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INTRODUCTION 

The first experimental data on the excitation of deep hole 
nuclear shells in the one-nucleon transfer reactions have 
emerged in the early seventies. At present the investigations 
of these resonance-like structures are in progress and an 
extensive experimental material is available (see, for in­
stance, the review of S.Gales Ill). The study of deep hole 
states has been stimulated by the use of polarized particle 
beams, that allowed one to reliably determine the spin and pa­
rity of excited levels 12' 51• In the Sn isotope, for instance, 
alongside with a more accurate information on a rather well 
studied subshell 1g912 there have been obtained quantitative 
data on the strength distribution of deeper-lying hole ~-sub­
shells 14•61 • 

The fragmentation of deep hole states in medium and heavy 
nuclei has been investigated theoretically in papers 16-81. In 
the last two papers l7, 8r the quasiparticle-phonon nuclear mo­
del191 has been used, According to the calculations the in­
teraction of hole excitations with the quadrupole and octu­
pole vibrations of the core plays the dominating role in the 
formation of the gross-structure of the hole state strength 
function. It has been shown in paper 181 that for a quantitative 
description of the available experimental data, one should 
take into account the interaction with a large number of sta­
tes of the type "quasiparticle plus phonon" and "quasipar­
ticle plus two phonons"; of particular importance is the coup­
ling with the collective phonon excitations of intermediate 
energy (e.g., with the low-lying octupole resonance). A con­
sistent consideration of these effects allowed one to get 
a satisfactory agreement with the experimental data. 

The increasing availability of a new, more detailed and 
reliable experimental information prompts us to continue the 
theoretical study of the fragmentation of deep hole states, 
which has been undertaken in papers 17 ·81 • In the present pa­
per we shall study the fragmentation of hole states 2p

112
, ~~~ 

1f5'2 and 1f 712 in the 111 •115 Sn isotopes and of the state 
lg 9 ,2 in 1J 1 Sn, which has not been studied in paper /8/ 
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I. BASIC FORMULAE 

The basic assumptions of the quasiparticle-phonon nuclear 
model are presented in paper 191.A considerable part of the 
results obtained within this model is reviewed in 1101• In the 
present paper we shall follow a formalism of the model deve­
loped for the description of odd-A spherical nuclei. A more 
detailed presentation of this formalism is given in refs. 18 • 1 ~1 
The fragmentation of hole states is a result of their inter­
action with the phonon nuclear excitations. The contribution 
of one- and two-phonon excitations to this interaction has 
been taken into account in the present calculations, in other 
words the excited state wave function of an odd-A nucleus, 
written through the quasiparticle (ajm) and phonon (QXILI) 
creation operators, has the form 

I + AI [ + + 'l'v(JM) =CJv aJM+ I Dj (Jv) ajmQA"I ]JM + A lj ,. 
At11A212 + + + 

+ I F 11 (Jv)[ajm[QA"IQA,I]I~]JMI'I'o 
A1A21 1'"1 1 '1!'"'2 2 

(I) 

1112j 

'I' 0 is the ground state wave function of a neighbouring doub­
ly even nucleus. The energies and structure of the one-phonon 
states, which are a superposition of the two-quasiparticle 
excitations, are calculated in the RPA. The phonons of natu­
ral parity are generated by separable multipole forces; and 
the phonons of unnatural parity,by separable spin-multipole 
forces. The one-phonon excitations of a doubly even nucleus 
unify both the lowest collective states (e.g., the 21, 31) 
and the collective states at intermediate and high excitation 
energy (various giant resonances: E1 , E2,' E3, M2, etc.). 
Most of the one-phonon states are noncollective, i.e., they 
are contributed by one or two two-quasiparticle components. 
The operator describing the quasiparticle-phonon interaction 
is r (A) (-) 

1 + A-IL J 1J 2 v hJ 2 
H qph = - ---= I (Q Ap.l + (-) 'L I) ~ --==- B (j 1 j2 A -jJ.) +h. c. 

2y2 Ap.i "' J1J2T .1'-.JAI 
v • r (2) 

j2+tne + 
B(jlj2A-p.)= I (-) (jlmlj2m21A-~L)aJ aj- ; 

mlm2 1 ml 2 m2 

{-) 
V =U U -V V • 
hJ2 Jt J 2 h h 

For simplicity in (2) we have written just the part of the 
interaction which is related with the multipole phonons. We 
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have used the following not~tion: (A) 
rJtJ 2 

is the reduced 

single-particle matrix element of the multipole operat.or; uj 

and vj are the Bogolubov transformation coefficients; ~/.1 is 
defined by the phonon structure (the expression for it is gi­
ven in ref. 181 ) • The isotopic index r acquires two values 
(n,p) and indicates which of the single-particle spectrum, ne­
utron or proton, the single-particle states with quantum num­
bers h, j 2 "' belong to. Using the variational principle and 
taking into account the normalization of the wave function 
(1), in ref. 1111 the system of equations has been obtained 
for the coefficients D f1 (Jv) and energy of the state (I )7JJv: 

( J- 1J Jv- -
1
- I f'(JjAi )DJAI (Jv) = 0 , 

y'2 AIJ 

A' 1 r 2 0 2 I j2A212) 

rr . >, \!Je 'J + w.\ +w )llM ' '•'•">rU,J"•'1 > ' ' ,,,,-,,. 1 "1 'JJt+ 
I Dj

1
(Jv)[((j1 +wA1i1 

AIJ 

1 
+-I liz A j sJ 1 1 

[(2Jt+1)(2J2+1)] I . ll=-f(JJr\1i 1), 
2 Js (Js +wAll1+w.\I-1JJv A1 J J y2 

(3) 

where (j and W.\i are the energies of one-quasiparticle and 
one-phonon states. 

'II r(.\}v(-) 
l'(JjAi)=(~+ 1 ) 2 Jj Jj--<'1' a IH 1[a+ Q+] 'I' > 

2J + 1 V ~ 0 JM' qph jm AILI JM 0 

The system of equations (3) ~s obtained as a result of 
some approximations. In particular, the fermion structure of 
phonons has been neglected, i.e., we assumed [a)m• QAILI]=O. We 
did not take into account the matrix elements of type 

<'I' oaJM I Hqph I [a J: [Q~P.t it Q,\2~-'212 1r:m ]JM'I' o > 

that means the neglect of the effects of anharmonicity of the 
core excitations. Besides, a specific structure of the wave 
function (I) does not allow one to take into account fully the 
correlations in the ground state of an odd-A nucleus· caused by 
the quasiparticle-phonon interaction. Some of these effects 
have been investigated earlier 11 21, and it may be expected that 
they do not influence the fragmentation of the one-quasipar­
ticle component considerably. 

*Here j implies three numbers j = n fj. 
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The numerical solution of the system (I) is a very compli­
cated problem from the computational viewpoint, even with the 
admissible limitations to the dimension of the single-particle 
and phonon bases. Therefore, as in papers 17,81, we shall not 
calculate the values C;r11 for each state '1'11 (JM), but the 
strength function c 2(71) describing the dependence of the ave­
raged over the interval ~ coefficient Cj11 on energy 71 

c2 
C2( ) ~ ~ 111 

71 ""-• 2 2 • 2" II (71-71 JJ +~ /4 
The calculation of the strength function turns out to be 

a more simple problem due to some specific properties of the 
system of equations (3). The method of strength functions has 
been proposed in paper 1131; here, one can find a thorough 
presentation and treatment of this method. The choice of the 
parameter ~ depends on the formulation of the problem. In 
paper 114/ it has b'een analysed how to choose the value of ~ 
to avoid additional errors in the results of calculation, 
caused by an artificial broadening of states. The dependence 
of the results of averaging on the form of the weight function 
was also investigated in this paper. 

In this present paper the parameters of the model Hamil­
tonian are taken the same as in paper/81. The value of ~ = 
= 0.2 MeV. This value is considerably smaller than that in 
refs. 17•81 ~ = 0. 5 MeV. The reason for the decrease of ~ in 
the present calculations is that the experimental information 
obtained recently 111 is very detailed,and in some cases con­
cerns very narrow energy intervals ~Ex=0.5 MeV. In this case 
the use of ~ =0. 5 MeV is unjustified. 

2. THE RESULTS OF CALCULATION 

The strength functions C 2(71), describing the distribution 
of strength of the deep hole states lg912 , 2p 112 , 2p 3 ; 2 , 
lf512 of the 111Sn isotope and of the states 2p 1; 2, 2p 3; 2 , tr 512 
of the 116sn isotope as a function of the excitation energy 
Ex= 71- 71 g.s. * are shown in figs. I and ~. respectively. Before 
comparing them with the experimental data, we shall discuss 
the general assumptions. Table I presents certain integral 
characteristics of distributions 

i) the sum spectroscopic factor 
E 

c 2S 0: (2J + 1) v~ rue 2 (71) d71 
0 

* 71 g.s. is the ground state energy of an odd-A nucleus cal­
culated with the wave function (1). 
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ii) the value of the centroid 
Ema.x Ema.x 

- 2 2 
E , = f C (71) 71 d71/ J C (71 )d71 - 71 g 8 • 0 0 •• 

iii) the second moment of distributionu and the so-called 
full width on half maximum FWHM=2.35u 

E max 
2 

_ 
2 

Emax 

r c <11H11 - Ex + 11 > d77/ r c <11> d71 
0 g.s. 0 

2 q 0: 

1.1 

0.9 

0.7 

05 

03 

~ 
11tsn 

~· Strength function of the 
neutron hole states1g 9; 2 ,2p 1; 2 , 
2ps;2 and lf512 of 111 Sn. 
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Fig.2. Strength functions of 
the neutron hole states2Pt;2 , • 
2p312 and 1f612 of 115Sn. 
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Table I presents also the values of the one-quasiparticle 
excitation energies of the hole states f j = f J -f g.s. ,where ! g.s. 
is the one-quasiparticle energy of the ground state. The figu­
res and tables show that on the whole the states under consi­
deration are fragmented strongly. The value of FWHM varies 
within 4-6 MeV (we shall not discuss as yet the state 1r712 of 

.:,115 Sn). The most strongly fragmented state is 2p 112 , for 
whic~ u is maximal. It is somewhat strange that the state 
1f 6; 2 has the minimal value of u, since it has the largest 
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Table 

Integral characteristics of strength distribution 
of deep hole states in l1l,115sn 

ni.r OfEMQ.C e• e .. tS PllDI Lc"S Nucleus l 

lleV lleV .lleV lleV .lleV 

1g9/a. 0+13 4.7 4·9 2.0 4.7 9.60 

2p1/z. 0+14 6.2 6.3 2.4 5.6 1.96 
111sn 2p~ 0+13 7.6 7.5 2.1 4.9 3.94 

1 fstr. 0.14 8.1 8.3 1.6 3.8 5.88 

2p4fr. 0.14 6.7 7.4 2.6 6.1 1.94 
2P.vz. 0+14 8.1 8.7 2.3 5.5 3.80 

115sn 1 fs4 0.14 8.6 9.3 1.7 3.9 5.88 
1t, .. * 0.20 12.2 13.0 3.0 7.05 7.92 

* The strength function for this state has been calculated 
taking into account the interaction of the hole state with the 
state of type "quasiparticle plus phonon" alone. 

excitation energy than other states. One of the possible rea­
sons of a considerable difference between the values of a 
for 2p- and 1C 512 -states is a different gross-structure of 
their strength functions. Almost the whole 1f0; 2 -state 
strength is concentrated in one excitation energy region with 
width of about 3 MeV, whereas the strength of other states is 
concentrated in 2-3 distant intervals of Ex (this is clear­
ly seen especially for the state 2p 312 ). It should be noted 
that almost the whole strength of the states lg912, 2p 1/2 , 2pa;2 
and 1r0; 2 is exhausted up_ to the excitation energy E z::; 14 MeV. 
The values of centroids Ex differ from the corresponding va­
lues r* mainly because of the lowering of the ground state 
energy aue to the quasiparticle-phonon interaction. Since in 
116Sn the difference of rg.s. -_'TJg... is larger than in 111 Sn, 
the difference between rj and Ex !_s also larger in this 
nucleus. The values of 11 + r g.s. and E 1 + 7J g. a. differ by 
100-300 keV. The comparison of the values of .a (or FWHM) for 
the same states of the 111sn and 116 Sn isotopes shows that 
in 111Sn the fragmentation is somewhat slighter than in 116Sn; 
this fact has been indicated by experimenters for the state 
1g 912 • One of the reasons of this fact is a larger energy 

of the hole excitations in 115 Sn in comparison with 111 Sn. 

6 
• 

! 
y~· 
.·~ 

~~ 
:~1 
~'i 
·,t;~ 

~ 
I 

I 

Table 2 

Experimental and theoretical values of the 
spectroscopic factor C2S for different excitation 
energy intervals 

Excitation 
energ 
intenala 
(lleV) 

).4+).94 

).94+4·5 

4.5+5.85 

5.85+6.80 

6.80+7.)0 

).4+5·4 

3.4+7.) 

0.21C2S 

0.1 

0.2 

0.1 

0.1 

exp. 

1.54 

2.42. 

2.12 

0.24 

0.10 

5.37 

6.42 

u•s 
1gs~a 2p1/z. 2p3h. 

theor. ezp. the or. exp. the or. 

2.97 0.12 0.02 (0.02) 0.0) 

1.19 0.12 o.o8 0.07 o.oe 
1.90 0.22 0.49 0.5) 0.74 

1.15 (0.48) 0.47 (0.)9) 0.)2 

0.1) - 0.21 0.17 0.24 

5.27 
[CzS(2py,)+ C.2S(2p,,~s)]e-'p= o.g4 

[ C25(2 P•~&) + C
1
S(2P¥>-))tl.. = 1.0G 

7.34 0.46+ 1.27 o.a. 1.41 
0.94 1.18 

11Jsn 

199.7 

Fig.3. Experimental 161 (shaded) 
and theoretical histograms of 
strength distribution of the ne­
utron states lr,g/2, 2p 112 and 

2P,f2 

2P:Jn 

2p 111g 312 of n. 

.. 
Now we proceed with a detai­

led comparison with experiment. 
The detailed data for 111Sn per­
tain to the excitation energy 
interval 0+7. 3 MeV' 16 <which is 

1 r=· ::n.,.«e . quite sufficient to judge about 
2 3 4 5 6 7 8 the fragmentation of the 1g

912 
Ex MeV ~ubshell and to a great extent 

of 2p 112.This interval includes only the lower one third of 
the region which comprises the main 2p 3;2 state strength. 
In paper /6/ alongside with the data, which we cite ·in table 2, 
the histograms are constructed of the experimental distribu­
tions of the quantity C2 S with step 0.2 MeV. In fig.3 we 
pre~ent these histograms together with the theoretical ones 
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c~nstructed according to the data on the strength function 
C (~). It is seen from the figures and table that the best 
agreement between theory a~d experiment is achieved for the 
lg 9; 2 state. The difference between the theoretical and ex­
perimental results is caused by a lower position (0.2 MeV) 
of the calculated maximum in comparison with the experimen­
tal one and by a higher concentration of the calculated 1g 912 
state strength in the interval 5.5+6.5 MeV. The calculated 
distribution at maximum is narrower than the experimental 
one. This is confirmed also by the values of the FWHM for the 
interval 3.4-4.5 MeV; the experimental value of which is 
0.575 MeV* and the theoretical one is 0.486 MeV. For the 
states 2p1/S and 2Ps/e•one can also state a qualitative and, 
to some extent, a quantitative agreement of the theoretical 
and experimental data. A specific feature of the theoretical 
distribution of the 2p1; 2 -state strength is the presence of 
two maxima or the regions of higher concentration of strength: 
4.6 < EJ: < 5.2 MeV and 6.0 ~Ex<6.6 MeV. Between them there is 
local maximum of distribution of the 2p 812 -state strength 
(fig. 3c). Such a pattern of the 2p -strength distribution is 
seen in the experimental histogram but with less sharp maxima, 
which concentrate a smaller value of the single-particle 
strength and lie by 0.5 MeV below the theoretical ones. The 
distribution of 2p-strength over narrow bins in comparison 
with the experimental data is shown in table 2. Treating the 
total strength of hole states, extracted in the experiments 
with polarized deuterons, it turns out that the theoretical 
values of c 2s in the interval 0-7.3 MeV exceed the expe-
rimental ones. For the state 1g 912 the difference between 
C2S th and C2Sup is 15%. For the subshells 2p112 and 2p8/2 
the experimental errors are large. Comparing C2Sth with the 
upper bound of the experimental value of the spectroscopic 
factor, for the state 2P1/2 the difference is 257.; and for 
2p8/2' 16%. 

To separate in the cross sections of the one-nucleon trans­
fer reactions the contribution of deeper hole states is not 
a simple task. The quantitative results obtained here depend 
considerably on the subtracting background. The reason is that 
with increasing excitation energy, the fragmentation of single­
particle states becomes stronger, the widths of the corres­
ponding structures increase and they are overlapped strongly. 

*The experimental value of FWHM is taken from ref / 15
/. In 

ref. 151 the value of u is not presented, and the difference 
of the results of refs. 151 and 1161 is not large. 

8 • 

A well localized resonance-like peak in the experimentally 
measured spectrum exists just for the excitation of the state 
1g9; 2 ; the 2p-shell strength is already fragmented strong­
ly. Greater difficulties and uncertainties should arise when 
passing to the state 1r. The data on the excitation of the 
sub shell 1r 1112 have been obtained in paper 14/, in which the 
excitation energy region of 116 Sn investigated in the reac­
tion (d, t) (Ed .. 50 MeV) has been extended up to Ex •25 MeV. 
This allowed one to determine anew the background by dimini­
shing it by 40% in comparison with earlier measurements, in 
which a narrower region Ex has been investigated 118/, Owing to 
this the tails of distributions of the hole states 1g 912 , 2p 
and 1r512 have been distinguished. It was shown that in the 
interval Ex ~20 MeV the whole strength of these states is ex­
hausted. The corresponding data for the 2p- and lf-states are 
presented in table 3. This table also presents the theoreti­
cal sum values 028 for the same excitation energy intervals*. 
A satisfactory agreement with experiment is obtained for the 
2p -states. There is an agreement with the data of another 
group 1 17~They refer to a narrower interval Ex and are of 
a tentative nature. It is pointed out that in 116 Sn in the 
interval 4.9<Ex<5.9 MeV an increased concentration of the 
2p u 2 -strength is observed, and c2s = 0.3. It is seen from 
fig.2 that a local maximum of the strength distribution of 
th1s state is located in this region. The value of C 2Sth=0.28. 
For the states lf the results of our calculations differ from 
the estimates obtained from the experimental d.ata. According 
to the data of paper 141 the centroid of the distribution for 
the state lf7;2 is at an energy of 10.6 MeV, and FWHM•8 MeV. 
These values do not coincide w:fl·th our data presented in 
table 1. A considerably less theoretical value of FWHM may 
partly be due to the restrictions of the calculations, which 
have been mentioned in this paper. A considerable difference 
E J:(exp.) = E ;~(th.) = I. 3 MeV is somewhat surprising. The posi-
tion of Ex(th) is determined mainly by the single-particle 
scheme, and our values of the parameters of the Saxon-Woods 
potential 1181 have been checked in many calculations. Besides, 
the authors of paper 141 concider that the whole extracted 
strength of r = 3 transitions is due to the 1(5/2 sub shell ex­
citation. The experimental values of C2S, presented in 

*It should be mentioned that the boundaries of intervals 
in the table are ·determined roughly according to fig. I in 
ref: 141,since in the table of the same paper they are not 
presented. 
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Fig.4. Strength function of ~ 
the state lf712 in 115Sn. The 't!sn 

cal;ula~ion haa been per~ormed ~ 
tak~ng ~nto account the ~nter- ~ 
action of the state lf71e with ., 
the 11quasiparticle plus pho- 1 1 1 5 7 1 " ,3 1!1 17 ,. 

non11 states alone. r.-

table 3, are obtained just under this assumption. This is 
not verified in our calculations. Figure 4 shows the strength 
function for the state lf712 of 116 Sn. Because of great compu­
tational difficulties, arising in the calculations with the 
wave function (I) at so large excitation energies, we have 
used in (I) the components of type 11quasiparticle plus pho­
non11. The data specifying the strength distribution of the lf712 
state are given in tables I and 3. The distribution centroid 
is at the energy Ex =13 MeV, and the lf712 state should give 
a noticeable contribution to the cross section of the one-nuc­
leon transfer reaction, starting from the excitation energy 
Ex,~ 10 MeV. The inclusion of the 11quasiparticle plus two 
phone<ns 11 components, enhancing the fragmentation, may lower 
this boundary. It should be noted that the state lf71e is ve­
ry strongly fragmented. Our calculations give, apparently, 
the lower boundary of the fragmentation of this state. 

CONCLUSION 

Based on the above-mentioned results of calculation we can 
make the following conclusions~ the quasiparticle-phonon nuc­
lear model describes satisfactorily the available experimen­
tal data on the fragmentation of deep-lying hole states in 
the tin isotopes. For the excitation energies Ex ~ 8 MeV there 
is a fairly good quantitative agreement of theory with experi­
ment, though in the calculations the fragmentation is systema­
tically weaker than in the experiment. At higher excitation 
energies Ex> 10-15 MeV the theoretical results and experimen­
tal data differ more strongly. However, we think that it is 
untimely to make pretension to the model. In this region of 
energies the simple one-hole states are so strongly fragmen­
ted, that it is very difficult to evaluate reliably their 
strength by the data of the one-nucleon transfer reaction. 

The authors are deeply indebted to Drs. S.Gales, E.Gerlic 
and~H.Langevin-Joliot for communicating to us their results 
prior to publication and for useful discussions. 
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HryeH AHHb Txao, Conosbes B.r., CTonHos q., E4-82-251 
BAOBHH A.li. 
cl>parMeHTaLJ;HH HeHTpOHHbiX Ab!PO'IHbiX COCTOHHHH B 1ll,ll6Sn 

Pacct~HTaHa cllparMeHT~LJ;JiH 1t 612 , 2p- H 1g 912 HeH:TpOHHbiX 
AblpO'IHbiX coCTOHHHH HAPa Itt Sn, a TaKlKe H- H 2p -coCTORHHH 
RApa ll6Sn. Pac'leT BhlnOnHeH B paMKaX KBa9H'IaCTH'IHO-cPoHOHHOH 
MOAenH HApa, Y'IHTbiBanO.Cb B9aHMOAeHCTBHe Ab!PO'IHbiX COCTORHHH 
C 6om>DIHM 'IHcnOM COCTOHHHH THna 11KBa9H'IaCTHLJ;a + cPoHOH 11 H 
11KBa9H'IaCTHLJ;a + ABa clloHoHa" • .[leTanbHoe cpasHeHHe c AaHHbiMH 
HeAaBHHX sKcnepHMeHTOB c nonnpHsosaHHbiMH AeHTOHaMH noKasano 
YAOBneTBOPHTenbHoe HX onHcaHHe. Pacc'IHTaHHan cllparMeHTav;HH 
OKa9biBaeTCH HeCKOnbKO cna6ee 9KCnepHMeHTanbHO Ha6niDAaeMOH. 

Pa6oTa BbmonHeHa s ITa6opaTopHH TeopeTH'IecKoH: cPHSHKH OHHH. 

npenpHHT 06~eAHHeHHOrO HHCTHTyTa AAePHWX HCCneAOBaHHH. ~y6Ha 1982 

Nguyen Dinh Thao, Soloviev V.G., Stoyanov Ch., E4-82-251 
Vdovin A. I. 
Fragmentation of Neutron Hole States in 111,116Sn 

The fragmentation of deep ftole 2p 112 , 2p 3; 2 , 1f 6; 2 and 
other subshells in the 111 •116 Sn isotopes is calculated within 
the quasiparticle-phonon nuclear model. The interaction of one 
quasiparticle states with a large number of "quasiparticle 
plus pho.non" and "qua.siparticle plus two phonons" states is 
taken into ~ccount. A satisfactory agreement with the results 
of recent (d, t) -experiments on even tin isotopes is obtained. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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