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Recently, we have seen papers 1 1•21 , where attempts have been 
made to interpret some low-lying positive pa,rity rotational 
bands in 168 Er as bands based on two-gamma phonon vibrational 
states. The question of existence of two-phonon states in the 
low-lying spectrum has been discussed extensively in recent 
years (see, e.g., ref.l~ ). In the present note we study this 
question in the framework of RPA method based on the SCCM (see 
refs. 14- 61). The second aim of this paper is to test the appli
cability of the RPA + SCCM method, originally introduced for 
high spins, in the low-spin region of nuclear spectrum. 

\.Je have started with the cranking Hamiltonian/4,5/: 

H ' = H-lA N -ПJ . (1) 
т т х 

The t otal nuclear Hamilt onian Н consists of three parts / 4,51 : 

2 + 
..l.~к ff . 

2 11=-2/1 :!41 241 
Н ~ Н -..l.~GP~ P 

AV 4 т т r т 
(2) 

where Нлv describes the average nuclear field, the s econd term 
represents pairing correlations and the third one stands for 
the residual interactions which are assumed in а s eparaЬle quad
rupole-quadrupole form, as we restrict ourselves t o positive 
parity st a te s only. То get the a greement with expe rimental dat a 
we introduce, in contrast t o ref. 1 U. the dependence of strength 
constants of the quadrupole-quadrupole term on projec tion ~ · 

The tot a l Hamiltonian Н has to satisf y the foll owing symmetry 
condi ti ons / 4-6/: 

[H .J . ] ~ [HN ] - О [H ' .Jx l =O, 
I ' r - ..... 

( H ', JJ=-ШJ y 
(3) 

[н ·.Jy l=ШJ z, [ Н '. Nт] "; о , 

The SCCM + RPA method involves two separate steps: 
i) In the first step, the SCCH solution is found. For this 

purpose we have followed the method described in ref./7/ , where 
axially deformed Wood s-Saxon Hamiltonian was used for the ave
rage field Нлv in solving the Hartree-Fock-Bogolubov proЬlem. 
Its parameter s • - the nuclei considered here have been taken 
from ref / 81 . The deformation parameters have been obtained 
using the Strutinsk" metho.d...And they a~fE_J2 =:. 0.265, {3 4 = 0.044 
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for 158 Dy and {3 2 = О. 284, {3 4= -0.001 for 168 Er. The pairing 
strength constants От have been determined from the experimen
tal values of neutron and proton pairing energies for nonro
tating nuclei and kept constant for all spins, J . The pairing 
gap begins to decrease at J = 8 for 168 Er and J = б for 158 Dy 
and therefore we have restricted the calculations to J .$ 8 and 
J S б, respectively. 

ii) In the second step, the vibrations about the SCCM soluti
ons (i.e., about the yrast line states) are described Ьу the 
RPA method. Introducing ·the two-quasiparticle bosons as in 

f 14 51 ь+ + ..", ь+ · + + ь"'- · + + h ·1 · н· re s. • · kf"'akaP, f"'la af , y-la-af , t е Ham1 ton1an 
d ""dd kh k dk k. . can Ье 1v1 е ·, up to t е secon order 1n the boson expans1on, 

into two parts: 

Н ' =-<11 IH' I11 > +"H(+) +Н( -) ' (4) 

where <11 IH '1 11 > is the mean value in the quasiparticle vacuum 
(yrast state with given 11 ). Since Н ' is invariant with respect 
to the rotation Ьу angle 17 around the х -axis, R

17
( 17 ) , the RPA 

equations for the positive (Н(+)) and negative (Н<-У signature 
parts of the Hamiltonian Н ' separate, and one can write the pho
non creation operators as а linear combination of bosons Ь~[ , 
bkf (for f\+> ), and ь:f, bkf , Ь1f , b'kf (for Н < -> ) • The RPA 

equations of motion provide а system of linear homogeneous equa
tions for coefficients in these combinations and the secular 
equation for energy шл(11) of the one-phonon states, Qt(±) l 11 > 
(see refs. 14 - 61 ). 

From R (17) symmetry it follows that the positive signature 
х + 

one-phonon states Q А (+) 1 11 > correspond to even values of the 
total spin, J , and the negative signature ones, QA(-) I11 >, to 
odd values, respectively (see refs. / 4,5/ ). From the comparison 
of the RPA equations of motion with the symmetry conditions (3) 
one can see that Jx and Nт , with their conjugated angles 8х 
and (}т , represent the zero-energy Goldstone modes of Н(+) , and 
that one can ~onstru~t the normal modes of Н(-) with energy 
ш "'11 from J у and J z (see refs. 14·5/ ) • The orthogonality of 
all normal modes of the RPA solutions to the Goldstone mode 
(8x , J х) and the fact that in SCCM one has <11 1Jx l11 > ., v J(J+ 1 
justify the interpretation of the RPA solutions as is schemati
cally shown in fig. 1. 

The eQergies to Ье compared with the experimental ones are 
then given Ьу: 

h2 
Ел (J)= Ey/Jo)+ 2j(Jo)[J(J+1)-Jo(Jo+1)]+ h ш л(Jо) · (5) 

where J=Jo and J=Jo ±1 for even and odd spins J , respectively, 
5(J0 ) represents the moment of inertia of а nuclear with spin J

0
, 
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Fig.l. Scheme of the interpretation of the one-phonon 
states near the yrast line in RPA + SCCM method for 
low-spin region. 

and can Ье obtained from the symmetry condi t ion [Н '. i х 1 = О . For 
П~ О it is given Ьу the simple Belyaev formula (see refs./6 , 10'). 
In the same way the condition[H ' ,N,1=0 determine s the values 
of л, in (1). 

Since our Woods-Saxon deformed average field vi olates the 
symmetries given Ьу Eq. (3), the strength constants к~ in Eq. (2) 
have been chosen appropriatel y to restore the required symmetry . 
Analogously, the experimental values of G, in Eq. (2) have to Ье 
slightly renormalized to satisfy [Н ·. N т 1 =О . The symmetry rela
tions (3) provide only the condition for к 1 . The remaining con
stants, к 0 and к 2 , have been determined from the experimental 
values of energies of the lowest levels in f3- and у -band, 
respectively. The values of the strength constants Gт , к~ 
for both nuclei are shown in taЬle 1. 

In ~аЬlе 1 the column for constants G, denoted Ьу HFB con
tains values obtained from experimental pairing energy and the 
column denoted Ьу RPA contains the values obtained from the 
condition [ H ' . Nт)=O.Only one number (for spin J = 2) is given 
because the values of к 1 and (0,) RP л appear spin-independent 
within 0.5 per cent. 

The spin dependence of the moment of inertia is presented 
in taЬle 2. For comparison, the moments of inertia calculated 
from the Belyaev formula are given together with our results. 
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Strength constants of the residual interaction 
of the Hamiltonian Н 

~о 'Cl'1=-:l-1 ~t=-~-2 ~N 

ТаЬlе 1 

G-p 

~О~ KfV 1 [1о:!.!!У'] 
[м~v] [меV) 

f",4 ,,.,. [1о> !!У] 
. ; ... • HFB RPJ\ HFB RFA 

168Er 0. 816 0.774 1. 514 0 .104 0.085 0.1 34 о . 11 ~ 

158Dy 0. 808 0. 833 1. 602 0.111 0. 093 0.1 35 о . 12 3 
-- - -- - - - -- ----

ТаЬlе 2 

The dependence of moment of inertia in spin 

Spi n о 2 3 4 5 б 7 8 

168Er 1х (t.'l/Mt>Y) 27. 97 29.35 / 32 . 97 / 41.80 / 62 . 09 

&•iva•v 

J:xc<tJ:~ ['ti'l./мtv) 27. 97 

158Dy 
J.)( (1\t/Mt>YJ 26. 97 

&t!va•v 
)/•J1 [1t~~fv] 26. 97 

1962 

29.02 28.55 31. 63 

29.24 / 36. 56 

28.74 30. 04 34.10 
-- --- -- -- ---

m1 
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2106 s-·. 

32.1 ') 37 .42 36. 07 56 . 30 

1/ 6 5.4 ~ - -

34.6 3 52 .45 - -
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Fig.2. Calculated and experimental rota
tional bands in 168 Er wi th К 11 = О+ 2 + 
and 4 +. Experimental data taken fr~m/111. 
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Fig.3. Calculated and experimental rotational positive 
parity bands in 158 Dy. Experimental data taken from 112/. 

The calculated spectra for both nuclei are shown in figs.2 
and 3, where the experimental values are taken from refs. I 11,1V. 
Since the results for (Gт)нрваnd (Gт)RPApractically coincide, 
only the values obtained with (Gт) Rl" А are presented. То es
taЬligh the correspondence between the experimental and our 
calculated points, it has been required that the structure of 
phonons building up one rotational band should change slowly 
with spin (adiabatic condition). 

Figures 2 and 3 show that all solutions of RPA equations can 
Ье interpreted experimentally, and that RPA + SCCM method pro
vides quite good agreement with experirnent in the low-energy 
region, without introducing two phonon states. The only excep
tion is the К = 3 i band in 168 Er (see ref / 1V ) which has no 
experimental partner in RPA + SCCM and therefore is, not involved 
in fig.2. 

We wish to thank Prof. I.N.Mikhailov and Prof. V.G.Soloviev 
for their permanent interest in our investigation and for sti
mulating discussions. 
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Квасиn Я. и др. 
Применение ПСФ + ССКМ в ...драх 188 Er и 168 Dy 

Е4-83-314 

АнаnизирУI)тся низкоnежа~~~ие состояния ядер 168 Er и 158 Dy в приближении 
сnуча~но~ фазw /ПСФ/, основанные на самосогnасованно~ кренкинг-модеnи/ССКН/. 
Момент инерции, значение химического nотенциала и силовая константа к 1 оnредеnяuтся из условия симметрии. Константы ко, к 2 оnредеnяuтся из экспе
риментальных значени~ энерги~ низкоnежащих уровне~ в ~и у-полосах. Кон
станты nарного взаиМQДе~ствия Or оnреДелены из эксnериментальных значениА 
неАтронных· и протонных napнwx энерги~ дпя неротационных ядер. Поnучены 
сnектры энерги~ состояниА с nоnожитеnьноА четностьu, которые хорошо согnа
СУI)тся с эксnериментальными данными без введения двухфононных вибрационных 
состояни~. 

Работа выnолнена в Лаборатории теоретическоА физики ОНЯН. 

С~ение Об~единенного института ядернwх исследований. Дубна 1983 

Kvas11 J. et al. 
RPA Нethod Based оп the Self-Coпslsteпt Craпklпg Нodel 
for 188 Er апd f68 Dy 

Е4-83-314 

The low-lylng пuclear states lп 188Er апd 11i8Dyare aпalysed wlthlп the 
Raпdom Phase Approximatloп (RPA) method Ьased оп the Self-Coпsisteпt 
Сгапklпg Нodel (SCCH). The momeпt of lпertla, the value of chemlcal poteп
tlal, апd the streпgth coпstaпt к 1 have Ьееп obtalпed from the symmetry 
coпdltloп. The coпstaпts к 0 , к 2 have Ьееп determiпed from the experlmeпtal 
values of eпergles of the lowest levels lп ~- апd у -Ьапd, respectlvely. 
The palrlпg streпgth coпstaпts О, have Ьееп determiпed from the experlmeп
ral values of пeutron апd protoп palrlпg eпergies for пoпrotatlпg пuclel. 
А qulte good agreemeпt wlth experlmeпtal energles of states wlth posltlve 
parlty was obtalпed wlthout lпtroduclпg the two-phoпoп vlbratloпal states. 

The iпvestlgatroп has Ьееп performed at the LaЬoratory of Theoretlcal 
Physlcs, JINR. 

Communlcatlon of the Jolnt lnstltute for Nuclear Research. Dubna 1983 


