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I. INTRODUCTION 

Fragmentation (distribution of strength) of quasipar ticle 
and vibrational (phonon) states leads to the complication of 
the nuclear state structure with increasing excitation energy . 
I t has been mentioned more than t en years ago 1 1-:31 that t he frag­
mentation i s caused to a great extent by the quas i particle­
phonon interaction. The (ragmentation of one-quasiparticle sta­
tes has been first calculated in refs. /4-5/ a nd of one - phonon 
states f ormulation of the quasiparticle-phonon in ref /6/. The 
nuclear model 7·91 enab l ed a consistent calculation of t he frag­
mentation of one-quasiparticle, one-phonon, and quasipartic l e 
plus phonon states i n a wi de elIcitation energy interval in 
spher i cal and deformed nuclei 10-13< Although the decisive role 
of the quasiparticle-phonon interaction was not recognized in 
the first years after the formulation of the quasipar t ic l e- pho­
non nuclear model, the inves ti gations of t he fragmen t ation tak­
ing into account the quasiparticle- phonon interaction are wi­
dely used in recent years/14-11 / . 

As a result of calculations withi n t he quasipar ticle-phonon 
nuclear mode l many propert i es of medium and heavy nuclei are 
explained and some predictions are made . Usually, approximate 
equations have been used in the calculat i ons, and the total sys­
tem of equations is not yet pub l ished . In the present paper 
a system of basic model equations i s derived i n the general 
form for even-even sphe r ica l nuclei, and the transition t o an 
approximate system of equations used i n the numerical calcula­
tions is realized. It is shown tha t there is a possibility to 
sum a wide class of diagrams and how this class is reduced in 
approximate calculations. 

2 . THE HODEL HAMILTONIAN 

The Hamiltonian of the quasiparticle-phonon nuclear model 
includes the average field as the Saxon-Woods potential, t he 
pairing interactions, the multipole-multipole and spin-multi­
pole-spin-multipole isoscalar and isovector including chargc­
exchange interactions. The one-phonon states ca l culated i n the 
RPA are used as basis states. The multipole forces arc u sed to 
generate phonons with J"'"", )-, 2+, 3-,f. ... ,7-, and the spin-mul­
t ipo l e to generate phonons with J '" = 1 , 2+, 3+, .•. ,7 +. 
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The phonon c r eation opera t o r is 

Q:~I ~ ~ j~' I¥-j~! A + (Jj'; A~ 1 - HA- ~<p~I, A(jj' ; A - ~ 11, ( I ) 

where 

A+ (jj' ; A~ ) - ~,<jm j 'm'IA~ > a;", a~'m ' 
mm 

and arm is t.he quasiparticle creation operato r . The phonon ope­
r ators sa t isfy the commutation re l a t ions 

+ 1 . AI AI ' Ai AI ' 

[QA~I.QA'~ ' 1 ·1 -8M.oW ' 2 j~,I¥-jj'¥-jj ' -<Pjj ' <PJj ' 1 ­

+ . , , . ..,.,. Ai A'j' 
~ a. a ., ,I<J m J2rn2I A~ > <Jm J 2m2IA ~ > ¥-, ¥-jj -

Jm J m 	 j j 2 2 
jj ' j2 (2 ) 

mm'm2 

A+ A'-I1 - p..'. . . " ., , Ai A'i ' 
-(-1 < Jm J2m2I A - ~ > < J m J 2m2 1

A -~ ><P jj2 <P j ' j 2 1 

The RPA e qua t ions f or findin g t he energies o f multipolewXi 
phonons have t he foll owing form 

(.(A)+K(A)1IXAI(D) +XAI (p)1_ 4K(A1 K (A)XAI (D)XAI (P) ~ l 
0 1 M M OlM M ' 

(3 ) 

A ') (+1, 
1 , r (jj u jJ' 	jJ'0 1 (,)- - - ~ fA (jj') = < j II RA(r)i AYA~IIi'> 

M 2>. + l jj ' 2 2
l H ' -MAl 

(A) (A) AI 
., AI AI AI 1 -('0 +K 1 )X M (,) 2 
~. - Y + Y ~""":----,-"":'--:::.......-I , yAI _ .1. -..L 0~ (,11 

- r , r (K 	(A)_ .(A» XAI(_,) r - 2 aw w"'(UAi 
DIM 

vet ) +, u l±) 	 u + v jj' :. U jUj , _ Vj vJ" (4 )jj' "" E"j +lj" jj''''' j v(_uJ ' j 

Her e J.~) and K(X) a r e the isosca l ar a nd i t> ovec t o r constants of 
. . 1 	 . . .

multlpolar1ty A, r en, p '(j 1S the qua s Lpartlcle energy , and 
u J and Vj are the Bogolubov trans fonn.3tion coefficients. Equa­
tlons for the spin-multipole forces arc given in r ef. / l8

( The 
c.hange of r by -4 means n .... p . 
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With the use o f t he mul tipole-multipole interaction onl y, 
the model Hamiltonian, taking into account eq. (3) , can be 
writ t en as 

(5 )H M = ~ E"Jatmatm + Ht-h,+H"hQ 

0.1 ,(.:1'
1 101(') + M(,l Q+ Q 

~ 	 (6 ) HMv 4 v'~AI~Ai' A~I A~i"Ap..II'r , , 
A (-) 

1 A-~ + f UnVjj' B(j.j' ;A-j.<)+(7) HM = - --= ~ 1«-) Q A . + QA I) ~ 
vq 2v'2 A~I ~l -~ jj', ~;I 

+ h.c.l, 
where 

, , + 

B (Jj , ; A~) - ~ (_)j + m < jrnj'm' I A~ > ajmaj'_m' 


mm 


Our Hamiltonian is constructed so that all the operators A(jj' ;AJl) 
and A+(jj'; AJ.I) are expressed through the phonon opera tors, and 
the quasiparticle operators enter only in the form a j~aJm' When 
solving eq. (3) the diagrams given in fig. l a have been taken 
into account. The diagrams of type in fig . lb are taken into ac­
coun t in the term HMv ' The quasiparticle-phonon interaction HMv 
takes into account only the diagrams in fig. l e. Such a const ruc~ 
tion of the Hamiltonian overcomes the difficulties with the 
double counting, which arise in the nuclear field theory / 19~lt 
should be mentioned that while constructing the Hamiltonian (5) 
we neglected the terms - B(JJ';A~)BU2J~; A~). which do not lead to 
coherent effects . Nevertheless, the1r role is to be studied. 

y 
~A 

a) 	 b) c) 

Fig. l . Diagrams t aken i n t o account in the RPA and 
fo r t he quasiparti c le -phonon i nte r a c tion. 
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We now give the f ormulae which wil l be used in t he follow ing 
section . Taking into account (2) , we calcul a te 

l: <A'~'A2~2 IJM><A~2~2IJM>" 
1'/1.2 

1"1' '2 

+ + 

" < Q A' ',' Q A' ' ,' Q A , Q, >
21' 2 2 Jl Jl ' '211-2 12 (8) 

- SM,SII,S>",>,,;S i2'2 +SM. S 'i 28A,t.,S'2 i ' + 

J 
+ X (A ~ i '2' A'i' I Ai , A 2i 2 ) , 

where 

J 
X (A~ i ;,A'i'IA i, 1.2 '2) - l: <A'~'A2~2IJM><A~A2"2 I JM> x 

~~ (9) 
~ ~2 

" X(A' ~2 i2' A'"'i' IA ~I, 1.2"212) 

X(A ' , . , ). ' " ' 11. . A .)
2 1'2 12 ? I' 1 1' 1 . 21'2 12 "" 

1,,· ).'(· ,· ).· .. 1" '< I' l: 'f'jj 'f'J' < Ja 
m3 J4m41\1I-> j l ml J4 m41\P. > ­

i,i 2J 3J, 3 4 IJ4 

ml m2 m S m4 

( 10) 

.\+.\.'-1'", " ).'i ' Al , " , 

- (-) <PJ,J4 <PJal . <i,m,14m.IA -~ ><J3m31.m. I A-~>1 " 


).. )"1'
1.1. 2 ' 2 .1. 2 2. . 1.\ J . IA ' , 

X 'f' J j 'f', J < J3m3J2m2 "'"2 112X I m l J 2m2 21-'2> + 
3 2 ' I 2 

). , I ' ).2+A,;-~2-~2", ,12'2", . 2 2 <i m ,i2m21).2 -~2 > x 
+ (-) i,J 2 ' 3 J2 ' 

x <i 3m3 i 2m2 IA; - ~ ; > ! . 
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In the diagonal approximation, which wi l l be used in deriving 
approx ima t e equations , KJ has t he form 

i 'i2'\2}
J J2+j,C J 

X (,\ 2i 2' Ai ! >d, A2i 2) ~ l: (-) (2A + 1)(2A 2 + 1) i. J 3'\ " 
i, l2 i 3J• 

/ ,\ '\2 J 

A212 A212 A212 A212 
I 

I ,\, ,\, - ",A' ",A'V- V- (10' )" 'I' J J i, l2 l,l, l J 1) 2 . 1V- . . 1312 J3J. "' l 3 2 "' 3 4 JIJ4 

3, GENERAL FORM OF THE HODEL EQUATIONS 

The exc ited state wave f unction of a doub ly even sphe r ical 
nucleus i s 

+ Al i 1
IjIv (JM) - Il:, R , (Jv)Q JMi + :!: P,\, (Jy) l: <., "t '\2 ~21 JM > " 

.\ 11 1 2 2 JlIJl2 
( I I ) 

'\2'2 

+ Q + IljIo . 
x 0"'1 1l 111 A2J.i212 

where \li D is the ground state wave function o f a doubly even 
nucleus, Q", I qJ 0 = 0, \Ie have used in (II) on ly the two-phonon 
terms. In t~is case one can ca l culate the f ragmentation of one­
phonon and two-qua s iparticle states and the strength functions 
determined by t his f ragmentation. Further the three-phonon terms 
can be included into the wave func tion ( It ). The normalization 
condition (I I ) has the form 

A . 

:!: (R, (J v)) 2 + 2 l (P 1"(Jy»2 + 

I Atlt "'~ i2 

A 2i 2 (12) 

,\ A' , 
:!: P , t"(J,,)P,~': (Jv)XJ(A'I' ,A' i't ! At i"'\2i2) , 1 . 

1\2 12 1\212 2 2 t 
Al t lA212 

A~I;A;I~ 
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A, ll AZ l Z 	 A,l, " Zl2 ",i 1 "2iZNow ,,/'e calculate t he average value of HJ.( according t o (11) s 

and as a resul t we ge t 

('I': (JM)H MIjI v (JM» ~ ! w JI R~ (Jv ) + 

I 


Ai l 1 	 Alil 
+ ! P" . ,(Jv)P, (Jv) x 


"2 1 2 "2i2 
"1 11"212 

" ' t' ,,' I'
1 " 2 2 


xl(w" I +w" . )[0" ",0 .. ,0, ",0 1 . , + a" ",0 1 1,0".,,0 1 I ' + 

1 1 212 1 1 1111 ''2 2 212 1 2 1 2 2""1 2 1 
 IiI 


+ KJ (" 2i~ • ,,; i; I "1 i l ' ",i e) J - Ji 	 Ji 

a) 	 b) c) 

" ' I ' "tIS( ) . ) + 

X 1 l(r) +XM r X("i' ,, ' is l "lil'''''2 
 Fig . 2. Diagrams taking into account the coupling of one ­!.. ! M 	 "2 2' 1 


and two- phonon sta tes.4 is' .1'lJ "'ll',,";IS 	 (13)1 ~ v r 	 r 

,\'1'. A2 13 	 . 1 

X2 2(r)+X M (r )X l (" . ,, 'i ' I" l i l '''2'2) _ we get the system of equa t ions. From the first equation+ 	 M 1\2 13' 1 1 


" A ' I 
. "2 i 2 ~ 2 S 
...;'lJ r r 

(W JI - ~ '" R I (Jv) + 
( I S ) 

" I "Si S 	 . 
1 X~ S(r) +XM (r) X J(", i"As i:i I"lil' A2 ' 2) x 
 Alii Alii Alii! + ! PI. I (Jv) [U" I (JI) + V" I (Ji)l ~ 0
4 
 22 22 22
"3 i SI ; ...;~ASIS ,, "3IS Al11A212 


1.. 4 i4 r 

r ;) r 

we find R l (Jv),substitute it into the second one and get t he se­x XJ(,, ;'i;'.A; i ; I "s is' A,i,) I + 

cular equation fo r defining the energies 1J v as a determinant 
in the space of two-phonon s t ates 

+ ! R . (Jv) p;lil (J,') [U~ \1' (Ji) + v; II I (J i) I , 

A .\ . . l 2'2 22 212 
 det ll (w + w - ~)[o ,0 ,0 , 0 , +1111\2'2' "111 	 "2 12 v A1" 1 "02 1111 lei. 


J 
+OA ,,' 0A_" 0 1 I' 0 1 I' +X (A~I~.A ; i;IA l ll,A21. )J ­

1 2 2'"1 1 2 2 1
The e xplicit form of U i s given in ref./l1 ~ I t i s represented 

by the diagram o f fig.2a. The function V become~ zero at J{J :::: 0; 
 A' I' Aits 

it is represented by t he diagrams 2b and 2c. x 1 l(d+ X \I (r) X'(" I' 1. ' 1 II. 1 ,A 1.) + 


Using the v aria t ional principle in the (a rm .!.. ! M 11.2 2' 1 3 1 1 2
 
4 IS' 'lJAiIi'lJA i l s 

...; r 	 r
o{(Q'*(JM) H 'I' (JM» -~ [(1jI * (JM)q' (JM» -IJh 0 ( 14 )

II Mil v II 
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A',' Aeis , 

X,} 2(,) + X u (r) XJ(A';; S, A! ; ; 1I' l i " A 1 )J _+ 	 2 2
I ~1.2' 2~ A2 is 

v f f 

1 
4 

L 
Ai i ' 3 3 s 

AS ' S A " 
X M (f ) + X ~ ~r) 

' ­V~-J'3~ A3 i8 
J 

X(Ai 1."1'4 .' slS A1 
1 
1 ,"2 

i 
. ) x 

( '6 ) 

,\ . 
4 14' 

' r 

KJ 
x ().,; i 2, AI i; 1A3 i3' A. ; . ) ­

Al' l >.,.11 I.il l All',
(U A i (J i) + VA , (J1))( UA, l' (J!) + VA' l ' (Ji)) 

. 2 22 2 2 22 II ~O .- L 
WJI - 11 11 

Let us illust r ate eq. ( 16 ) by the d iagrams. I n t he first 
t e rms "'e take into account t he d i agrams a ) and b ), fig .3, and 
then t he diagrams c ) and b) are taken into account. The terms 
with DU are represen ted by the d i a gr am e); wit h UV. by the 
d i a gr am f) ; and wi th VV . by the d iagram g) . Horeover, the re 
are di agrams whi ch are obtained f r om the diagrams c ), d), f ) and 
g) by chang ing part a) by b ). Such a n il lustration is conditio ­
nal , es pec ially as t he vertex parts are dif f erent in each case. 

4 . SYSTEl1 OF AI'I'ROX UIATE EQUATIONS 

The secul a r equa tion ( 16 ) is very compli cated , fo r medium 
and heavy nuclei the rank of the determinan t i s 10 3- 106

• It 
can be so l ved under an essentia l reduction of the one-phonon 
bas is. Generally , many graphs are taken into account, which give 
a small contribution t o the fragmenta tion of one-phonon states. 
To ca lculate the fragmentation of two-phonon s tates one should 
take in to account t he three-phonon t e rms o[ th e wave function. 
Therefore, lie pass to an appr oximate system of equat i ons . For 
t hi s purpose in expres sion (13) we use only lhe t e rms proportio ­

A1'1 • d' 	 . , j( Jna l to (p\ (Jill . an ~n the quadrall c I.n t e rm we t ake one 
(\2 I 2 

Jof K i n the dia gonal form. Thi s limitati on in ( 13) i s possible 
due to the f act that the absolute V.:l l uc ~ of Lih.' d iagona l t erms 
.h J are cons iderably l a r g~ r than lhose of L1 ' l' I\ondlagona l t erms. 

8 

II, L, A, l2 	 A, i, /I.,l,al 	 hi 

').,'L' A, ' " I, ,,>; 	 X,i; 2 2 
A,i, A,L zA,i, A,i., 

J c l A,i , A,l2 el 

~ ~ 
d/W 

Aviv 
I~I 	 n S 

Xi, } 

1 '" l ' i',,; i', ;\~Lz 	 "tL, "'2 2).:~i; X1' i; 

A,i, /I., i 1 ')',1, A,i , A, i, Azi, 
S S higff/ 

, 
, 
~ 

/,] 13 A,l V ]I ,l, )./,
A/3 ~ P,v Lv 

A'y i~A;i; 

.~' , "i'1\ , , X,i;
,'<l' 'i ' ' A, 12 1\ , "' i', X,i; 

Fig. 3. l) i .:1)', 1 , 1111'; i II the space of t wo-phonon state~ . 
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In t he normal ization condition (1 2) we also use onl y the dia­
gonal values of KJ. As a result we get Ii Ii Ii 

Alii 2 1 J
l: (R. (Jv» 2 + 2 l: (P (J V)) 11 +2"K (A212.AI I I IA , i l.A2i2)1-1,A2i2
l' \ l1A212 

( 17) 
A . 	 A,i, t \ "Z (2 }.,q pzL z

('I': (JM)HM'I'v (JM)) - l: "'I I R~(Jv) + 2 l: (p/'/(Jv))2 x 

1 All1A212 22 
 A'i'Q"i' ",l,r "ii\ziz ".i,~ $AZ i z 

x 	 (1 + ! XJ(Aoi2.A,i, IA,I,.A2i2X"'A ,ltwA212+ ..."'(AIII.A2i2)) / 18) 

~ 
Ii ' Al i i All, 1 J 

+ 	 l: RI (Jv)PA I (Jv)UA I (J l)(I+ 2" K (A212.AIIIIAli,. A2 i2)).

AIAI I 22 22


1 1 2 2 	 J i' Ji ' 
a ) b ) 	 c) 

where Fi g.4. Diagrams i n the space of one-phonon states . 

A I Ai lS 

X M Now the s ecu l ar equation can be derived bo th in t he space ofXM'I(r) + (r) XJ(A212.A,13 IA, ll'A2i2) + ...W (A 11 I • A 2i 2) - - 1.. l: [-=-~==r.=:=- t wo-phonon states 	 and i n the s pace of one - phonon states. The 8 	I s r . 	Alll,/,13
"~ r r 	 secular equat ion in the space of two-phonon states i s 

(1 9 ) 

A 12 Ae l3 
2 	 det ll (wA I +"'A I + "'W(A i l • Ae 12) -~ ) x
M M 1 1 	 22 1 v 

+ 	 X ("+X (r) X J(A213 .A,i, IAlil' A2 13)] 

. A212 A213 
V~r ~r x (8, A' 8 I i ' 8 , A' 8 i2i 2 + 8, ),, 8 I I ' 8, ,,8 I I' ) ­

J 1\ 1 1 1 1 ""2 2 "1. "2 1 2 "Y' 1 2 1 
(22) 

Using 	the varia t ional principle we get t he fol l owing sys­ A' I' 

A, I, . ;: (JI) . .
tem of equations: 


U, I (J ,) U A. 1 • K J(, i Ai l A 1'1 A2 ' . ) 11
!.. l: h 2 • (l + h 2 2' " ~ 0 . 
2 wn - 11 vAlii A,ll 

-	 ~v ) RI (Jv) + l: PA I (Jv) U A I (JI) x(W1I 22 e 2A,I,A2 1• 	 (20 ) 

I J .. 
x I 1 + 2" K (A2 12 • A,', 1AI 'I ' i.e I. ) 1 - 0 • In this case the diagrams c), e ), and h) in fig.J are t aken into 

account. The diagram h) differ s f r om f) as it contdins no s um­
A , I, mation over the intermediate two-phonon s t a te s , s ince only the

2(",,\ I + w A I + ...w (A, I,. A2 1.) - ~v) PA I (J v) + 
11 2 2 22 	 d. iagonal val ue of KJ i s used . This means that l ess diagrams are 

sununed in compar i so n with eq . ( 16).(2 I ) Alii _ O. 	 The secul ar equation i n t he space of one-phonon s t ates has+ 	l: R I (Jv) U A I (JI)

I • 2 the fo l lowing form: 
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det jl«(<.I J I - J)v)li it' - 5 . CONCLUSION 

(23) 
~ I il Al i i 1 J 
U~2 12 (JI) U 1,2 1• (Ji ')(1 + 2)( V, . I., Al II IAI I I' ~2 1 2 » 

WAlil +WA212 + ~w(A I I I,~ 12) - ~v 
1 I 

"2 AI"A 2'2 
II = O. 

In the space of one-phonon states the diagrams given in fig.4 
are t aken into acc ount. As it has been shown in re f ./ 16/ , f or 
the numerica l calculations in the nuclear fie l d t heory only par­
ticu lar cases of t he d iagram a) in f i g.4 are taken into accoun t , 
i . e., when one of the inte rmediate phonons is changed by the two­
quasiparticl e states and the other by strongly col l ectivized 
phonons. 

Let us consider eq . (23) . The rank of the determinant is equ­
a l to the number of one-phonon sta t es in the first term of the 
wave function (I I). It changes from 20 to 200 and is t wice as 
l ess as the r ank of t he deter minants (16) and (22). The facto r 

We have presented the systems of equations for the case of 
mult i pole phonons, s pin~ultipole and in some cases of charge­
exchange phonons. If the spin-multipole - spin-multipole inter­
actions are taken into account, the Hamiltonian (5) is added 
by the terms HSv and Hsvq. which have t he form similar to (6 ) 
and (7 ) . New constants K~L) and K()I.L) are introduced, in (6) 
X~I (r) is changed by I 

and 
are 

(L-I,L) ., (-) 2 
Li 1 r (f UJ)UjJ') 'JJ' 

X (r) = - - I 
s 2L+1JJ ' 22 

'jj' - W L1 

r(L-I,L)(jj') c<iIl RL
_ , (r)i 

L 
-

I k <lpA~ILM>a pV~~ Ii i ' > . 
Il,P >= O,± 1 

. (7 ) (-).
1n Vjj'lS 

introduced by 

(+)changed by v jj " The charge-exchange 
using the matrix elements 

phonons 

(1, ~ XJ(A2i2,A,iI IA,i" "'2i 2) is caused by the Pauli principle in 

the two-phonon terms of the wave function SII). In the case of 
maximal v i o l a tion of the Pau l i principle J( ::: - 2 and the corres­
ponding t erm is excluded from the sum over A Ii 1 , .\212. The two­
phonon po l e (u'\ 111+ '<.1 '\2 12 i s shifted by t aking into account diag-

r(A) UpJ. ) = < Jp II RA (r) I I, VA~ r (-) II j . > , 

f (A L) Up in ) z < j II R A(r)I 
A k < lpA~ I LM > a VA rHl l l > 

p I1.P- O, ± l P IJ. n 

rams of the type of fig.3c. As has been shown 120 / this shift is 
l arge fo r the fir s t two-phonon collective states of deformed 
nuclei. The sh i ft ~w(.\lil' .\2i:) is small for the collective 
phonons formin g gian t resonances of different sYpes. The shift 
tU:<.I(A1il ' .\2i2) is equal to zero in the case K ",, 0. 

In the case when the terms proportional to a+a are neglected 
in the commutator (2) KJ ::: 0 and the secular equation (23) is 

UAI"(JI)U A 1"(Ji') 
1 ~2'2 ~2'2 

-­ I 11=0 . 
2 ""'IA.", wI, 1'1 +w "'e12 -~v 

(24 ) detl l(w J1 - ~v )5,, ' 

, 

The fragmentatio n of one­ phonon and two-quasipart icle states 
and the properties of spherical nucl ei determined by th is f rag­
mentation are calcul ated using the basis constructed of multi ­
po l e and spin~ul t ipole phonons. The success in calculating nuc ­
l ear properties at intermediate and high excitation ener~ies is 
at tribut ed to t he use of the s t rength func tion method 18­ l (It 
should be ment i oned tha t the quasiparticl e-phonon nuc l ear mode l 
has large potent i alities for a detailed description of the pro ­
perties of exci t ed states in spherical and deformed nuclei. 
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We are grateful to A.Bohr, B.Mottelson, R.Brogl ia and P.Bor­
t ignon for interesti ng discussions . 
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