 

bracke t produc t are also used. 
Next statemen t answer s our quest ion.a m = l / m! 
Propositio:!! 7whi ch was to be proved. 
Let F <;; Z (11. (1) satisfies t he equations ( 3.]). If we make a Fina lly , le t us consider l'ep lacement F n~ F " + ano<l>" , t hen fol' highel' powel'S of F weLemma 5 would have2

Let G I;. C (6.(1 ) and X <; (1 (11. (1). Then we have [G.)(J= G5 X. 	 in+ k in+1e. n 0 (i-l)o + k n oc:f>n 
The re sult is a straightforward consequence of de fini tion 2 and F " F + anC'" + k 8<1> [F + 'n C Ii - l)n +k -

2
­

formu la ( 1.7 ). 
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(i . 2)D + k D 

[ r + aD C(~.2) n+kDcP [ ••• [ F(i·j)n+k • 0'" [ '" 
3 + anC(i_j)D+k j-:;:t 

(3 . 5) 
[r + an Cn+k -j J .•• J , n+' • o",n 

here k. 0.1 ..... n-1 : j _ 1.2... j:: 1.2 •...• j-l. 

The proof of this s uggest ion i s a l so accomplished by induct ion . 
We omit it for brev ity . Note that l emmas 5, 6 are needed for the 
proof. Th e result ( 3.5 ) practically asserts t ha t f ormal f unc tion 

n 

exp(lF +an~B¢n) gen erates an assoc ia t ive deformation o f al­

gebra (j. It i s cl e ar tha t th is functi on is the on l y pos s ibl e 

one. 


We may now formulate the main t heorem o f t his pape r. 


Th eorem 8 110 n 
Exponential is the only formal function of j' . 21 P -1: 'no",, !.., 

n=1 01 
that generates a88~ciative devormations f or algebra (j on ll . 

(I ) t) (I) I) . .
Here p :: X 1 \I X - Xo v X 1 S POI s s on I s bracket opera t or. 

lao I is an infin i te seque nce o f cons t 2nts. 
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We study assoc iative deformations of the u sual algebra of 
ellO 

funclions on phase plane, when the cochains are giv en by 
differential operators. The deformation parameter t == itl t is 
shown that any deformation of th i s kind is a forma l exponent i­
al function . 
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