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The possibility of investigating the pion Compton effect 
and the pion polarizabilities in the radiative scattering of 
high energy pions on nuclear Coulomb fields 111 or in the radia
tive single pion photoproduction on protons 121 has been recently 
stressed out. At the same time, information on the process 
yy _, rr rr may be obtained by studying the colliding beam re
action e+e- _, e+e-rr 17 and indeed interesting results have al
ready been found (see, for instance, ref. 131 ). A natural 
theoretical framework which simultaneously involves quantities 
relevant to both the yrr-+·yrr and .yy-+ rrrr channels is provided 
by sum rules for the pion polarizabilities derived from back
ward or fixed- u dispersion relations. Such sum rules have 
been firstly put forward/'4/and used 14- 71 in connection 
with the difference a-{3 between the electric (a) and magnetic 
({3) polarizabilities of the proton.Their analogs in the pion 
case are particularly appealing since for pions, unlike the 
nucleons, a-{3 is the most imyortant combination (on quite 
general grounds one expects 18 

(a+P)rr«l(a-.B)rrj). 
For a review on previous calculations of the p~on polariza

bilities within various approaches (quantum field theoretical, 
quark models, forward dispersion relations) we send the rea
der to the review article 191 .Here we recall only that predic
tions based on forward finite energy sum rules (FFESR) are 
strongly model dependent because of difficulties in evaluating 
reliably the high energy asymptotic contributions. 

In this note we shall present some simple numerical esti
mates of the pion polarizabilities using backward and fixed 
u = 11 2 ( 11 = pion mass, u 2 the usual Mandelstam variable) sum 
rules. In some sense our approach looks complementary to that 
of FFESR since the annihilation channel exchanges are now taken 
into account directly, mainly through )'Y • ITTT amplitudes, 
rather than indirectly by means of Keggc parameters describing 
the asyrnptotics. While the s -channel contributions expressed 
by integrals over cross-sections for pllotoabsorption on the 
pion can be more or less reliably computed using the known ra
diative and strong width of vector, axial vector and tensor 
meson resonances, the evaluation of the annihilation channel 
contributions still remains largely affected by model depen
dence despite important clarifications brought recently by the 
experimental study of the pion pair production in photon-pho
ton collisions. Althougl1 in our procedure the model depen-
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dence problem appears so merely shifted rather than much mi
tigated, one has at least the advantage of starting with 
a convergent (subtraction free) dispersion representation 
for (a-~)" and there is also a realistic hope that further 
better knowledge of ( y·y-+ hadrons) - processes shall help re
ducing the existing ambiguities in the determination of the 
pion polarizabilities. 

We shall deal with the following two 1 slightly different 
sum rules for (a~·~)1101: 

I) fixed angle 8~180°sum rule: 

(s) (t) 
(a _,t'l) =·(a-•f.l) + (a-·~) , 

1-' " 1-' " " 

(s) 1 oo s + 2 (s) (s _IL2)2 
(a-~) =-·..:.- ( ds-:.!.lL-M (s,t=----), 

" 8 "21L 41L2 s (s-ll2) s 

(t) 1 00 dt (t) 2 t 1 2 \1, 
(a-mrr =-•- 2 •{ 2""tM (t,U=IL -•-

2
•± -2[t(t-41L )] ·); 

8rr -Jl 41L 
2) fixed U=IL2 sum rule: 

[ sl [ 11 
(a-·~)rr= (a-•{3)" + (a-mrr 

(I) 

(2) 

(3) 

(I~) 

[i--l _ 1 oo ds (II) 2 (2~) 
(a-~)" =-•2"'"{ ---M (S,U=Il), 

8" IL 41L_2 s _,ll2 

[ t] ! 00 dt (t) ~ 
(a-m =-·-- { --M (t,u"'IL2). (3) 

1T 8 1T21L 41L2 t 
M(s) , M (t) are the s-and t -channel absorptive parts of the 

amplitude 

t 2 4f ++ 
M=2A +( -- -ll )B"' ---·· 4 t 

(4) 

where A, B are the invariant amplitudes (free of kinematical 
problems 1111 ) specifying the pion Compton scattering S -matrix 
element and f++ is the helicity amplitude describing tran-
sitions with photon helicities +I, +I in the yy-+ rr rr channel: 

<y(k').rr(p')!~(k).rr(p)>:-af,i + i(2rr)-
2 (16k~koP~Po) -li X a\ .• ) 

Xf+(k')T (p';k';p,k), (k), 
IL /LV v 

T (p',k';p,k)=A(s,t,u)(k·k'g -k k' )-
/LV /LV • "11 V 

-B(s,t,u)[k.k'PIL Pv -(PK)(Pil k: +PvkiL) +g1Lv(PK)
2

]. 

2 

I 
) 

l: 

P-= _!l+~P' _ k+k' 
2 • K- 2-. (5) 

2 ... 2 2 
s .. (p+k) , t .. (k-k'), S+t+U•21l, 

s = ll 2 +2/Lw (w = the incident photon energy in the laboratory • 
system). 

A . h . f /tO/ h b . 1 s 1s s own 1n re . one can put t e a ove sum ru es 
in the form 

(8) 1 00 d 
(a-~) = -- ( ~(1+ 2-'-)[a (YES)-a(NO)]. 

" 2 rr2 w •BIL/2 w IL 
0 

(t) 1 1E!J.t 2 dt t(t-4!L l1 J /2 J 
(a-m =---· 1 _ --- ~ (2J+l)[-----~l g (t)h*(t)+ 

rr 2rr21l 4IL 2 t 2 J•ovon 16 + J 

(2a) 

(3a) 

+ higher annihilation charinel contributions; 

(s] 1 oo d oo £ S+IL2 (2a') 
(a-13) = --· f -~ L d 1 1(x-- --) [u (w)-a (w)], 

rr 2rr~ wo=BIL/2 w f.,.t ,- s-IL2 Ef M£ 

[ 1 1 161L2 (t_d.,2) J/2 J , 
(a-{3) t ·• ---- ( _<!!_ L (2J+l)[.!~-] g (t)h*(t)P (cosrjJ)+{3a ) 

rr 2 2 t 2 16 + J J 2rr IL 41L J=even 

+ higher annihilation channel contributions. 

a (YES) and a(NO) stand for the sum of the photoabsorption 
cross-sections containing respectively the parity flip and 
non-flip mutipoles: 

a(YES~ .. L a Ef(w) + ~ a Mf(w), 
e .. odd ~even 

(6) 

u (NO).. I aE (w) + ~ aM (w); (7) 
f-even e &.odd e 

hJ(t)--exp[I8J(t)].sin8J(t) and g:(t) denote respectively the 
rrrr -+ rrrr and yy -+ rrrr partial waves (for t in the elastic 
uni tari ty regirn 4/L 2 :>: t .s; 16 ll2 they have (modulo " ) the same 
phase oJ(t) ; d 1 ,-t<x) and P J (cosrjJ) are the usual rotation 
group functions and Legendre polynomials ( rjJ"' the t '-channel 
centre of mass (c.m.) angle, cosrjJ .. (u-s)/[t(t-41l 2 )].~ ;x .. the 
cosine of the c.m. angle ·for yrr-+ yrr ). ). . 

We start now discussi"ng the evaluation_of the (more re
liable) s -channel contributions (a-~)~s)l&] . Only photoab
sorption channels with two and three pions are retained; the 
process y rr-+ rrrr is considered in the ·p -resonance approxima-
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tion while for y 77-> 7777rr we take only w , ¢' , A 1 , A2 reso-
nance contributions to 'Y77->77p. So we retain only El, Ml and 
M2 transitions (corresponding, respectively, to the A1(p,cu.¢) 
and A2 resonances) and integrate the Breit-Wigner forms 

2rrs < li f'r 
a J (s) =--(2J +1) --------------...,--- (8) 

(s -1})2 ( V ::-;;-· -MIJ2; + ~~tal/4 
with corresponding angular momentum factors included in f'r 
to ensure correct threshold behaviour, etc. Masses, strong 
and total widths are taken from ref!121. The following radia-
tive widths are used (see refs/9 •121 .): f'(p->rry) ~0.063 

-2 • 
f'(cu-> rry)"" 0.88, , f'(cp->77y )=0.57x10 , f'(A1->77y)~0.60, f'(t\z->77y)= 
= 0.45 (all values in MeV). Numerical integration leads then 
to the results (for polarizabilities the units of 10-4 fm 3 

are employed througho~t this paper): 

(s) 
(a-'{3) + =-0.98 +2.~3 + 1.37 :::,2.5 , 

TT-

(p) (A1) (A2) 
{s) 

(a-{3) 0 =-0.98 -14.37 -O.Q6.:=-.-15.4 
TT 

(p) (w) (¢) 

(9) 

(I 0) 

Analogously one finds for the s -channel contr.ibution in the 
fixed U=f.L2 sum rule 

[ sl . 
(a-{3) +=-0.94 + 2.~0 +1.41 :::.2.6, 

rr- (9') 

( p) (A 1) (A2) 

[ s] 
(a-{3) 

0 
=-0.94 -13.91 - 0.06 := -14.9. 

TT 
(p) (w) (¢) 

( 1 o') 

Below we displaf for comparison the results of the evalua
tion of (a-/n(s),[s in a narrow width resonance approximation: 

TT 

..2 2 2 2 . .2 2 2 (M2 2 ) 
{s) 2 ts:(M +f.L ) gA 1(MA +f.L ) 5 gA2 Alll 

(a-{3) += --[ -• -'2--.R---+ ----:.1..--- + --· ------------ J ::. 
TT- TT f.L M2 - f.L 2 M 2 - f.L 2 3 M 2 - f.L 2 (I I ) 

p A 1 A2 

:.::\-1.0 +3.2+2.3)=4.5, 

2(M2 2) 
(s) 2 gR R+f.L 

(a-{3) 0 =-•-- :£ --2--2•:::,(-1.0 -14.2 -0.03)=-15.2; 
rr Trf.L R=p,cu ,¢ MR- f.L 
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J 

2 2 2 2 2M2 2 2 2 g Mp g A1MA1 5 gA2 A2 MA +3f.L, , [ s] 
(a-{3) + 

77-
= -[-·-E--+ ----+ -·----· _....::g___J- '1.7, 

TTf.L M2 2 M 2 2 3 M2 2 M 2 2 - . (II') 
p-JL A1-f.L A2-J1 A2-f.L 

2 L _.fRMI.- -15.1; =-·-· 2 2-
Trf.L R=p,cu,¢ MR-f.L 

(a- ,afsl 
TTO 

677M~f'(R ... rry) .]~ R. .. p.w.¢.Al,A2. g - [ -----------· • 
R - ( M ~ _ fl 2) 3 

The A 1 contribution has been computed using for the vertex 
A1rry the expressior/ 131 2gAF,, 11 ~f.L"¢ , where¢ ,F and 

, 1 .... rr rr Jlll 

~f.lv stand for the pion, the electromagnetic and the
1
A1 fields. 

Before discussing the t -channel pieces (a- {3)~t)[t we 
mention that saturation of the known sum rule 

1 aT(cu)dcu 
a+/3 .. -- r -----· 

2rr2 w 0~ .3Jt/2 w2 . 
(I 2) 

aT the total cross-section for photoabsorption on pions) by 
retaining only El, Ml , M2 transitions and proceeding as we 
did above in connection with (a-,B)~s),[s], yields the (almost 
certainly underestimated) values 

(a+ {3) +""•0.2, 
rr-

(a+ ,B) 0 -::!.0.5. · 
rr 

( 13) 

Saturation of Eq. (12) in narrow width approximation (with 
the same set of intermediate states) leads to 

( a+/3) +::: 0.2, (a+,B) o-:::0.9. ( 13') 
rr- rr 

h 1 . f h l . b . ( {t),[ t] T e eva uat~on ~ the t -c anne contr~ ut1ons a-{3)
17 

~s a much more del1cate task and at least reasonable knowledge 
of the appearing yy~rr77 amplitudes is needed. The yy->77rr 

process has been investigated by several groups from measure-
ments of the colliding beam reaction e+e-.:. e+e-rrrr (see the 
review 131 ). The dominant feature observed is a strong signal 
from. the f (127.0 MeV) [IG(JP)Cn= 0+(2+)) meson; so far no trace 
of the £ C=700 MeV) meson seems to appear; the TASSO group 
provides the limit f'(£ ""Y y)< 1.5 keV for the radiative width 
of the c meson 114~ The Crystal Ball group at SPEAR has found 
by studying the angular distribution of the f ... rr0 rr0 decay 
that the production of the ·f(J270 MeV) meson in yy scat
t~ring is strongly dominated by photon pairs with opposite 
helicity (f'(f ->y y) ~. 3 keV, f'[f->y(+)y(+)]«f'[ f-+y(+)y(-)j, con
firming so previous theoretic~l expectations~ 5 ~ Since the 

5 



helicity channel of interest to us is that with both protons 
of helicity +I (see Eq. (4)), the general 'scheme which feems 
to be required for our purposes is to consider (a-{3) (t) '[t . 71 
as dominated by l=J~O contributions and employ a model for 
the (I .. J-0) yy-. 7171 amplitude which does not deviate too 
much from its corresponding Born (quantum electrodynamical) 
expression. The simplest way of satisfying these demands 
would be to use for the absorptive part M(t) in Eqs. (3), 
(3') an effective £(0+) Breit-Wigner model assuming a large 
total width for this resonance /16/: 

< t-41l2 ) V: M r 
4 M:-~2 £ 

I? (---) --· £7171 M2 2 

(t) (1=Joc0) 3 
M (t) ::.2g£YY 

V: 
g =4(71M(r(£-.yy)],

£·YY 

( (M2-t)2 +M2r2c_t-41l ) 
( £ M 2 2 ( -4/l 

2 71 rcf-+mr) 1 g = 4M( [--·--~·. r::.r (£ .. 7171). 
(7171 3 (M2_ 41l2) ~ · 

c 

(14) 

Recalling the, relationship between charge and isospin labels 
+ (71 -) 2 [ (I-0) 1 (1 .. 2) 

M -- M + -M ] 3 2 ' 
(15) 

(71') 2 (1=0) (1=2) 
M --[M -M ] 

3 ' 
taking Mf ::b60 t1eV, rtotar .. r(c-.7171)::. 640 HeV, r(c-+yy)"' I. 3 keV and 
integrat1ng over t in Eqs. (3), (3') from 41l 2 to oo, one finds 

(a -o/'l) (t~, [t); (c) :: 8.3 
rr- , 11 

( 16) 

To what extent this value is repr~sentative for the actual 
(a-{3)(t),[t] is hard to say. In the following we shall confine 
ours~lves ,to the more ftfdest task of computing the (l=J =0) 
contribution to (a-{3)~t), t coming only from the elastic uni
tarity region 41l2::;t $161l2 of the t,-channel cut, leaving so 
open the question of higher waves and higher than 7171 states 

. b . . . . (l•J=O) contr1 ut1ons to the. un1tar1.ty ·sum. The part1al waves g (t) 
and h(IoiJ=O)(t) entering Eqs. (3a), (3a') are taken as +given 
by the resonance model devised in the last of refs. 161 (see 
for details ref./17/ ). We recall that although very crude, 
this model incorporates (approximately) the experimental know
ledge of the 7171 .. 7171(l=J ,.o) phase shift and worked .apparently 
well in connection with the proton polarizabilities and proton 
Compton·scattering. We have found 
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( )
(t), 1171(1= J=' 0) ( (3)[t]' 7171 (l='J= 0) 

a-{3 ~· a-• = 71 71 
(17) 

2 
1 . 161! dt (l=J=O) (1=J=O) 

=- -- r - g <t>h* <t> ... 3.7 2 + 2 71 2/l 41l2 t 
and hence, taking into account Eqs. (15), 

(t) ,[t) 
(a-{3) + (7171; s-wave; 4/l $ t.:S: 16/l )=2.5. 

TT -, 71° 

( 18) 

Although it has to be regarded with some caution, this value 
for the s -wave contribution of the elastic unitarity portion 
of the t -channel cut should be typical for situations in 
which the amplitude g~=J=O)(t) does not differ too much from 
its Born approximation and does not have a zero in the innue
diate vicinity of the threshold. The amplitude g actually 
employed by us develops a zero at t = 211l2; in ord:r to keep the 
whole amplitude g+(t) close to its Born approximation, an 
arbitrary subtraction constant appearing in the N/D equations 
which determine it has been fixed by demanding that at thresh-
hoid (t=41! ), g :::. g Born . · 

The author~ of tef. 1181 remove an analogous ambiguity by 
relating the subtraction constant to (a-{3) proton in the con
text of a backward sum ru'le for 'the latter. Their resulting 
partial wave g+(t) in the region 41l2.:S:t :5 161l2 does not 
seem to differ too much ·from ours. 

Strictly speakinng, since the. (l=J =0) t -channel piece is 
the same in both the fixed 8=180° and fixed u=l sum rules 
(Eqs. (3a) and (3a')) other waves should also be include~ in 
(a-{3)(t) and (a-{3)[t] to avoid inconsistencies between the tWO" 
sum rules_ (as seen from Eqs. (9), (9'), (10), (10'), (a-(3)(a) 
and (a-(3)[s] although practically equal for 71± differ some
what in the 71° case). If the large uncertainties affecting 
the l=J=O contribution could be removed, one may try to use 
simultaneously the two sum rules in order to constrain less 
reliable contributions from higher waves. 

The large mod~l dependence of the t -channel contributions 
in the sum rules discussed here has as its correspondent in 
the FFESR approach presented in ref/01 tho equally large un- . 
certainties affecting tho high onorgy noymptotic contributions 
which account for tho samo annihilation chnnnol qffects by 
means of Regga polao oxchangoo. !t ia worth noting that for 
the combination (o.f t -channal Looopin t .. 2) (a-.B>n:~:- (a-{3) 11o • , 

almost entirety dapondunt only upon 11-chnnnal affects, both 
our results and that of rot. /0/ agroo rarnnrknbly well with 
each other. Indcod, ono finds (a-fj} rr:!:- (rt-/3) 71o::. 18 (from Eqs. 
(9), (IO)) ::17.5 (from Eqs. (9~), (10')); .::20 (from Eqs. (II), 
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(II~)) in this work while Table 6 of ref. /9 /gives the value::20.5. 
We conclude with the remark that for a reliable calculation 

of the annihilation channel contributions to the pion polariza
bilities which would permit a good prediction not only for 
a +-a o but for a,± and arro separately, further more detailed 
e~perimental investigation of the yy->rrrr ,yy->rrrrrrrr , yy->kk, 
y y ... pp reactions is needed in order to obtain the necessary 
information on the helicity channel A=O (both photons with 
equal helicity) of interest in this context. 
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•Hn~Koa n.o., rv,.~y H .• P•Ae~KV E.r. E~-82-133 
nonAPH3YCMOC.Tio rlHOtt H:l flp<'laHn ~Y- HBJBA H npH CIIHKc.HpoaattHOM u 

8 flOIIIIPM:JYCMOCTio nHOH8 Ol(eHH881DTCA C IIOMOU(blll npli&Hn 
PCHOH...,)( COOTttOUieHHM H838A H npH IPHKCHPQBBHHOM 

OOTBeTCTB~MX KOMnTOHOBCKHX 8MnnHTYA· 8Kn8A 
ldYU4HO H!IAe•HO C HCnOmo3088HHeM H38CCrttWX CHnb 

tmwx peliOHaHcoa. 0AHaKo MOAemoH811 3!1BHCHMOCT~ 
~OtYH OCT8eTCII CHn~HOM, HeCMOTpll H8 88)1(HWC rlPOIICHe

/IH tteAIIBHO 3KCncpHMeHTan~Hwe AaHHwe no npol(ec.c.y yy • ""· 

Pa6ora awnomtetlll a lla6oparopHH reopeTHI.IeCKo.:i CIIH3HKH OHRH. 

C~eHMB 06~AMHeHHOrO MHCTMTyTa RAePHWX MCCn&AOBaHMM, AY6Ha 1982 
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Various contributions to the pion polarizabllltles are estimated using 
sum rules obtained from backward and fixed u •" 2 ( " - pion mass) disper
sion relations for the relevant pion Compton scattering amplitude. While 
the a-channel part can be quite reliably computed In terms of the strong 
and radiative widths of known meson resonances, the evaluation of the t -

channel piece remains highly model dependent despite Important clarifica
tions provided recently by measurements of the yy .. ", reaction. 
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