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To describe the internal motion of the syste m o f three nonrelati

vistlc particles with masses M~ , and '13 ' we choo se the vectorMz 
~ ~nnecL1n9 111 and 112 and the vector l connecting the midpoint 

of R and particle 113 _ Then we introduce sphe r i c al c oordinate9 R , 
e and cP for R a nd prolate s pheroidal coord i nl'lotes ( f .7 ' f ) 

fo r l 
R 5 r 'f::r: =2 Ld.; ) ~ =4- S Sin tf) 

( ,)

Z-=- Jr7; 5 =V(r-- lj(f-?2) 

f '" ('" = ) -1 '" l' :::: f . 
The alternative e xpressions for r and 7 are

f 1.. 1 + 'l z 7- 1., -'Z, (2) 

I( - R 
He re 7. :: 'Zf' and Zz': 2Zi are the distances between the parti cles'. 

1
Hence, an y f unc tion of interpartic le distances i nc luding the po

tent ial energy wi ll have a simple form in the above cooDdina tes . 

The kinetic ene r gy operator of this sys tem is 

- - _1 6__ _ 1 (..!. +1. )2+ 1 ;;' ( 1 + d)T - 2 m ~ 2/1 R oR fiR I R rJR (3) 

f (-2 (2) { (>2 2 2, )
+Zt1R' K - B-2 & - &1'1 ? .,. 7-f + 2 "£. {1+i'£/I17:_ 

we usc the followlnq notation for the particle massIn formula (3) 


functions: 

1 1 .( 1 1.L -+ ) -=-+ m 1'13 1'1,+ H3 1'1 111 Hz (4) 

£. _ Hz-M, 
112 ", HI 

and for the opera tors: 

• 1 

I .''. ,." .. '"'\.. 
l:r-·!"'~"~~~·-· 



'I rd < d d d f'- 'l' Jl 
6'Z Olll'_I? ZILfJ/ (f-l}cJf "el'( (f-('Jir "(f'- I)(I-?'J cJ<.f) 

§:: {Z~'lz l(! ~£()({: 1d~ +(? ~£f)(1-1 )a~J 
-z /, e J )J I J fJ o}'pzK = -(c~ ~de df) - s"" ze(d?j5 -iLi! ~C7jJ-r-i!' 

R (5 )

B= 2i(4 - ~R;;Yhe -/rp-tc ciy {})-Z,:(?J-: iiJfe· 
In its turn formu l a (5) invo lves the projections of the orbita l 


momentum ~ and l inear momentum ;er , which a l so shou l d be given by 

the coordinates (f ,? ' tf) 

-+'p - n -P/Tf)( r ', o l2! +_S_I>d -IJ~I+ i .lJ 
- L ~ '7 ---,-- - ' 7 / R -[,-,? '{ /d{ (d71 5 IN 

tx ! itt :: eap(~di.<f)I;t {z=r(7f, -14)+ lj-ifoI (6) 

t .!= - 'N 
TO comple t e t he no t ation . we wr i te down the formula f or 

(6a)P" =- R(! [ i.7')!7(r-1a} + f(I-(Jo~1 
The Hami l tonian 1s in the usua l form 

H = T + V· (7) 

where V=V., (Z1)+V2 ('l2)+~(R) , a nd the volume element 

a'L = :5 (J Z- 7~df cI,(dlf clRcI(Co1 ())cI¢ 
Thus , the initia l representation 1s defined compl etely /1/ , 

The cross d erivatives 1n the o perator el ) hinder its use in the 

asympto tic region , when the physical system disintegrates into subsys 

tems , the kinetic energy operator should split into the sum of t wo 

Lapl ace operators with the re l evant reduced masses, and the total wave 

f unc tion factorizes into subsystem wave functions . 

Unifying the first and last terms in formula (3) for th~ kinetic 

energy of the three-pa rticle system, we ge t an interesting candidate 

for the r ole of the kinet ic energy operator of the s ubs ystem /21 

2 

tp== - 2 ~ 4 '[J p=I+4'% (f~7 2-f+2i£{7+ "£.) (8) 

P 
and the corresponding Hamiltonian 

hp == tp + V, + Vz + V3 (9) 

For definiteness we assume that the terms V( an d VZ correspond 

to attraction and the term V,3 to repulsion . A classical example of 

such a problem is the molecular hydrogen ion H21'. 
Now we use the asymptotic properties of the coordinates f and 1 

as /(-+oP. In this case /3/ 

} ,, ~ " t... 
r ~ I+ R~ 7+ R' 

( 10)/-If )-'2
1-. - (" R :::: / - R) 

where 

A, -= 7,(f - eru8,) , ;\, -='ldf + (ffi{)z) ) 
(11 ) 

/' -= 2, (1 -1" (J>J fJ),)vIz = 'Z", (1- W1 ( 2 ) 

are two s e ts o f pa r abo l ic coordinates ( }.,! J, and f ormula (1 1 l exp

resses them through the polar coordinates at each center . 

Substi t uting expressions (10) into the formula CS) fo r pand 

using the l eading term onl y , we come to the conclusion that 

---'> [0+ =1 + M(1+2<:f.Y 
Il2 )PR~ - p_ -1 + H(1 ~;t;r 

and then using f o rmulae (4), we g e t 

p~ .-!-.~ m Mj H, I') 

()- . ..L + .J.,. .
7ir - H3 112 

The phys ica l mea n ing of formu lae (7), (10} and (13) is the following . 

The Schrodingc r c~uation with the Hamiltonian (9) 

( 14 )hp Lfr ::: E lfp 
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wh i c h may be c a lled a generali z ed t~~-center problem / 3/, has two types 

of solutions. At fin i te R (this distance ente rs i nto the problem ( 14) IIe- [- 2~ (fr ()~)Je"=(f+21" .)[- 2~ ( t + O~ jj (' 9)as a parameter) the wave functions of eq. (14) are formed due t o the to
A A 

tal particle interaction. Howev er , as R~."Dthe solutions of the first 


type group at the point "/ ::. - ( and due to the interaction VI form a s ub +
e-II/H~ (f+ o~)Je"=(1+ 2/+.-) H~ (f t j+ 
system ( 1+3) wi th t he precise reduced ma s s from the upper formula (1 3) . 

( 20)As R- QD the s o lutions of the second type describe a subsyst-em (2+3) , + 2(P,-f)fi(} + IRr i N + a~)}+.. 

they group at the potnt?=I . Moreover , eq . (14) has a continuous spect


rum , t he wave fu nctions of whic h resemble the del ta function 
 8(n) 3g 
1<~..,J4/ l e -"!K~ B -2t;j 11_ (1' / ) ; 2-s-21: (21) 

Thus , the solutions of problem (14) in the asymptotic region (i. e . Ra e - + c:~ + .• • R2. 
as )?-. 00 I gather 1n dif f erent configuration regions . If a pair of 

h.ppartic les is coupled, the Hamiltonian turns into the corresponding Formulae (18) - (21) contain two terms e ach from the corresponding 

precise two-particle Hamiltonian , All these solutions are mutually inf i nite series , thus giving an idea about their structure . 

or thogonal . Collecting similar t e rms and summing up the corresponding series , 

Now we introduce the operator we find A 0~ H" := e2r- 2 ;,. 4=[ r(f-2p/)-1R (fo + OR)
( '5)/\ -=- JrP)R (J + IR) 

- 2~ !f-Li (P~#~~P(P- {)(!/}(J+O~r+ ; 2_ ~:zt: 
where ' (p) is an unknown function of the argument which 1s determined 

by formula (8) a nd e nters into the Hamiltonian hp (9) . Then we introduce (22) 

a unitary transformation of the total Hamiltonian +H~[4(p-{)-4p-2IP(p-1-2f(P-#)j(1+a~~,e-"Ve1\ 
f ," ~Z p2

H= - - 4 +V--I ('.L_!!.):..!l:.ff + OJ K - B -2L? 
2; 'l 2M R rJR I'fR(J? oR - ZI'1R2 (16) 

A 

il 
Killin1 the the cross derivativest erm lR(; +d~j with 

in the form of 

II 0% ~~ g;;_an for I i)RB{ 
and 

we ;quation 
1H/\ ::: e- He"= H-[;\H]+ 2 , [/lY\HJ]+... ( 17) 11 - 2p

with the solution

i= tn Vp + coMi . According t o formula ( 17) each t erm o f the operator (16) transforms 

into an i nfinite series 
Assumlnq an lll'bltrary conSlant to be zero, we substitute {=v. ip-II { )" into expression (22) . After oomo Simple transformations , we arr1vee (-2mt:. '[ e =-(f+2j-"-)/1J:1..f>'l. 
at the final {!xprconlon for HA r " r 

1 f (ii 5 OJ 3 f- ~/'-i(~ +1.) ( 18)p H R R rJR H/I =Pf- 2 PA'l-2HP rJR 2 " IT iJR - 2 HfR' ( 2 3) 

- 2MR[6!~4t'(p- 1)}(f+ a~)+ ·.· + 2~R2 (i 2-B-d: )]+ VA . 
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Finally , i nstea d o f the r educed mass 1'1 there a ri ses the comb i nation 

I'1p. - I fso 	tha t 

1 
~ 

(P.,N) = 1'1
-
I 

2 

+ 
H, , 1'13 

{ 	 (2 4 ) Np «-00 [(P- fir;: - + 
{ 

N, /If, " 1'13 

This mean s tha t in the asymptotic region . i . e . as R....., 0-0. the combi na

tion M·~ 	 turns into precise reduced mass either for the case 

{1+3)+2 o r 	 fo r t he c ase (2+1 ) + 1 . The important poin t is that this 

happens a t the same time whe n the p rope r reduced mass arises i n the

hp sub sy s tem Hamil t o n ian , a s i t has been shown above , formula ( 13) . 

The s umming up: We s tarted with the three-body molecular Hami l 

ton i a n . After a simple regrouping of its terms , we succeeded in ext

r acti ng t he subsystem Hami l toni a n with a good asymptotic beha np 
v iour . Then we in troduced a unitary t ran s fo r mation of the total Ha

miltonian, which s implifies it dr4stic411 y and s i multaneously impro 
I: 	 ve s its asympt o tic propert i es . The action of th is operator i s equi 

va l ent to a certa i n extens i on with respec t t o t he A? coor dinate with 

t he coef f ic ient de pending on the (f ' 7 ) coor d i nates . 

The po t e ntial ene r gy operator ft dresses ft and becomes 

1 - /\ /\
V e Ve 

being easi l y ca l cu l ated for a ny a na l y tical f o r m. 

There a ppears an addition to the po t e n ti a l e ne r gy in the f o r m 

3 1 
2 R' NP 

which ma y be regar ded as the three- pa r tic l e interact i on . I t is of t he 

kinema tic o rigin. 

The Schrodi nger equatio n acq ui r es na tu r ally the mass ope r ator s 

wh i c h a re the c oor dina te function~. This phenomenon 1s t .houqht as the 

emer gence of qua s ipartic l es . 
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l'!aTBeCt1KO A. O. 	 [_- B}-SO 

HOBoe YPJI)IlCIII1C AnH 30A i'I\.l H Tpex Ten 

HCKOIlIILlM (5epeTc~ ypasHeHHe Wpe,q I1Hrepa AnA 3a,qa41-1 Tpe x Ten B MoneKY
IlAPHOM npCI\CHmnCHI1H. CTPOIo1 T CA npe,CICTaBneH"'1e , n p !.1 nm'\~11 KOTopo r o B HO BOM 

ypaBHe ll~H1 IUpCAHH r epa " y6I1 B':H'JT CR" n e p Cl(peCTHble npOlol 3eOAHble . 3 TO ypasHeHHe 

HMceT npOCTO~ 8HA lot "xopOWl1e" aCI1MnTOU14e CKI1e CBOi1C Tea. E.ra MO)l(HO Ioi H Tep

npC TH pOB,Hb Kat< ypaBHeH l1 e AnR KSa311 '"1a C HILI, MB CCbl KOTOPbl X aaSHC AT aT KOOP 

AI1HaT. KpOMe To r o, B HOBOM ypasHeHl111 B03H I1Ka e T ,qo6aSKB K nOTeHLll1anbHOH 
3HCprI1H. KOTopa R "'MeeT aHA TpeX4aC TI14HQ rO B3aIo1MOAe~C TeIo1R. 3T a Ao6aSKa~ 
HMeeT KI1HeMaTH4eCKoe npOI1CXQ*AeHl1e .~~ . 

Pa60Ta B~nonHeHa B na6opaTop~~ TeopeT ~~ecKo~ $~3~K~ O~~H . 

npenpllll1 OO"eAHHCHtloro IoIttCTHTyTa MepH IolX ~c cneAOBaHHK. Jlyfit1a 1983 

Matvecnko fI. . V. 	 [_-B}-SO 

A New Three-Oody I qUilt lun 

We 5 UHl will i lh(\ ~c hr6dlngcr equa tion fo r t he thr ee- body prob lem in 
the molecu lar 5llHc ap l) l tlnc: h A new r ep resentati on is built, which "ki ll s" 

__L. c ros s dcrivilli ves In thr t,t hrMdl ,)()or equl)tion. Th i s new equation has 
~ a si mp le form and "good" r",ymptut 1c prope rt ies. I t ma y be int erpreted as 

an equat ion for qutlSlpn"ll< I I" with 1Il ,'I I)SCS. depe nding on coo rdinat es. 
Horeover , a potential c nerflY I tlO1 ',modlrlcd nnd acquires the form of the 

I, t hree-pa rt icle i n t eraction , Ihl "l lIIutJlflc<Hlon Is o f t he ki nema t i c nature.JI 
The invest igat io n has been pt· . 1() 'IIIf1 d II I lhe l aborllto r y of Theore ti cal 

Phys ics . JI NR. 

I', 

L ""1,· 1" , or the Jo int Insti tute roc Nu, I •• , " .... , ' h. Dub", 1983 
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