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1. Lately, the Energy Density Formalism (EDF) has been of
tenly used for а solution of different physical proЬlems/1-5/. 
In EDF the energy of а таnу particle Fermi system is а func
tional Е[р] of the local particle density р(1) . The ground 
state energy Ео results at а certain density, which minimizes 
the functional Е [ р] . . · 

The possibility of expressing . the energy as а functional 
only of the density follows from the Hohenberg-Kohn theorem 161. 
The theorem is quite fьrmal however and does not give а rule 
of constructing the explicit local density functional form of 
the energy. 

Recently we have shown that there exists а rigorous approach 
for building up Е[р], which takes essentially use of the Local 
Scale Transformation Method (LSТМ) /7,81. 

In the present note an expression of energy density func
tional is obtained Ьу applying LSТМ to the one-particle Dirac 
density matrix of а particular form. The structure of the ex
pression occurs to Ье nearly the same as that of EDF functio
nals. The approach we develop is generally more informative 
as it gives the particle momentum distribution, as well. 

2. We shall consider а nuclear :А -particle system described 
Ьу the Hamiltonian Н with Skyrme~ s forces /9, 10/.According to 
LSТМ/8/ the expectation value of Н with trial functions be
longing to the certain determinant orbit б с Ннr is s functio
nal of the local scale transformation function f ( t) : 

Е [ f] = ( & r(r) d r. 
The energy density &r(r) is given in terms of f(r) Ьу 

&r ( r) • 
t2 
~Т+ 
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- t_ р 2 + - t р3 + 
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1 2 + -(9t 1 -5t 2 )(Vp) , 
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where t 0 , t 1 , t 2 , t 3 are Skarme~ s parameters (W 0 = 0). 

(1) 

(2) 

The local density p(t) and kinetic energy density r(1) in 
eq. (2) are 
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р(;) ~ lim p<1>(;,;-;f), 
-+, (3) 
r -+ r 

-+ (1)-+-+-+ 
r(r) "'-+!i~V7V7'P (r, r '; f) , (4) 

r -+ r 

where р(1) (r, r'; f) is the local scale transforщation of the one
particle "model" density matrix j;O>(r, r'). The last is given Ьу 

- · 
р 

ао .1 . ... -+ 

(r, 1')- ~ na Фа .< r) Фа (r ' ), 
а•1 

(5) 

р( r) -:.,li~ -р< 1) (1. r') , (5а) 
r -+ r 

where the functions Фа , а= 1, 2, 3, • • • form а one-particle 
"model" bases, na !na "'1, а~ !А ; na= О , а> !А ; !А •N + .Z/are occu
pation numbers. The local density р (;) and "model" density p(r) 
are connected Ьу the equation 

-+ r2 ас--+ 
р ( r) = - · - р ( f) , 

r 2 д r 

... -; ... 
fa-f(r). 

r 
(б) 

It was shown181 that the relation (б) is а simple one. There
fore substituting the solution of eq. (б) into eqs. (2)-(5) we 
obtain eq. (1), which is the local density functional of the 
energy Е ~р] constructed on а certain determinant class of or
Ьits 0 с НхФ 

In general case it is not possiЬle to find the functional 
Е[р] explicitly at any pO>(r,r ' ) of the type (5). Therefore 
we consider а soluЬle model where we choose а certain self orbit 
representation form of the density matrix р< 1\1. r ' ). 

3. ~е use the following model density matrix 11V: 

-{1) ,. -+ ( 1) -+ -+ - -+ 2 
р · (r, r ' ) = р (R,S) = р ( R) е:хр (-cS ) , (7) 

... 1 ...... ... ... ..... .... 
where R = 2 (r + r') , S = r -r ' and 

- -+ 2 
р ( R) =а е:хр (-bR ). (8) 

The coefficients 
.ь~ 1 

а = --;372 --:(-:-1---t-;:2:-;) 3~/-;:2 ·' 
а 2 1 + t 

С=- · --
4 1-t 

Ь=а2 1-t 
т;:t · (9) 

• N are expressed Ьу the occupat1on number parameter t / na • t а 

Na = nx + ny + n z = 2n + f and oscillator parameter а ·= ( ~ w) 112. 
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The normalization condition Гр(;)d;"' !А gives the relation 

t= 1-(..!)1/3 
!А • 

-3 
!A .. 4(1-t) ; (10) 

Using the density matrix (7) and the method described above 
one can obtain the local and kinetic energy density 

-+ 1 (..., ") 2 -+ 2 f 2 1 2 
r(r) ~- ~. + к2(!А) Сх, p(r) 1- 2 + -(V f) 1, 

4 р 3 r 3 
(1 1) 

-+ 2 
p(r)=-r_. ас r2 ~· е:хр (-(f~ , (12) 

where с _ .3 ( 3 rr 2 213 
к---) 

-2/8 2 10 4 1/ 3 
( = rr !А and к (!А)= 17 [ 1-(-) ]. 
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The solution of eq. (12) with respect to f(r) is: 

-+ -+ 
00 

2n 
f(r)"' r

0
(r) 11+ ~ а0 (( f 0) 1, 

""" 1 

(13) 

where 

-+ r / 
f (r)-13 ( pu2dul 1 ~ 
о о 

(14) 

The coefficients !а 0 1 are to Ье obtained Ьу the following re
currence link 

c<m)- 1, 
о 

(~ 1 n (~ 
с n .. - ~ (fm - n + f) а v cn-f • 

0 f-o 

k ( _ 1) n С ~2k - 2n + 3) 

~ ".о, 
n-o (k - о)! (21t - 2n + 3) 

n:;:: 1 , (1 5) 

k:;:: 1. 

They prove to Ье sharply decreasing when the number n increa
ses. First three coefficient values are а 

1 
.. ...!.. , а 2 ".~ а 3 .. _n__ 
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The decomposition (13) and eq. (11) result in 

r(;)- т0 (~) + к 2 (!А) l (n r( n)( ;) , 
n•1 

(!б) 
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where 

) 2 2 r 2 1 2 
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Note that at n ~ - 1 and ~А> 5 the parameter f < 1. At ~А- 4 or !А ..... 
the second term in (16) disappears. The explicit density func
tional is now readily obtained inserting eq. (16) iцto eq.(1). 

4. It is essentially to mention that the main term of 
which is given Ьу expression (17) can Ье obtained with а 
rent choice of the density matrix 

eq. (16) 
diffe-

( 1} ... ... ... ... ~ . ... ... -+ -+ 
р (r, r'; f) = J p( r) p(r') j 1 (к 1 f( r)- f(r') 1) , (18) 

... 
_. -t> r -+ 

where f(r) = -f 0 (r) 
r 

- 3 2 llз and к=-(+) к( !A).This expression (18) 

results after local scale transformation of the nuclear matter 
density matrix 1 121.The parameter к (!А) in (12) limits to 

~ .. 2.008 at !А-+ оо . This limit disagrees with the correct 
(3677) l/ ~ 

value lim к (:А) = 1 following Ьу the nuclear matter theory. There-
А -+оо 

fore we determine к ( !А) Ьу equating the calculated binding ener
gy with the experimental one. 

Taking into account this obstacle, as well as the -fact that 
т (r) = т (;) at !А= 4 or !А .. оо we disregard the second t -erm in 
eq. (16~ to obtain an approximation for Е[р]. Then the final 
result for Е[р] follows Ьу the substitution of eq. (17) into 
eq. (1): 

Е [ р] = (&р ( i) d; , 

... 
б; р ( r) = 

1i2 
-аiт + 

3t2+t 1 (GTF} (GTF)) 
--- (р т + р т + - р р п п 

1- х0 t 1 + t
0
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t1+t2 (GTF} rGTF1 3t1-t2 · -+ 
+ (р т +р r "J+ . ·vp VP +&c(r), (19а) 

пр рп R р п -

• 

where р ,. р + р ~nd т= т +т • From eq. (1 б) : 
р п р п 

(W} (GTF} 
т-т +т , (20) 

2 
/W} (i) ". 1.. <v Ра) . а"' Р n 
а · 4 Ра - ' ' ' 

(20а) 

2 
2 fa - 1 )2 1 /GTFг~= к2(~А) CKpa(r) \g --;2+"3(Vfa ' (20Ь) 

where Ск - : {3772)1/ 3 and 

-+ r 2 1/з 
fa _(r) "'IЗ(р u dul ; а -= p ,n , (21) 

· о а 

5. Analyzing the general expression (19) we will consider 
its particular features. As it is seen from (19)-(2JJ there 
appears an additional term to the kinetic energy т< , widly 
knowri as Weizsecker#s kinetic energy correction. As distinct 
from EDF phenomenological approaches 141 in which т < W} is multi
plied Ьу fitting numerical parameter, the LSTH leads to т ( W} 
in its original form 151 

The second term of (29J at slowly varying local density is 
transformed into т тF- р 5 , that is Thomas-Fermi kinetic energy 
expression. At an arbitary density р(~ can Ье considered as 
а generalized Thomas-Fermi Kinetic energy. 

The stationary condition U>p Е[р] = 0, (р dr-:. !A) is fulfilled 
when the density p(i} satisfies the following integro-differen
tial equation 

4М -+ 
f!...p + -1i (Л+ U (p , r))p =0 , 

а 2 а - а · а · 
(22) 

where а Lagrange multiplier Аа - determines the nucleon separa
tion energy. Note that eq. (22) gives а cQrrect asymptotic be
haviour of the density: p(r-.0) -oorrst, p(r-+oo)-e:xp(-kr). 

We are looking for а solution of eq.(22) with respect to 
Рп (1) and Рр Q) Ьу applying а modification of the Core-spline 
method11~. The obtained Ьу this method nonlinear algebraical 
system of equations for the coefficients of the exponential 
core р(х) = e:xp(-kx)and the cubic spline s<;>(x) we solve Ьу 
autoregularized iterative process of Gauss-Newton type114~Calcu
lations are performed Ьу REGN programme system1 15lon the CDC-6500 
at the Joint Institute for Nuclear Research, Dubna • 
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Fig. 1. The value of к (-А) at different ~л. 
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Fig.2, Мass density distributions in nuclei. 
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б. Numerical calculations are carried out for even-even nuc
lei: 12с , 16 о, з2 ·s, 40 са, 4Sca, 66 Zn, 90zr , 140 ce,and rospь 
We take the same Skyrme-I force parameters, which are used 
in191. The fitting coefficient к( !А) at а given ~л is determined 
Ьу а comparison between the calculated binding energy and the 
experimental one. 

' Figure 1 shows the value of к ( ~А) at different !А. Two ex
pressions of the kinetic energy are used: r<OTF) from eq.(20b) 
and the approximation 

5/3 (AOTF)= к 2 (!А) СкРа т а · а= p,n . (23) 

In the approximation (23) which results from (20Ь) at slowly 
varying densities, the energy density functional (19) does not 
contain the local scale transformation function (21) which 
essentially facilitates the calculations. 

Figure 2 shows the mass distribution p(r) calculated with 
r(OTF) , when the proton and neutron densities are considered 
as proportional. The mass distribution of 40 Са calculated with 
nonproportional densities is given in Fig.3 . Sick#s results/16/ 
for comparison are drawn as well. 

The derivative1 of the distributions near the surface and 
the asymptotic behaviour compared with EDF densities are shown 
in Figs.4 and 5, respectively. 

ТаЬlе 1 contains r.m.s. of charge distributions, half-radius 
and diffuseness parameter. The separation energy values and 
the relevant experimental data are listed in ТаЬlе 2. EDF re
sults1~ are given, as well. 

7. In conclusion we mention that the results obtained in 
the present paper are indicative in two aspects. Firstly, it 
is seen, that the LSTИ can Ье successfully used for finding the 
explicit energy density functionals . Secondly, the functional 
(19)-(21) constructed here, although derived from а rather non
realistic model density matrix (7) Ьу means of LST~f,proves 
to Ье quite reasonaЬle for the reproduction of the bulk characte
ristics of the nuclei. 

The authors wish to express their appreciation to Profes
sors V.G.Soloviev and I.N.Mikhailov for their support and 
discussion of the manuscript. One of the authors (M.V.S.) would 
like to thank Professor V.G.Soloviev for hospitality at the 
Joint Institute for Nuclear Research, Dubna. 
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ТаЬlе 

Charge r.m.s. radii, half-radius and surface diffuseness 
parameters (in . fm). The experimental values are taken 
from 1161 

Nuclei Charge r.a.s. Hal!-rad.ius Di!!useness paraaae1;er 

~...Ш...Ш!.... _ш_ ill,_ .!Ш.. _ш_ _ш_~ 

012 2,49 2,64 2,67 2,214 2,17 2,12 0,488 Ot498 0,507 

о 1.6 2, 71 2, ." 2,77 2,526 2,45 2,40 0,497 o,sos Ot518 

5128 } , 1.0 3i, 1.1 3,15 } ,085 },08 3t01 0.563 0,537 0,565 

са40 3,482 3,41 },44 3.556 }t55 3t45 0,478 о,s·н 0,568 . 

са48 3,52 3,57 3,61 3. 74 4,06 3, 71. 0,520 0,554 0,599 

zn66 3,951 3,92 3,97 4.2 4t32 4,22 0,663 0,554 0,610 

zr90 4,244 4,31 4,37 - 4t86 4t74 - o~j6o Ot635 

се140 - 4,90 4,96 - 5.74 5,611 - 0,553 0,636 

РЬ208 5,51 5, 53 5,58 6,557 6,64 б, 51. о, 51.5 0,543 0,634 
--

ТаЬlе 2 

Proton and neutron separation energies in · nuclei 

Nuclei pro'tons /Mev/ neu"trona /Mev/ 

ЕХР G'l'F EDF EIP G'l'F .2ШL 
не4 17,255 17,62 - 18,899 18,28 -
012 

15,9' 14,74 - 18,72 15,94 -
0 16 12,13 1?1,85 7,2 15,67 15,72. 10,9 

са40 8,33 11,55 4,4 15,63 15,51 11,9 

са48 15,81 18,25 12,6 9,95 9,76 6,0 
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0.01 

2 з 

Fig.3. Proton density distribu
tions in 40 Са. The eщpirical 
distribution is from Refs/16/ 

Fig.4. The derivative of the ~ 
distributions given in Fig.2., 
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Fig.5. The asymptotic beha
vious of the 40 са proton 
distribution, compared with 
HF/8,9/ and EDF/31 results. 
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Петков И.l., Стойцов Н.В. 
СвRзь метода локально-масwтабного преобразованиR 
с ФО!Жалиа- мотности э_нергии 

Е4-83-282 

Получено выражение дпR функцианала nлотности энергии. ДпR вывода 
исnолыован метод люкально-масштабного преобразованиR, nрименRемый к мо
дельной одночастичной диракавекой матрице nлотности. AnR оnисаниR Rдериой 
системы выбран гамильтониен Скирма. В полученном выражении дnR nлотности 
кинетической энергии выдепRетсR член, известный как nоnравка Вайцаекера, 
а также член, который nри медленно менRющихсR nлотностRх nереходит в томае

фермневское выражение дnR кинетической энергии. Уравнение дnR nЛотности 
нуклонов Rдра pewaeтcR методом стержневых сnлайнов. Приведены расчеты 

расnределений nлотности нуклонов и среднеквадратичных радиусов ЗВQRДовых 
расnределений дпR Rдер 12 с, 16 о, 32·s, 40са, 48 са, 68 .1.1, 80.zr , 140 се, 
SОВр~иэ результатов следУет , что метод локально-масwтабного nреобрааованиR 
можно усnешно исnользовать дnR отысканиR Rвного вида функционапа nлотности 

энергии. Построенный функционал плотности энергии хотR и выведен иа нереаnи
стической модельной матрицы nлотности, удовлетворительно оnисывает ~ные 
Rдерные характеристики. 

Работа выnолнена в Лаборатории теоретической физики ОИЯИ. 

Сообщение Объединенного института ядернwх иссnедоаанмА. Дубна 1983 

Petkov I.Zh., Stoitsov H.V. Е4-8З-282 

д Relation between the Local Scale Transformation Approach 
and the Nuclear Energy Density Formalism 

An expression for the energy density functional ls obtalned. Local 
scale transformation method ls applied to the one-partlcle Dlrac denslty 
matrix of а particular form. А nuclear A-partlcle system ls desc:rlbed Ьу 
the Hamiltonian with Slyrme·s forces. An addltional term, wldely known as 
Weizsecker·s kinetic energy correction, appears as well as the term that ls 
transformed into the Thomas-Fermi kinetic energy expresslon for slowly 
varying local density. The equatlon for the local denslty dlstrlbutlon ls 
resolved Ьу applylng the Core-spllne method. Numerlcal calculatlons of the 
density dlstributions and rms of charge dlstrlbutlons are carrled out for 
tac, te0 , 32.8 , 40с8 , .аса. ••.1.1. 80,Zr, 140ce,and 8118p~lt ls seen from the 

results, that the local scale transformatlon method сап Ье successfully 
used for flnding the expliclt form of the energy denslty functlonal . The 
constructed functional, although derlved from а nonreallstlc model denslty 
matrix proves to Ье qulte reasonaЬie for the reproductlon of the bulk nuc
lear characterlstlcs. 

The investigatlon has been performed at the LaЬoratory of Theoretlcal 
Physlcs, JINR. 
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