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I. INTRODUCTION 

To describe the reactions with heavy ions, at present the 
theoretical approaches are intensively developed in which the 
interaction potential is constructed on the basis of the data 
on effective nucleon-nucleon forces and on distribution of 
matter in the projectile and in the target. Two of the most po­
pular methods for constructing the nuclear interaction ·potential 
(NIP) of heavy ions are the double folding potentials/ 11 and the 
energy-density formalism 1 21• These approaches make it possible 
to allow for the effects of nuclear saturation and antisym­
metrization/1,3/ in the density dependence of interaction for­
ces141 due to inclusion of nucleon exchange. However, in gene­
ral the calculations involve various approximations. The imagi­
nary part of NIP, which includes the relevance to various reac­
tion channels, is approximated by the Woods-Saxon phenomenolo­
gical potential' 1', the interacting ion densities are simulated 
by all the possible functions '41, etc. Among the consistent mic­
roscopic scheme for constructing NIP, we feel it necessary to 
HlC:llL.l.Vll L~u:: wutr...;:, u~ Cd::,.::,.let 's group~~,::/, where an attempt was 
made to use the G-matrix in order to calculate the imaginary 
and the real part of the optical potential (OP) of heavy 
ions on the basis of the properties of infinite nuclear matter. 

The formalism of the method of hyperspherical functions(MHF) 
was used in ' 7 ' to obtain the nuclear density distributions 
for a number of light nuclei ( 4He, 6 Li, 12C, 160) verified on 
the basis of sets of experimental data, such GS binding energy, 
monopole resonance excitation energy, r.m.s. nuclear radius, 
elastic and inelastic form factors for the excitation of mono­
pole resonances '8:. In work '1° 1 , the nuclear interaction poten­
tials using finite-range forces proposed by Satchler and Love 
for systems with A= 4,6, 12,16 were constructed by parametrizing 
these densities in the form of two Gaussoids with different 
parameters '9/. In work ' 131, the densities obtained in MHF were 
used to construct not only diagonal but also nondiagonal matrix 
elements of the potential for monopole excited states of 
nuclei ' 11 • 121 with Skyrme o -forces. A good agreement with 
experiment in describing elastic scattering process was obtained 
· f I 14/ b · • • 1n re . y represent1ng the real and 1mag1nary parts of 
OP in terms of such a microscopic potential and varying only 
the renormalization factor for the imaginary part. Besides that, 
the method of coupled channels was.~~ed-~~late the ine-
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lastic cross sections of ion interaction involving excitation 
of monopole giant resonances/151. These cross sections are also 
proved to be in an adequate agreement with experimental data for 
the inelastic scattering process with excitation of o+ state 
in the 3He + 12C reaction. Such studies are urgent because 
of the numerous experiments carried out in the recent years to 
find and identify the monopole giant resonances in nuclei. Howe­
ver the problem of the existence of monopole resonances in 
light nuclei (A ~16) has not been solved unambiguously. On the 
other hand, MHF can give reliable theoretical predictions for 
the description of monopole oscillations and may be used to 
study inelastic processes in ion reactions involving excitation 
of the monopole degree of freedom. In this case, the test of 
the potentials obtained in MHF by describing elastic scat­
tering of ions is a necessary intermediate stage. 

In the present work, the 16 0 + 16 o elastic scattering is 
studied theoretically at different bombarding energies of ions 
using the nuclear interaction potentials calculated with the 
densities obtained in terms of MHF. The stability of calcula­
ted results with respect to the choice of the model for the 
construction of the potential 11•21 is analyzed. In the case of 
the double-folding potential various effective interactions 
are used, namely finite-range forces suggested by Satchler and 
Love /10/ and Skyrme 8 -forces/13/ to study the influence of 
the character of the forces on the behaviour of elastic scat-

2. CALCULATION TECHNIQUE 

In this section, we shall discuss the scheme of calculating 
the nuclear interaction potential in ion reactions. 

The interaction potential between two nuclei or ions is not 
completely determined and therefore, the optical model was used 
to construct the potential for a system of two nuclei a +A. The 
complete wave function of the system a+A is expanded in inter­
nal wave eigenfunctions of individual nuclei: 

(I) 

where X ij (R) described the relative motion of the system a+ A 
when nucleus a is in state i and nucleus A is in state j. Elas­
tic scattering corresponds to the wave function Xoo(R). If one 
neglects the effects of antisymmetrization between two nuclei 
whose wave functions are separately antisymmetrized, then, 
according to Feschbach 116 1 , the effective potential of optical 
model will take the form 

2 

(2). 

where V is the interaction between a and A ; the summation runs 
over all the excited states of one nucleus or both. The first 
term is the real double-folding potential 

(3) 

The integration in (3) is over all internal coordinates of the 
two nuclei. The remaining term ~U.which contains the coupling 
to the inelastic channels, is of the dynamic nature, so that 
one has to know the total excitation spectrum of the colliding 
nuclei in order to construct it. In phenomenological approaches, 
U is approximated by the local complex potential U(R). which op . 
is used for example, 1n the Woods-Saxon form. The parameters 
of the real and imaginary part of OP are often chosen to be 
independent. Therefore, the radius of the imaginary part of OP 
is in most cases larger than the radius of the real part. 

(a) The Double-Folding Model 

When U (R) (formula (3)) is calculated by the method of 
double fol~ing, the densities of the colliding nuclei a and A 
are assumed to be nondisturbed, and the interaction potential 
is the mean value of the nucleon-nucleon interaction averaged 
over two densities: 

Such a determination seems 
energies considered here ( 
scattering of ions is only 
tial at a distance between 
absorptip,n 

R crit 
1 '3 1 1 3 1.5(A1 +A 2 ). 

(4) 

to be justified at the ion collision 
~ 10 MeV/nucleon) because the elastic 
sensitive to the form of the paten­
the ions near the radius of strong 

(5) 

The overlap of the densities of colliding nuclei is small in 
this region, so that one can assume their distortion to be neg­
ligible in this case. For even-even nuclei with N = Z, the nuc­
leon-nucleon potential in formula (4) may be assumed to be in­
dependent of spin-isospin interaction. Then, using the Skyrme 
interaction with 8-forces as nucleon-nucleon interaction, we 
obtain the following double folding interaction potential for 
the nuclei a and A: 

3 



(R) 

""A a-+-+2 
+ ( n .. (r) n " <IR- ri)r dr] + 

0 IJ kL 

ta "" a 2 A -+ -+ 2 
+ -( ( (nij(r)) n ke <IR- rl)r dr + 

16 0 

""A 2a -+-+2 
+ ( (n . . (r)) n kf (I R - r I) r dr l l , 

0 IJ 

(6) 

where I R -;I = ..j R 2 + r 2 - 2Rrcos8; t 0 , t 3 are the parameters 
of the two-particle and three-particle Skyrme interaction, res­
pectively; nij (r) is the density distribution of nuclear matter 
given by 

n ~j (r) 

SA-16 
2 

(p2-r2) ....;:_ _ ___: ____ X . (p) X . (p) dp + 
5 I J p A -13 

SA-15 
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The normalization condition is of the form 

4" f n .. (r) r l1ir = A, 
IJ 

and the r.m.s. nuclear radius is expressed by the relation 

r n ii (r) r 4dr 

r n ii (r) r 2m 
(8a) 

In the case of finite-range forces, the nucleon interaction po­
tential is chosen to be of the Gaussian form allowing for a soft 
core in the effective interaction at small distances 1101 : 

U(r) 
2 r 2 
l: 1:\ exp (- -) 

k = 1 a~ 
(9) 

-+ -+ ... 

r =lr 1 +R-r 2 1. 
4 

In this case, the Gaussian form with the parameters found from 
the condition for the best representation of nuclear densities 
obtained in terms of MHF is also applied to the nuclear matter 
density distribution. Use is made as a rule of different para­
meters of the Gaussoids in formula (9), which permits one to 
describe the asymptotic behaviour of the density correctly. In 
the language of the shell model this means an effective al­
lowance for mixing of configurations from different shells. 
Thus, using the following form for the densities of colliding 
nuclei, 

r2 r2 r 2 
PA(r) =PoA (exp(---) + C1 -:Texp(- -

2
-)J, 

b~A b2A b2A 

. . · l I 101 we get for the nuclear 1nteract1on potentia 

U a,A (R) -- " B I f 
.., k kOa,OA 

where 

k 

~· 2 
+ fk0a,2A (R) exp (-- t---) + 

0 kOa, 2A 

R2 
+ fk2a, OA (R) exp (- --- ) + 

2 0 k2a, OA 

R2 
+ f k2a, 2A (R) exp (- -· 

2 
·--- l l , 

0k2a,2A 

3 
boa boA 

f kOa,OA = -::----

0 ~Oa, OA 

2 
11 kOa ------ ... 2 . 

0kOa, 2A 

2 
b2A 

2 
~Oa, 2A 

R2 
--::2--), 

8 kOa, 2A 

(I O) 

(I l) 
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fk2a, OA 

3 3 a~ bja bh 

f k2a, 2A 
b2a b1!A t.! 5 ) 

= c1 c2 3 2 
(l +- + 

4 3 2 2 
8 k2a, 2A 8 k2a,2A ak8k2a, 2A · 

2 2 2 2 2 
R2 

+ [.!. b2a (l + 
a k b 2A ) - 5 b2a b2A ] 

+ 
2 ll~2a b2 8 2 a4 8k~a,2A 2a k2a,2A k2a, 2A 

Bkma, nA 

In the case of heavv ion interaction we use the zero-ranee 
pseudopotential 111 

u
8 

( r) = dE 8 (r) 

(12) 

(13) 

in order to take into account the Pauli principle effectively. 
This correction term depends on the mass number of the system 
and the incident energy in the following way: 

E 3 
d(E) =-276(1-0,005A)MeV fm. (14) 

(b) The Energy-Density Formalism 

In this case, NIP between two ions is calculated in the sud­
den approximation, where it is assumed that the ion densities 
are frozen at the moment of collision. Then, NIP takes the form 

(15) 

where l(p) is the energy density for the relevant system which 
1s determined as 121 

6 

,. 

where p =Pn +Pp; Pn (pp) is the density of the neutron (proton) 
component in the nucleus; a is the neutron excess 

a 
Pn- Pp 

Pn + Pp 

(17) 

The first term in (16) is the density of the kinetic energy due 
to the Thomas-Fermi approximation 

3 t2(3 2)2/3 1[(1 )5/3 (l )5/3] 5/3 5 2m 2" 2 -a + +a P ' ( 18) 

where m is nucleon mass. The functional V(p,a) corresponds to 
the potential energy of a particle in nuclear matter 

( 19) 

The gradient term in (16) arises from the finiteness of the 
nuclear system, the two last terms correspond to the direct and 
exchange Coulomb energies. The values la,bl are determined by 
fitting the binding energy and the proton radius. It should be 
nuLeci LhaL ~iP was calculaLeci in Lhe ene~gy-ciensiLy io~malism 
using the same densities (formula (10)) as in the case of the 
finite-range potential. 

In the case of 16 0 + 16 0 system, the parameter a = 0 and 
the density parameters in pA(r) and Pa (r) are also the same. 
Considering the latter, we obtain for NIP: 

1 
U(R) 277 ( d cos0 ( f(R, e, r) r 2dr, 

-1 0 

f(R, e, r) = ((pa + p A)- ((p a) - ((p A) - 27)0 f 1 • 

(20) 

C a(A) 

2 
C2 r a(A) 2 2 ) 

+ -- exp(- ) (b 2a- r a(A) ' 
b2 b2 

2a 2a 

r;; + ..!..R 2 - .LrR cose I rAI 
4 2 • 

/r 2 + .1..R2 + .l..rR cosEI, 
4 2 
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where R is the distance between ion centers; ((p) is the cor­
responding functional (16) without the gradient term. When 
deriving formula (20), we disregarded the contribution from 
the direct Coulomb term for it is included effectively in the 
computation of the cross sections. 

(c) Cross Sections of Elastic Scattering 

The angular distributions for elastic scattering of ions 
were calculated using programs TUFO and CHUCK. It was assumed 
that the forms of the real and imaginary potentials were the 
same, so that 

U = Uoo,oo (l + ix oo,oo ). (21) 

The factor Xoo,oo in the elastic channel was found by fitting 
theoretical differential cross sections to experimental data. 
The criterion of fitting is the usual one, namely, we minimized 
the value 

X 2 = I [ uexp <8 1 ) - u theor. (81 ) ]2 , 

1 ~uexp(8i) 
(22) 

where a theor. (8 1) are the calculated differential cross sections; 
a exp (~) are the measured cross sections; ~a exp (81 ) are the 
exper1mental errors. 

3. CALCULATED RESULTS AND DISCUSSION 

The nuclear interaction potentials of two ions are determined 
by the form of effective nucleon-nucleon interaction and by the 
distribution of matter in them. Figure I shows the density of 
160 nucleus calculated by MHF for two versions of the nucleon­
nucleon interaction (Brink-Boeker potential 117/ ). If the 
parameter set B4 is used, we obtain a narrower density distri~ 
bution, but with a more clearly expressed maximum for R = 1,2fm 
compared with the result given by the parameter set Bl. The 
use of the parameter set Bl gives rise to a larger nuclear 
radius. Obviously, the use of different nucleon-nucleon in­
teraction potentials in MHF leading to different nuclear densi­
ty distributions must affect the results of calculations of 
NIP of two ions. 

Figure 2 shows the results of calculation of NIP in the 
double folding method with the Skyrme interaction 113/ for 
three sets of parameters t 0 and t 3 . The values of the para­
meters are presented in Table I. Versions (a), (b), (c) differ 
by the three-particle force contribution determined by the 
parameter t 3• 
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Fig.2. Double-folding potential 
of 16o +16o with Skyrme for­
ces for three sets of parame-
ters to. t 3 from Table I ) • 
(a , b ------, c --· ---

Fig.l. Density distribution of 
the ground state of 16 0 nucleus 
for the potentials Bl(---) 
and B4 (----). 
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As the ratio ltoft 31 rises, the calculated potential gets 
deeper. Thus, an increase in the contribution of the three­
particle forces, which are of repulsive nature, gives rise to 
a decrease in NIP depth. Figure 3 shows the results for the 
16 0 + 160 NIP computed in the energy-density formalism (dots), 
by the double-folding method with the Skyrme forces (the solid 
line corresponds to NIP calculated with the densities obtained 
in MHF with the set of parameters Bl, and the dashed line with 
B4), and with finite-range forces allowing effectively for 
(d =I 0, the dot-dash line) and disregarding ( d = 0, two dots-

Table I 

to t3 Ito Ita I V(MeV) at R=O.I fm 
a) -1057.3 14464.4 0.073 410.25 

b) -1170.0 9331.0 0.125 -522.75 

c) -1205.6 5000.0 0.241 -586.20 
---- ---------~- ----~----· ----------~ 
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dash line) anti-symmetrization. Table 2 presents the parameters 
of the potential calculated in the energy-density formalism. 

Table 2 

71o 

-588.75 563.56 160.92 -0.424 -0.0973 -2.25 7.23 

The parameters of the potentials obtained by the double­
folding method with finite-range forces are presented in 
Table 3. 

Version 
V 

1 
(MeV) of forces 

553. 18 

2 601.99 

-100 

-200 
' I ,'I 

-300 

,/ 

-500 

10 

, 

I ,'I 
/ ,'1 

/ ,'.' 
,I 

/I 
/! 

; 

V 
2

(MeV) 

1781.4 

2256.4 

Table 3 

a
1
(fm) az<fm) d (MeV fm 3 ) 

0.8 0.5 0 

0.8 0.5 -276(1-0.005 ~) 

Fig. 3. Potential of 16o + 16o 
the energy-density formalism 
( .... ), in the double-folding 
method with Skyrme forces: 
Bl (----), B4 (---);with Sat­
chler-Love forces including 
(----· -----) and disregarding 

1n 

(--- ••---) antisymmetrization. 

The calculations have shown that the interaction potential 
depth is determined by the density distributions of colliding 
ions,namely an increase in the density at small distances for the 
set B4 compared with the set Bl (see Fig.2)results in a deepen­
ing of NIP,The NIP calculated in the double-folding method with 
finite-range forces is characterized by a stronger interaction 
at high R compared with the result obtained using the o-force. 
In particular, the values of the NIP at the critical radius 
are V(Rcrit. ) "' -I. OS MeV for the parameter set Bl and Skyrme­
forces (version (a), Table I) and V(Rcrit) "' - 2. 74 MeV in the 
case of finite-range forces. The consideration of the antisymmet­
rization effect in the calculations with the finite-range 
forces results in a deeper potential at all values of R. The 
NIP obtained in the energy-density formalism is characterized 
by a repulsive core up to R "'2.2 fm. Its maximum depth 
V0 "' -31.35 MeV at R ,4.1 fm is much smaller than in other 
cases. Thus, the 160 + 16o interaction potentials calculated by 
using various models 11 •21 with various effective forces are 
much different at small distances, but these differences become 
insignificant in the peripheral region. 

The calculated NIP were used to analyse the differential 
cross sections of elastic scattering 160 + 16 0 at E; b"' 41, 49, 
63 MeV 1181• Figure 4 shows differential cross secti~ns calcula­
ted using the Skyrme interaction (version (a)) in comparison 
with experimental data at three energies. The parameter of the 
.i.mct~;;iuctf)' pctL ;_ u[ ;_[,., ur Wdl; Vdl. itu Ut=p"'ncii.n~ un che oomoara1ng 
energy of the ions in order to obtain a better reproduction of 
experimental data. Its value was found to be X 00 00= 0.04, 0. I, 

0.2, respectively. The thin line represents the result of a 
phenomenological calculation based on the Woods-Saxon poten­
tial 1 181. At the bombarding energy E

1 
b "' 63 MeV the result of 

the microscopic calculation is in better agreement with expe­
rimental data than that given in ref. 1181 • In particular, the 
most realistic description, compared with the phenomenological 
model, is obtained at small angles. For the lower bombarding 
energies the differential cross sections are represented only 
qualitatively. 

In the following the effect of the three-particle forces 
on the differential cross section of elastic scattering was 
investigated. Figure 5 shows a comparison of the differential 
cross sections calculated using the Skyrme nucleon-nucleon In­
teraction potential for different sets of parameters (see 
Table I and Fig. 2) with the experimental data obtained at 
E

1 
b "' 63 MeV. The estimates based on x 2 indicate that the 

be:t agreement with the experimental results is obtained for 
the highest contribution of three-particle forces. In all the 
cases, a rather good description of experimental data can be 
obtained at scattering angles up to 8 = 65 ° for Xoo,oo= 0. 2. 
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30 LO 50 66 70 BO 90 100 
Elcm (grad) 

Fig.S. Experimental data on 
elastic scattering cross sec­
tions (+) and the results of 
calculations for three versions 
of Skyrme forces ((a) -)---
(.b) ___ (c) __ .___ at' 
Elab= 63 !1eV. 

Fig.4. Elastic scattering cross 
sections calculated with 
Skyrme forces and the relevant 
experimental data for E1 b = 
= 41 MeV(-- • --, O),a 
49 MeV (---, •), 63 MeV (--, 
+). 

Using the NIP with the finite-range forces the differential 
cross sections for elastic scattering were calculated at 
E lab = 49,63 MeV, where the parameter of the imaginary part 
was Xoo,oo = 0.3. From Fig. 6 it follows that the better des­
cription is obtainable at a higher energy. However, the use 
of the potential with finite-range forces permits a fairly 
good interpretation of elastic scattering cross sections in 
a broader interval of angles compared with the previous one 
also at Elab =49 MeV. Therefore, this potential allows the 
most realistic description of the elastic scattering of two 
ions in comparison with other potential types investigated. 
Figure 7 shows the results of the calculations with NIP obtained 
in the energy-density formalism. This potential has a repulsi­
ve core and a relatively small depth. In order to describe 
experimental data we had to introduce two free parameters 
according to U =(a + if3) U 00 00 • A satisfactory agreement can 
~e ~bt~ined ~ith a= 2.7 ~nd f3 = 0.3 for Elab = 49 MeV. Howev:r, 
~t ~~ ~mposs~ble to descr~be the experiment at Elab = 63 MeV 1n 
the ~nterval of scattering angles e < 80°. 
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Fig.6. Cross sections of 
16Q + 16Q elastic scattering 
at Elab = 49 MeV (---) and 
63 HeV (--) for finitP-r.:>no<> 
forces. 

4 . CONCLUSION 
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Fig.7. Cross sections of 
160 +t6o elastic scattering at 
Etab = 49 MeV (---) and 63 MeV 
( ) Fn~ rhn ~~~~~~;~, 
~ , ---- r ..... -- .. -.- .... ~ ..... 

given by the energy-density 
formalism. 

We used the microscopic nuclear densities obtained in MHF 
to construct NIP for 16 0 ions in the double-folding method and 
in the energy-density formalism. It has been shown that the 
choice of nucleon-nucleon interaction, when obtaining densities 
determines the NIP behaviour at small distances; in the periphe: 
ral region this difference is insignificant. Comparatively iden­
tical description of elastic scattering by using the realistic 
NIP on the basis of the finite-range forces and the potential 
calculated with the Skyrme o -forces, respectively, indicate 
that three-particle forces have to be taken into account. Small 
changes of the NIP depth both in the case of Skyrme a-forces 
and for finite-range forces do not lead to marked differences 
in the descriptions of elastic scattering cross sections. Howe­
ver, the appearance of a repulsive core in NIP gives rise to 
the necessity of a considerable renormalization of the potential. 
Therefore, the internal part of NIP may affect the calculated 
cross sections for the elastic scattering of ions. 
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It should be noted that, by varying only a single parameter 
on the imaginary part of the OP we can obtain a comparable 
(and sometimes a better) description of the differential cross 
sections for elastic scattering of 16 0 ions compared with 
the phenomenological method where up to 6 parameters have to be 
used, for example 1n the case of the Woods-Saxon potential. 
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Ha3MHTAHHOB P.r., Cayne r., IIIHTHKOBa K.B. E4-83-368 
llpHMeHeHHe MeTOAa rHnepc~epHqeCKHX ¢YHK~HH K OUHCaHHID 
ynpyroro pacceHHHH 160 + 16o 

PaccqHTaHbl llOTeH~HaJibl HAepHOro B3aHHOAeHCTBHH AJIH CHCTeMbl 
16

0 + 16o a ¢opMaJIH3Max ABOHHOH caepTKH H nnoTHOCTH sHeprHH 
Ha OCHOBe paAHaJibHOrO pacnpeAeJieHHH UJIOTHOCTH 3THX HAep, 
nonyqeHHoro MeTOAOM rHnepc~epHqecKHX ~YHK~HH. RccneAOBaHa 
3aBHCHMOCTb ceqeHHH ynpyroro pacceHHHH B 3TOH CHCTeMe npH 
pa3JIHqHbiX 3HeprHHX OT THna HYKJIOH-HYKJIOHHbiX CHJI, a TaKJKe 
npOaHaJIH3HpOBaHa YCTOHqHBOCTb pe3YJibTaTOB K Bbi6opy MOAeJIH 
AJIH TIOCTpoeHHH llOTeH~HaJia HAepHoro B3aHMOAeHCTBHH. 

Pa6oTa BbiTIOJIHeHa B na6opaTOPHH TeopeTHqecKOH ~3HKH ORHR. 

npenpHHT 06~eAHHeHHOro HHCTHTYTa AAePH~X HCCneAOBaHHH, AY6Ha 1983 

Nazmitdinov R.G., Saupe G., Shitikova K.V. E4-83-368 
Application of the Method of Hyperspherical Functions 
to Description of 160 + 160 Elastic Scattering 

The< potentials of nuclear interaction of 16 0 + 16 0 have 
been calculated in the framework of the folding model and in 
the energy-density formalism using the radial density distri­
butions of the nuclei obtained by the method of hyperspherical 
functions. The dependence of the cross section of the elastic 
scattering in this system at various incident energies on 
the type of the nucleon-nucleon forces and the influence of 
the choice of the model for the nuclear interaction poten­
tial on the results have been investigated. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1983 


