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Within the quasiparticle-phonon nuclear model the fragmenta­
tion of one-quasiparticle and on~-phonon states over many nuc~ 
lear levels is described and the characteristics of atomic nuc­
lei which are due to the fragmentation of these states are cal­
culated 11"31 . In the case of douЬly-even nuclei the wave functions 
contain one- and two-phonon components. In the two-phonon compo­
nents of the wave functions one should take into account anti­
syrnmetriiation with respect to the quasiparticle indices of dif­
ferent phonons. This fact necessitates summing of additional and 
more· complex diagrams. The corresponding equat}ons for douЬly­
even deformed nuclei have been derived in ref. 41. The effect 
of the Pauli principle on the energy and structure of one- and 
two-phonon states has been studied in refs. 15•61 • In refs / 6•71 

the centroid energies of two-phonon states have been calculated, 
and it was concluded that the collective two-phonon states can­
not exist in deformed nuclei. The analysis of the experimental 
data has shown that the reliaЬle data on these states are 
lacking. As the effect of antisyrnmetrization i n the two-phonon 
components of the wave functions of deformed nuclei is very 
strong, it is expedient to study the influence of the Pauli prin­
ciple on the two-phonon states in spherical nuclei . 

А lar7e number of two-phonon states is known for spherical 
nuclei 18 • The general picture of the low-lyi ng state spectra of 
douЬly-even spherical nuclei turned out 19"121 to Ье more compli­
cated in comparison with that resulting from the simple vibra­
tional model with а weak anharmonicity 1 1 З1 . The simple vibra­
tional model has been expanded in several papers. The mixing of 
the two-quasiparticle and phonon components in the wavy functions 
of several spherical nuclei has been studied in refs. 1~ 161 • It 
was shown that the fragmentation of the lowest one- and two-

. / 17 / . phonon states ~ s not strong. In ref. the spectra and ЕО and 
Е2 -transition probabilities in douЬly-even Sn and Cd isotopes 
~ ave been described within а model allowing for the coupling of 
the quadrupole vibrations with the 2p-2h excitations. It was also 
s hown that the simple vibrational model with а weak anharmonicity 
is violated. 

Within the quasiparticle-phonon nuclear model а system of 
equations for douЬly-even spherical nuclei is derived in the ge­
neral form taking into account the summation of а wide set of 
diagrams. The transition has been made to an approximate system 
of equations, which will Ье used in the present paper to elucida­
te the influence of the Pauli principle and complex diagrams on 
the two-phonon states in douЬly-even spherical nuclei. 
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1. APPROXIМATE EQUATIONS OF ТНЕ MODEL 

The Hami1tonian of the quasipartic1e-phonon nuc1ear mode1 in­
c1udes an average f~e1d as the Saxon-Woods potentia1, the pa­
iring interactions and the mu1tipo1e-mu1tipo1e, spin-mu1tipo1e -
spin-mu1tipo1e isosca1ar and isovector inc1uding charge exchange 
interactions. The one-phonon states ca1cu1ated in the RPA are 
used as а basis. The mu1tipo1e forces are used to generate pho­
nons with J" = 1-', z+, 3-- ••••• 7-; and the spin-mu1tipo1e,to ge­
nerate phonons with J" = 1+, z-. 3+, ... , 7+. 

The Pau1i princip1e and comp1ex diagrams have been taken in­
to account, Ьу means of exact commutation re1ations for the 
phonon operators 1181 and the fo11owing expressions are obtained: 

,I , < Л'f.l.'Л~f.l.~ I JM >< Лf.l.Л 2 f.l.2 1 JM > х 
f.Lf.L f.Lef./.2 

Q+ + х < Q л , , 1 , Q, , 'i , \ 1 Q \ 1 > 
2f.l.2 2 1\ f.L 1\f.L "2f.l.2 2 

= 8>..>.. ,811, 8ЛеЛ'2 81212 + 8ЛЛ2 811 2 8ЛеЛ' 8121, + 

+ К J (Л~ i~ , Л' i' 1 Лi, Л2 i 
2

) 

(1) 

Abso1ute va1ue of the function К 1(Л2i2, Л'i' IЛi, Л2 i 2 ) for 
Л2i2 f, Л2 i 2 and Л'i'i Лi are . small, and therefore we sha11 keep 
on1y the diagona1 K 1(Лii 2 ,ЛiiЛi,Л2 i) and quasidiagona1 
KJ , . . 2 

(Л2 i 2 ,Лi IЛi, Л21 2) unct1ons, 1.е., 

К J (Л 2i 2, Л 1' 1 Лi, ~ i2) I 
J1J2 JsJ• 

J +J -J . 
(-) 2 4 (2.\ + 1 )(2Л 2 + 1 ) х 

х { 

j 1 j 2 

j 4 j з 

л ,\2 

(2) 

л2} Л (·'·Л!' ·'·Л! ·'· Л2 t2 Л2 1 2 Лt' Л2 t2 Л!' Л2 t2 ) 
х '1' '1' '1' Ф -Ф Ф Ф Ф , 

J JsJ4 J1J4 JзJs J1J2 JзJ4 JsJ2 J1J4 J1J2 

where .р~! and Фл1, are the phonon amp1itudes. 
Тhе excited slate wave function of the douЬly-even spherica1 

nuc1eus is 

2 

'1' (JM) 
11 

• 

1 I R 1 {Jv) Qjt.H + 
1 

,\1 l t 
I Рл . (Jv) х 

Л1it 212 

л 212 

+ + 
х I <Лtf.l.1,\2f.l.21JM > ·Qлf.l. 1 Qл f.L il'l'o, 

f.L 1f.l.2 1 1 1 "2 2 2 

(3) 

where '1'0 is the ground state wave function, and QЛf.l.l '1'0 =0. The 
norma1ization condition of the wave function (3) in the case of 
а diagona1 approximation of the function KJ has the form: 

,\ 1 
I (R. (Jv )) 2 + 2 I (Р 1 1 (Jv)) 2 х 
t 1 ,\ 1 . л 1 11 2 2 (4) 

,\212 

x ll+ iK 1<Л2i2 Л1i1 I Л1i 1 Л 2 ~ 2)\= 1. 

As in refs. 11• 2• 181 the average va1ue of the mode1 Hami1to­
nian is ca1cu1ated Ьу the state (3), and using the variationa1 
princip1e а secu1ar equation is derived for finding the axcited 
state energies 

det 11 (w J i - 1'1v) 8 11 ' -

(5) 

1 I 
- 2 Л111 

u:11i 1 (Ji)U~IIt(Ji ') 11 +_!К J(Л2 i2Л1 11 1 Л 1i1Л2i2) 1 
22 "22 2 11 =0. 

Л212 
wл i +wл 1 +6w(Л1i1Л2i2) -~~~ 

1 1 2 2 

In this case we take into account the diagrams а), Ь) and с) 
in fig. 1. Here wл 1 are the one-phonon energies, and the functions 

U~1111 (Ji) are given in refs. 11• 181, and 
2 2 

6w (Л 1 i 1 ,\2 12 ) = 

ХЛ111 Л11 
= - ..!_ I 1 М (r ) + Х м ~r ) в KJ r,tз (Л i ,\ v'~Л.11 ti,~lз 2 2' 1iзiЛ1i1,Л2i) + 

r ~ 2 
r 

(б) 
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л2 i2 л2 i 3 ТаЬlе \. Functions К J(Л2 i2 Л 1 i 1 IЛ 1 i 1 Л 2 i2 ) forJ 17 =2+, 4+states 
Хм (r)+Хм · (r) J 

+ К (Л2 1з • л1 11 1 л 1 i 1 • л2 1 2>1 • (б) J'l' = zт Jf = 4-r-
- Л2 1 2 · ~1 8 \;' А 

'j{,T ~~.~ J1,i, V ~r ~r A.t~ Л,i, ~J 
l 

~ - - л · 1 1s1 i 21 21 -0.12 21 21 -0.22 
The functions м1 

(r) and ~r. 1 can Ье found in re f . . ;.(, 114sn 21 22 -0.17 21 22 -0.13 
21 23 -0.17 21 23 -0.16 

Ji 
21 21 -0.14 21 21 -0.22 

J i -~ 116sn 21 22 -0.18 21 41 -0.16 
21 23 -0.11 21 24 -0.30 

21 21 -0.13 21 21 -0.13 
21 22 -0.09 21 22 -0.370 
21 23 -0.013 21 23 -0.20 

Л1i1l _jЛ2i2 
22 22 -0.014 22 22 -1.7 

Л1i1~ ) ~ i2 21 21 -0.26 21 21 -о.зо 

21 22 -0.27 21 22 -0.30 
144sm 21 23 -0.12 21 23 -0.21 

. л1 il ~ ~л 2i2 21 "24 --0.13 22 22 -0.11 

21 21 -0.32 21 21 -0.30 

146sm 
21 22 -0.32 21 22 -0.26 
21 23 -0.06 21 23 -0.13 

Ji ' > 22 22 -0.53 22 22 -0.45 

Ji' 21 21 -0.24 21 21 -0. 29 
21 22 -0.32 21 22 -0.25 

148SIR 21 23 -0.19 21 23 -0.13 

Ji 21 24 -0.13 21 24 -0.13 

л1 i 1 Л2i 2 
Functions КJ(Л2 i 2 Л1 i

1 
\ Л 1i 1 Л 2 i 2

) for J 17 =3- states ТаЬlе 2. 

-А fl.t~ А,~ ~ J(A-'~11,i, l~,i, '1~) 

114sn 21 31 -0.05 

л1 i1 ~ ~Л2i2 Лiis~ "'! 21 32 -0.005 

116sn 
21 31 -0.10 
21 32 -0.01 

л1 i1 ~ > Л2i2 () ~ 142sm 
21 31 -0.14 
21 32 -0.005 

21 31 -о:24 
144sm 21 32 -0.008 

146sm 
21 31 -0.14 

Ji' л 1i1 Л2 i2 J; 21 32 -O.S1 

14Bsm 
21 31 -0.16 

Fig.I 21 32 - 0.006 

-4 1 5 



Consider equat ion (5). The rank of the determinant i s equa l 
to the number о~ one-phonon states in the first term of the wave 
f unction (3). We assume it to Ье equal to 5, as we consider on-

ly the low-lying states. The factor (1+; KJ(Л2 i2 ,Л 1 i 1 IЛ 1 i1'Л212 ) 
is caused Ьу the influence of the Pauli principle on the two­
phonon terms of the wave function (3). In the case of maximal 

violation of the Pauli principl·e К J = -2 and the correspoпd ing 
term is excluded from the sum over Л 1 i 1 , Л2 i 2. The two-phonon 
pole ~ы(Л1i1Л2i2) is shifted allowing for the diagrams of the 
type of fig. Jd). Using the equations and normalization condi­
tion (4) we get 

1 + ~К J(Л2 i2 Л 1i 1 1Л 1 i 1Л2 i 2 ) 
1 2 1 

А 11 ~ А11 , +"'f !. 
i л1 i 1 

R
1 

(Jv) 

\i2 

2. х 

[ыЛ1i1 + ?J л2t2 +~ы(Л1i1Л2i2) -11) 

л1 il -Vz 
х [ !. А , U (Ji ')] 2 ! 

i' 11 Л212 (7) 

where А 11 , is t;he minor to the determinant (5). 

2. DETAILS OF ТНЕ CALCULATION AND RESULTS 

The parameters of the Saxon-Woods potential and the pa1r1ng 
constants have been taken the same as in refs / 19,20 / . The ener-

gies ыЛi, amplitudes r/JJ~~, ф~ji' of the one-phonon states and the 

functions U~~~~~ (Ji) have been calculated Ьу .the GIRES 1 21 ~ The 

constants of the isoscalar ·кo and isovector к 1 multipole inter­
actions with Л"" 2 and 3 have been chosen so as to obtain the 
first 2 and 3 state energies close to the experimental values. 
The rest co.nstants have been chosen as in refs. 11j·201 

The results of calculation of the functions К (,У ~1i1IЛ1i 1Л2i2) 
for 114,111\Sn and 142,144,148,148sm in the case of J" = 2 + 

and 4+ are given in tablel; and in the case of J 77
= 3-,intabl.2. 

It is seen from the tables that for two collective phonons the • 
absolute values of KJ are in the interval 0.1-0.3. For the 
states with 6ne collective and one noncollective phonon the 
absolute values ofKJ vary in а wide interval and get the values 
somewhat less than 2. The shifts of the two-phonon poles for 
any two collective pQonons vary in the interval (0.01-0.6) MeV, 
that is much less than in the deformed nuclei. 
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The energies and structure of the first 2+ and first 4+ and 
3- states in 114•118 Sn and 142•144•146•148 Sm, calculated with 
and without taking into account the Pauli principle, are presen­
ted in taЬles 3, 4 and 5. The calculated energies and В(&\) 
values for the first 2+ and 3- states are in good agreement with 
the experimental data . 

Cvnsider the 2+ states given in taЬle 3. The first 2! states 
are the one-phonon states, and they are slightly influenced Ьу 
the Pauli principle. The 2+ states with small two-phonon compo­
nents are also slightly influenced Ьу the Pauli principle. When 
the two-phonon components in the second 2+ states are large, the 
Pauli principle does not lead to radical changes. For instance, 
in l16sn the second 2~ state has а large two-phonon comfonent 
121, 211, that is confirmed Ьу the experimental data 19 . The 
Pauli principle led to an increase in the 2~ state energy Ьу 
О. 14 MeV and to а decrease in the contribution of the two-phonon 
component from 63% to 61%. Thus, in the cases we have investi­
gated, the influence of the Pauli principle on the first four 
2+ states is insignificant. 

Consider 'the first 4 + states. It is seen from tаЫе 4 that the 
f . 4+ . 114,1168 h 1 h 1rst states 1n n ave arge two-p onon comjonents, 
that is in agreement with the experimental data for 11 Sn191• 
In comparison with the 2; states they are somewhat stronger in­
fluenced Ьу the Pauli pr1nciple, though consideraЬly less than 
in the deformed nuclei. For the Sm isotopes the calculated 4! 
states have no large two-phonon components, that contradicts the 

· 1121 f неs h · fl d exper1ment or m. Т еу are not strongly 1n uence Ьу the 
Pauli principle. As is se~n from tаЫе 5 the first 3- states are 
also slightly influenced Ьу the Pauli principle. 

Based on the above results we can conclude that in some sphe­
rical nuclei the effect of the Pauli principle on the two­
phonon components of the wave functions does not lead to а sig­
nificant energy shift and to а change in the structure of the 
first 2+, 3+ and 4+ states. А crucial difference is observed for 
deformed nuclei, the centroid energies of the collective two­
phonon states of which are always strongly shifted towards the 
high energies. 
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